Calculation of exchange corrections for a crystal

V. V. Avilov and S. V. lordanskii

L. D. Landau Institute of Theoretical Physics, USSR Academy of Sciences

(Submitted May 5, 1975)
Zh. Eksp. Teor. Fiz. 69, 1338-1351 (October 1975)

An asymptotic expression for the wave function near a tunneling path is obtained for a classical crystal
with weak anharmonicities. A general expression is deduced for the exchange integral, including the
preexponential factor. The phonon-spin Hamiltonian is obtained for a crystal composed of Fermi atoms.
The spin-phonon vertex found in this way is large compared with that for conventional magnetic materials.

PACS numbers: 75.30.Et

Quantum crystals are currently the subject of intens-
ive theoretical and experimental studies. The most
striking quantum property of such crystals is the possi-
bility of tunneling of atoms located near various sites in
the crystal lattice. Fairly rough calculations of the ex-
change integral for He® are reported in 2. The im-
portance of these calculations lies in the conclusion that
the exchange governs the magnetic properties of crys-
talline He®.

We shall show how such effects in a hypothetical
almost ""classical" crystal with weak anharmonicities
can be considered in the main order of uo/a, where u, is
the amplitude of zero-point vibrations and a is the lattice
constant. An important difference from the earlier
calculations is our allowance for the interaction of spins
with lattice vibrations, which differs considerably from
the case of ordinary electronic magnetic materials.

Quantum tunneling in a metastable crystal accompan-
ied by the formation of a nucleus is considered in the
paper of one of the present authors 3] and by I. M.
Lifshitz and Yu. M. Kagan.[*] An improvement of the
method of 1*J employed in the present study makes it
possible, in particular, to calculate more exactly the
relevant probability.

The potential energy of a classical crystal in the con-
figuration space has—in addition to a minimum corre-
sponding to the position of all atoms at some lattice
sites—similar minima corresponding to the transposi-
tions of atoms between the same sites. In a classical
crystal, these minima are separated by a barrier which
is assumed to be impermeable.

Our aim is to find corrections associated with the
finite permeability of the barrier. The main contribution
is made by transpositions between the nearest neighbors
and we shall confine our treatment to this case; we shall
assume that the corrections can be added independently
of each transposition. The problem is, to some extent,
analogous to the one-dimensional case of a particle in a
two-well potential satisfying the classical conditions.
However, there is an important difference which is as-
sociated with the multi-dimensional nature of our prob-
lem and the proximity of the second well, which corre-
sponds to the transposition of just two particles, whereas
the ordinates of the other particles are assumed to be
unaffected and the dependence of the wave function on
these coordinates remains essentially unchanged.

1. WAVE FUNCTION OF A CRYSTAL IN THE
QUASICLASSICAL APPROXIMATION

In this section, we shall find an asymptotic expression
for the wave function of the whole crystal on the assump-
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tion that the number of atoms N is finite and we shall
make the transition to the limit N — « only in the final
formulas., When tunneling takes place, the main contri-
bution comes from regions where the potential energy
is much greater than the average energy of zero-point
vibrations per particle. This allows us to use the quasi-
classical approximation for the wave function of a crys-
tal:

W=A4 exp(—S/h), (1.1)

where the action S is found as the solution of the
Hamilton—Jacobi equation with zero energy (the action
is purely imaginary because the range in question is in-
accessible to the classical treatment):

él;(._g%):=U(x,,....xn)-

For simplicity, we shall assume that all atoms in our
crystal are identical; U is the potential energy of the
crystal. We shall be interested in the tunneling process
in the configuration space of the crystal from a point
X" = x1, X2, ..., X)), corresponding to the minimum of
U, to a symmetric point X® = x3, x{, ..., X%), corre-
sponding to the transposition of atoms 1 and 2.

(1.2)

Integration of Eq. (1.2) is equivalent to the finding of
trajectories, i.e., of solutions of a system of ordinary
differential equations

d’x U
S 2 1.3
di? ax,’ (1-3)
and these trajectories emerge from the point X‘¥, where
{%;} =X in the limit t — —, and the action along such

a trajectory is given by

S=2mj U(x,(t),..., xy(t))dt,

—o

(1.4)

since at the point X'V itself the action S should vanish,
as found in the harmonic approximation.

We can easily verify that the equilibrium point X? is
a node at which an infinite number of trajectories begins,
so that the formula (1.4) can be used to find the action at
any point in space reached by the trajectories in question.

Among the trajectories beginning from X‘*’, there are
those which terminate at X‘¥. We shall call a trajectory
of this kind a tunneling path between X and X®. We
shall be interested in the action near such a tunneling
path because this action governs the tunneling probabil-
ity. Clearly, only a small number of atoms actually
travels along a tunneling path. In our case, these are
the two atoms being transposed and their nearest neigh-
bors, so that the displacement x; falls rapidly with
rising i. Bearing this point in mind, we can find adjacent
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trajectories by linearizing the equations of motion and
assuming that

x:(8) =& (2) tw(?),

where £ j(t), satisfying the system (1.3), govern the
tunneling path so that the quantities u;(t) are the solu-
tions of the equations

d*u; U

Mt e

dat*  0x,; dx; L(,)
These equations correspond to the harmonic approxima-
tion for particles far from those being transposed,
whereas, in the case of those close to the transposed
particles, the potential energy can be considered in the
anharmonic approximation.

u;(t). (1.5)

The system (1.5) has 3N independent solutions vj,(t),
which vanish in the limit t = —« (the trajectories should
start from the point X‘*’), so that an unrestricted solu-

tion is
u(t)= 2 CaVin(2),

neko

where c are constants. The solution corresponding to a
displacement of the tunneling path with time is excluded:

vio () =Ei(2). (L.7)
It follows from the system (1.5) that

(1.6)

¥ Ve ()= (¥ (0] =0

and, consequently, since vj;, — 0 in the limit t — —eo,

Vin () Ven (8) =Van (£) Vi (). (1.8)

The action in the vicinity of the point &(to) in the
tunneling path can easily be expressed in terms of the
solution matrix v;,,. We find that

¥ (to)
as as as
S= S@x ax; = So §‘d§,+§$ ax.d"“

since the integral is independent of the path. Hence,

as
— = mx;.

S-S rm | BO+nOdx, 2

1%

A displacement of the point X from & (to) alters the
constants ¢, and the time t = to + 6t(x). Retaining terms
to the vecond order inclusive, we obtain

8 = 8 ta) - mbi(to) 05— Bt + § (Ba (00) 8¢ () + % (1) dix
t (o)
We shall integrate along a path which corresponds to the
smallest change in the constants ¢ and we shall assume
that co = 6t(x). Clearly, a suitable selection of ¢ and co
allows us to reach any point X since the system of equa-
tions

x;—E&; (to) = AX; = Z‘ CnVin (tu)

ne=0

has a determinant which does not vanish because of the
linear independence of the solutions v;,. Thus,

S=8 (to) +mE.(ts) Ax;+m jcn-m- (t0) Vin (to) den,

and, in accordance with (1.8), the last mtegral is inde-

pendent of the path. Finally, using ¢, = v (to)AX
(vllnvnl = ..,), we find that
S=8(to) +m&(t) Azt '/oS,,(t) AzAz;, (1.9)
S'l(t) _mvm(t) v"'(t)v
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where the indices i are labels of the particles and of the
Cartesian coordinates.

The formula (1.9) represents the action in a small
region £,(to) in a tunneling path. However, if Ax;£;(to)
= 0, the same formula represents, in fact, the action S
over the whole of a hyperplane perpendicular to the tun-
neling path at t = to, which is due to the fact that only
small harmonic displacements need to be allowed for in
the case of distant atoms. The cross sections of such
hyperplanes are of little importance to us because we
are concerned with the region where Ax; ~ uo (uo is the
amplitude of the zero-point vibrations) and the radius of
curvature of a tunneling path is of the order of the lattice
constant a > u,.

We can determine the coefficient A in the expression
(1.1) by deducing from the Schrodinger equation the

following exact equation:
K *A K 9S04 h 38
(e E) 4=o0.
2m dz?

2m 0z’

m 9z, Oz (1.10)
In the one-dimensional case, the quantity (h%/2m)a°A /ox}
can be ignored because 1t gives rise to corrections of
the order of (i%/U%%m)'”? < 1 at high values of U (i.e.,

in the quasiclassical limit). This is generally untrue in
the many-dimensional quasiclassical case because the
harmonic approximation applies to the distant transposed
atoms and because in considering the excited states (i.e.,
phonons), we should include all powers in the Hermite
polynomial occurring in A and not just the highest order.

However, we can obtain an approximate (in respect of
the quasiclassical parameter) solution on the assumption
that

A=A, +A,

nyy

B N . P if n., is even,

if ne, is odd.

(E =Eo+ nksﬁwks, where wkg is the frequency of a
phonon of momentum k and polarization s).

(1.11)

A=A, FAny ot FA,,

Ny

The quantities A, are defined by recurrence rela-

tionships, exactly as ¢an be done in the case of the
Hermite polynomials:

h 0An, 08 | (h &S ’ : '

oy 6zk oz, (mm-&»*hﬁ)mﬂks) An; =0, (1.12)
b OAng2 0S| (R 0°S ) Ay = 12 PAn,
m oz, Oz (EMT,‘ = Bo— o | Sret =g dz;* - (1.13)

Differentiation of the last terms in Eq. (1.11) gives terms
which are small in respect of the quasiclassical param-
eter and the series can be truncated.

The solution of (1.12) can easily be obtained by as-
suming Ank = AGAg, where

F] o9
- ZASaS+(2ma E")A’—O
i I.
h a’: afs 3 dA (1.14)
g 5 =8EAz, OE=nufiox..

—
“m 0z, 0z at

We can easily show (see, for example, [5]) that the de-
terminant A = |9x; /8ch, where x;(t, c;j) are the solutions
of the system

dz;, 1 88
@ m oz’
satisfies the equation
h 0A 3OS R S
m 9z 9z m Gzt
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The solutions x;(t, c]-) are of the form

z=E;(t+co) + Z Cain(t+c0o),

nao

so that the determinant is
& |
A= vml +Z e

The second term can be ignored because it is a small
quantity, of the order of Wo/a, compared with the first
term, i.e., we can consider A only on a singular trajec-
tory. The first determinant is easily calculated and we
can express the solution Ag in the form

Bint |1

Vin

e /1 E,
Ag=exp j (—-ZTn—S«(t)— T) dt.
The solution (1.14) is found equally readily and we obtain

0
0 Sa(t) Eo
Any, (=47, 030 (nuiont +__£ [~ ] ) -

The constant A?lks is found from the condition that, in
the limit t = —, our solution should reduce to the wave
function in the harmonic approximation
1
Y=H,, (qu.)exp (— %-SquI‘AZ,) ,
_ 1
o))

qx, e ™ (xi—Ri)ex,

(egs is a unit vector of the phonon polarization, N is the
number of unit cells in a crystal, S;j is the matrix Sy
in the harmonic approximation). Hence, we readily ob-
tain

A2 {em‘i (& () — R) + Ax; ()] ;k/a ]nk’vk;

= li Tks@kst 40
- tk—l—nao ¢ Ank",

or
AL, = Vis (VB + Br) ™,
where

B.,=lim 2 (8(t) —R.) exp (— ot -+ikR) ex,
e

By, = lim

t~—o0

[ p—_
- ikR,
N ek Z Vin(t) €7 i exstn

in
(vkg is a constant normalization coefficient).

The following comments should be made about these
formulas. The equations for
1
4

in

ey, Vin () cne™™

Ck'(t)——_

are of the form

T,
dt?

1
= mk.'Ch + —I—V—kZ' 50):.3’.’@{:’.'

(bwgs;k’s’ is bounded in the limit N — =),

The great majority of the trajectories corresponds to
a random selection of Bgg, so that the second term on
the right-hand side is vanishingly small on these trajec-
tories (in the limit N — «). Since our aim is to calculate
the integrals on a hypersurface perpendicular to a tun-
neling path, we can ignore the difference between gks
and the harmonic normal coordinates on the assump-
tion that

W) 1 kR 1
Bt = Ly = N Zektvin (t)e™ i = N2

in i

ex,Ax; exp (ikR;). (1.15)
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The quantities ¢y g correspond to some rotation of the
axes at the point £;(t) and can be used to calculate the
Laplacian because 9°/0x} = 9°/6¢} . Using this circum-
stance, we can see that differentiation of 'Aﬂks in Eq.
(1.13) reduces the power of N"/Zl?yksewkst + Lgs by 2.

Consequently, the solution of (1.13) becomes

1 ks ‘71 E,
Anpoy = Vs (—IWBksemkgt n Cks) exp L [7,; S (t)— 7"] dt,

where vy o is a new normalization coefficient deduced

from the Hermite polynomial in the harmonic approxi-
mation.

Collecting in this way all the terms in (1.11), we fin-
ally obtain

A(Ey + Foustagy Az) = Hoy, (NL B!+ 1)
o T e
X exp S [7”; (S () — 849 dt\ ,

if we use E, = 1iS;;/2m.

The following comments should be made on the above
formula. We find that Byg/ NY2 ~ a/NY? <« 1, where a is
of the order of the sum of the displacements of atoms
along a tunneling path. Naturally, the expression for A
also contains other terms of the order of NV?; in par-
ticular, they may arise from terms of the type dropped
from the determinant A and from allowance for various
anharmonicities. However, the important point is that all
these corrections are free of the factor a since they are
related to various effects in a hyperplane perpendicular
to a tunneling path. A correction associated with Bgg is
the largest and gives rise to curves of the order of
N~'(a/uo)’ in the integrals or, if allowance is made for
all the transpositions, to terms of the order of (a/uo)z.

If there are several phonons, the asymptotic form of
the wave function is obtained using Egs. (1.1), (1.9), and
(1.16):

w0 [ o, (e + 0
. s 1 (1.17)
°h( ——zﬁS;j(l)AziArj].

t
1
X exp [m S Sy (t) — Su® dt —
The formula (1.17) for the asymptotic form of the wave
function near any tunneling path remains approximately
valid until the occupation numbers become so large that
we cannot ignore the difference between i and

Bgs €Xp (wkgt)-

Thus, the asymptotic wave function is obtained by
finding a tunneling path and solving a system of linear
equations (1.5) governing the matrix Si]-(t). The solution
of these equations and the method of determination of the
matrix Sij(t) are considered in the Appendix.

The formula (1.17) can be used, in principle, to calcu-
late the preexponential factor in the formula for the
probability of a quantum process of formation of a
nucleus of a new phase. (%7

2. CALCULATION OF MATRIX ELEMENTS

The expression (1.17) gives the asymptotic form of
the wave function corresponding to the stationary state
of a crystal in a region near a tunneling path. If we are
interested in transposition effects, then a tunneling path
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corresponds to the transposition of any two atoms in a
crystal. Since the state with transposed atoms is in no
way different from the initial state, we have a similar
asymptotic form on moving away from any other well
(with transposed atoms). Thus, if the atoms are ferm-
ions, we may assume that

‘I’(x,,...,xu;m,...,ow)=Z(—1)"CAP‘FA"(X1,'--,xN;Uu-n,On), 2.1)

where P represents the transposition of atoms (coordin-
ates and spins) and A is the number of stationary states
in one well.

The expression (2.1) corresponds to the case when
reflections from various wells are neglected. In the
region near the bottom of a well, it describes the wave
function of an ordinary crystal and, in the region between
the wells, it gives the correct asymptote which is gener-
ated by damped waves emerging independently from each
of the wells. According to Eq. (2.1), a wave function can
be represented by a superposition of stationary wave
functions from each of the wells. (A set of stationary
states in one well is complete but ineffective because the
asymptotic wave function which decreases away from
one well rises on approach to another well.) The approxi-
mation of wave functions by these combinations is con-
sidered by Herring. [*?

We shall now consider a specific well. We shall draw
all the tunneling paths from this well and construct
hyperplanes which are perpendicular to these tunneling
paths and which halve the paths. This generates a poly-
hedron © surrounding the well in question. Multiplying
the stationary Schrodinger equation

(H—E)¥=0

by ‘P;;*(XJ,, e XN; 0,
respect to 2, we obtain

..., O)y) and integrating with

[esiu-B viae+ (- o) § (¥ VY-¥ v a0,

where the surface integral is taken over the hypersur-
face segments surrounding Q2.

The function \Ir;’) satisfies the Schridinger equation
inside Q:

HY ,=E,¥,,

if we assume E, to be a level corresponding to some
continuation of the potential outside 2 in the case when
there are no other wells (i.e., in the absence of reflec-
tion). Since E, differs little from the true values of E
and since the overlap between ¥, and P¥, is small, we
find—ignoring the terms which are quadratic in respect
of the overlap—

hz
(E~E)c;= _2-"?2 $ (¥, VPY~PYVY,)AE(-1) e (2.2)

The nondiagonal terms \I/;*V \I/]° - \IJ.“V\IIZ* will be ignored

since they make a contribution in respect of Wo/a which
is smaller than the terms left in (2.2); moreover, we
shall ignore the difference between Q and the whole
space in the volume integral and we shall regard \Ilp as
normalized.

In the surface integral, we need retain only those
transpositions which concern the nearest neighbors and,
moreover, near each tunneling path, it is sufficient to
allow only for the overlap of two wave functions corre-
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sponding to wells at the beginning and end of the path., In
general several equivalent (in the sense of the value of
the action) tunneling paths emerge from each well and
reach another well. If particles cannot travel closer
than the radius of a hard atomic nucleus, this must take
place because the trajectories along which a particle i
and a particle j are traveling (we are considering the
transposition i = j) are not identical and, consequently,
there are two tunneling paths differing in respect of the
transposition of the trajectories of the particles i and j.
In finding the asymptote of the wave function and moving
away from a symmetric well, we are traveling along the
other end of the tunneling path which, considered as a
path from a symmetric well, corresponds to the trans-
position of the trajectories of particles i and j in the
initial path. Consequently, the quantities Bgg and Sij
are different for the asymptotes of the wave function in
the initial and symmetric wells near the points on the
same tunneling path. Therefore, we shall use (+) to de-
note the quantities defined along a tunneling path moving
from the initial well and we shall use (-) for the corre-
sponding quantities defined along the same tunneling path
moving from a symmetric well.

Applying the transposition operator representation
of spin variables, 7

Pu°=1/2(1+‘;i63),
where G are the Pauli matrices, we obtain

(EcEes(@) =5 ¥, (1+3:6) Ve, (0) (2.3)
[we have introduced here the spin functions ¢, (0) includ-
ing in ¢ the spin part of the wave function], where the
summation over i and j extends only to the nearest
neighbors. As expected, Eq. (2.3) gives the usual
Heisenberg Hamiltonian. According to Egs. (2.2) and
(1.17), the quantities Vi)}p are exponentially small and
are given by

B(+) ’B(-)
V¥ = oy $[[H (_'“ H, - (i )
7 U§nl;[ ";s N + c‘“ ];! "ia N‘/x + Ck’
0

ol |

(Sl )= S18) dt — -84 (o0) — - 3iPAzi Az, |2 0) 2,
where we are asusming that T intersects a tunneling
path at t = 0, So() is the total change in the action along
the tunneling path, and oy is the number of equivalent
tunneling paths in the transposition i = j. The matrix
§M)(¢) = Yy(s5y) +85y)), and the method for the calculation

of its eigenvalues and the corresponding traces are all
given in the Appendix.

We can replace the variables Ax; with the variables
fgs in Eq. (1.15) by rotating the coordinates and assum-
ing that integration takes place over the whole space;
this can be done if we introduce a factor &(vjax;), where
v =x (0)/%(0) is a unit vector of the tangent to the tun-
neling path. Inthe new representation, the elements of
the matrix §l(li])(0) differ from the elements of the

harmonic matrix (which is diagonal in this representa-
tion) only by quantities of the order of 1/N. In calculat-
ing a small number of integrals with respect t? fyg In-
cluding the Hermite polynomials Hy, s(Bks/ N2+ L)
we can ignore this difference because it gives rise to
terms of the order of 1/N without a large factor of the
order of (a/uo)z. Integration with respect to other varia-
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bles corresponding to the remaining degrees of freedom
must be carried out allowing for this difference but the
presence of the factors Hﬂks can be ignored.

The necessary integrations give the following expres-
sions for the diagonal elements

Vy —flx,,(O)ai,exp[—-L(-—)‘l'—— j[Sf,"’ (t)—Suldt
1 A ’(0) 2nu,Bx. By, n 7" (2.4
ARO[ (1 2 5 (2)7, 0
uy,=[A/ (mox,) 1",
or, if we go over to the limit N — «, we find that
[I (1 +—————2nh£i::f::) )= exp (2‘;“ Nk, B:i)f:. %) ’ (2.5)

where A4 is the volume of a unit cell in the lattice. The

quantities A( ])(0) are the eigenvalues of the matrix
§(‘1)(t) (the upper indices denote the tunneling path).

The expression (2.4) is valid as long as the occupation
numbers of phonons are not very large so that only a
small number of states is occupied,

2 nx, <N,

which limits its usefulness in thermodynamic calcula-
tions to low temperatures.

Similar calculations can also be carried out for non-
diagonal elements V{Sp. However, it is important to note

that these quantities are exponentially small and, more-
over they contain the factor N™'/? because of the ortho-
gonality of the Hermite polynomials for Byg = 0. Thus,
in the case of transitions involving a change in ny g by
unity, we obtain

+)

2" (Bx, 4By, )
=—
2N"uy,

LUR LIS

Vi’ Ju({m}) Va4,

where

WV

15({n}) =h2 (0) (2 A“z)_'/' exp [~if;+ —; J'o(s,‘,‘” () —S.)dt

21 An (O), Y (:'[n.':.' d'k')].

Hence, we can see that the nondiagonal elements can be
ignored since the corrections associated with them are
of the second order in respect of the overlap of the wave
functions although the phonon levels are, in fact, con-
tinuous and the gaps between them are much smaller
than the corrections due to the exchange interaction.

(+) 5 (=)
2By'y'By',
2
Vauk,..

The results obtained can be expressed in the form of
the effective phonon—spin Hamiltonian

H= 2 hox,ax,tax, + 2 Ji;(0) exp ( 2 I
+

1 an By, +B|u
X 7(14‘0«0:) (1 +ZI'2“—.

23-. Blu Tixs

d’k)
Vluko

2.6)
(a;.+¢..*) ) .

The quantity (Byg + Blf‘s:)/ 21/ 2“]: acts as an effective
phonon-spin vertex It follows from Sec. 1 that Bl(:l) is

described by the Fourier component of a tunneling path.
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A calculation of Bl(‘i; ) for low values of k can be carried

out in the adiabatic approximation and it is then found
that Bkg tends to a constant value in the limit k — 0 so
that the spin—phonon interaction vanishes as k2 exactly
as for a conventional magnetic material. A strong inter-
action occurs only in the range of large values of k or
with optical phonons.

Since Eq. (2.6) is, in fact, the usual Heisenberg
Hamiltonian representing an antiferromagnet, the various
physical quantities can be calculated employing standard
formulas. If the interaction with phonons is significant,
it can be allowed for by replaicng ny with Hk, which gives
rise to a temperature dependence of the exchange inte-
gral J. The Hamiltonian (2.6) can also be used to find
corrections to the phonon spectra because of the exchange
effects and, in particular, to calculate the change in the
phonon frequencies in a magnetic field.

The formula for the asymptote of the wave function
(1.17) can be employed to calculate the probabilities of
various tunnel processes in a crystal to within the main
terms in the preexponential part provided we know the
tunneling path and the difference between the eigennum-
bers of the matrix Sl(ll(])(t) and their values in the har-

monic limit. A tunneling path can be found and the
eigenvalues can be determined by numerical calculations
for some specific interaction between atoms.

In the case of solid He®, in which the exchange (trans-
position) effects should be greatest, there is an addi-
tional difficulty. Although the main contribution to the
calculation of the exchange integral is due to the range
in which the zero-point vibrativn energy is much less
than the potential energy and the quasiclassical approach
remains valid, the equilibrium positions at the lattice
sites become unstable and the harmonic approximation
does not apply near the bottom of a well. Clearly, this
difficulty can be avoided by introducing some self-con-
sistent effective field near the bottom of the well, as is
done, for example, in the calculation of the phonon spec-
tra.

The authors are grateful to I. M. Lifshitz, L. P.
Pitaevskil, A. F. Andreev, and V. L. Pokrovskif for dis-
cussing a number of questions considered in the present
paper.

APPENDIX

In the Appendix, we shall use two sets of indices: the
index R labels the unit cells and the index 0 = (%, y, z)
labels the direction of displacement of an atom in a cell.
The equation (1.5) is rewritten in the form

e 7 )= Z Gamiorn (Duda (1), (A.1)
where
a4 PU®
aR or () = _m_a.‘l:.maxq'w ) (l).

The additional index k represents the direction of motion
along a tunneling path. If the motion along such a path
begins from a point X‘*’, then « = (+). If k = (-), the mo-
tion occurs along the same path but it begins from the
point X® (in the limit t = —=, we have £ =X

£ = X®), Inboth cases, the system (A.1) has 3N inde-
pendent solutions v;,(t) which vanish in the limit t = —,

At any given moment, the matrix Gl )(t) is identical
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with the force matrix of small lattice vibrations with a
distortion governed by the value of ¢ (K)(t). It should be
noted that this structure distortion decreases rapidly
away from the pair of atoms which undergoes transition.
Therefore, we may assume that the distortion of the
force matrix is localized within a certain region {L}.

If, for example, the interaction between atoms localized
at the points R, and R: is distorted, the force matrix
should be supplemented by a term of the type

(Srn,—Brn,) (B n—Brns) DY ().

The time dependence of the real symmetric 3 x 3 matrix
Dg‘o),( t) is governed by six independent matrix elements

and, consequently, can be represented in the form

D @)= Z @i,

m=1

If we now use the representation of plane waves, which
are the eigenfunctions of the force matrix of an ideal
lattice (1.15) and if we sum over all the pairs within the
region {L}, we find that

— e it (t)+—2 Z,am‘“’(mi."’ W (1), (AL2)

k's' m=1

where wy . are the phonon frequencies in an ideal lattice.
The asterisk denotes a complex conjugate. The total
number of terms r will be called the rank of the pertur-
bation. Solutions of the system (A.2) should tend to zero
in the limit t = — oo,

We shall rewrite (A.2) as a system of integral equa-
tions:
;.‘:’(t)——{ sh[wk. (t—t )]Zz:,”’ v () dr+oS exp(m.t)}

) (A.3)
where
x 1 * mye_ (x
v 0= 5 e QIR @).

k's

The set of constants CI(:KS) defines unambiguously the

solution of (A.3). We shall select these constants in such
a way that, at a moment t = 0, we have

(+)

£ (0)=t (0),
g (0) 2 (0)=owlte (0)+ts (0],

(A.4)

where w is a constant, which is the same for all values

of k and s. Differentiating the system SA .3), substituting
the result into (A.4), and solving for C Kk ) we obtain the

values of these coefficients ks

T [}
x) __ (m) [ wpst’ ~opgt’ ’ ’
=Y [ | (m_—m“e o gt} o0 (¢') dt
m=1 —oo

Oka 0& Pty (t’)dt’].

+ O — Oks e
Substituting (A 5) into (A.3), multiplying term by term
by l/za((l")(t)l(q */N, and summing over all k and s, we

obtain the following system of 2r homogeneous integral
equations:

Y (8) =a " (¢ Z{ J:R,,,.(m )y (¢)dt’

(A.6)

]

+.[T (0,8, g7 (¢ )dt'},
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where

Rym(0:8,8) = Z lﬁg@’:’[

ks tH) ] 1]
® — Qg !

(@)*7(m)
l l Wy s(t+t’)

_ 1 ks
Tom(o,t,t') = N;—_Z(a)—-mk,)e

The kernels Ry (v, t, t') and Tgm (@, t, t’) depend on
w as a parameter and the system has solutions only for
certain values w = Ap. We shall use V(K)(t) to denote the

corresponding matrix of solutions. It follows for the
condition (A.4) that, at t = 0, the matrix

1 . -1 . -1
8/m="12[ 403y +9(- (5]

is diagonal and Ap are the diagonal elements of this
matrix.

The matrix S(t) applies at 2 moment t = 0. At any
other moment to, a shift of the reference system gives
again (A.5) but with different kernels.

The eigenvalues A form a quasicontinuous spectrum
when the number of cells tends to infinity. The trace of
the matrix §(t) becomes infinite but, in the limit N — o,
we can calculate the difference between the traces of the
matrices S(t) and S°

The limit N — « in expressions of the (A.7) type and
the calculation of the difference between the traces is
considered in™°) in the case of lattice distortions inde-
pendent of time. Let us assume that the phonon frequen-
cies of an ideal lattice have, in the vicinity of w = pu, a
sequence j-fold degenerate levels separated by gaps Aw.
A perturbation reduces the degeneracy multiplicity by r.
The split-off r eigenvalues can be found within terms
which are small compared with Aw in the form

A (p)=ptAoey,(n), p=1,-.., r (A.T)

In the limit N — «, the interval Aw tends to zero and,
consequently, for any function of the matrix F(S), we
have o

Tr[F(3)-F () 1=lim Y [F(A,m)-FWI=Y" [ F (Wrs(n)dp 5
N Sup » 0 (A

Integration is carried out over the whole spectrum of an
ideal lattice. A set of functions y (u) is obtained by sub-

stituting (A.7) into (A.6) and going to the limit. This
gives the following system of integral equations

¥ () =al" (2) 2{ .[qu(u,t )& (¢')dt

m=1 -

(A.9)

+ .[Tqm(u,t )ym (' )dt’+gq(u)v(u)e"'},

—c

where

en )

Ron(p,t,t") P.[ ”(” [

@max

Tm(p 8, )= PJ

— e—u'lt—t'l ]du"

ek’ (") du"

2(p

V(P):WZ § dv

~ o [Veok [

Im(p')
n)

w 3

qM(u 2 @ |Vk(l)k.| (Zn

where d7 is an element of the surface Wgg = K On which
integration is carried out, and
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daW = Yl [ @1 @nar,  (A10)

Mt

8q(p) =nd,(p) ctg mx (p). (A.11)
For each value of u, the system (A.9) has r solutions.
Therefore, it is necessary to consider further the matrix
of the solutions y(’;x)1 (t), as well as the matrices dpm(u)

and gpm(u); Eq. (A.11) also includes the cotangent of the
matrix ¥ and Eq. (A.8) the trace of this matrix. The
matrix ¥ can be found by assuming that 8pm () = épm'

Then, (A.9) transforms into a system of inhomogeneous
integral equations. Having found the matrix of solutions
by, for example, the iteration method, we can apply Eq.
(A.10) to calculate the matrix dpq(u). Since 8pm isa
unit matrix, the condition (A.11) gives the matrix cot(wy).
A reduction of this matrix to the diagonal form gives the
trace of the matrix § and the required integral (A.8).

There are also such values of u = u, for which the
spectral density v(u_ ) becomes infinite (limiting fre-
quencies) and the system (A.9) does not predict a fre-
quency shift. In addition to a quasicontinuous spectrum
of the (A.7) type, we can have—in the limit N — o—dis-
crete eigenvalues split off from the limiting points.
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These eigenvalues should be found directly from the
system (A.6). Each such eigenvalue A _ makes an addi-

tional cohtribution F(Ap) — F(ug) to the trace (A.8).
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