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We discuss the Hall-Vinen theory of the damping of second sound in rotating helium, its derivation, and
the limits of its applicability. We show that the Tordanskil force must be added to the transverse friction
force between vortices and phonons only if their scattering cross section is given by the usual formula as
the square of the scattering amplitude in the Born approximation. For rotons whose scattering cross-section
is given by the classical scattering theory one does not need add the Tordanskii force. The - resulting
transverse force then turns out to be the same for rotons and phonons and equal to the Tordanskii force
(D' = —kp,) in magnitude. We determine the correction to the friction force between vortices and
phonons due to the natural oscillations of the vortex filament.

PACS numbers: 67.20.Ly

It is well known that the appearance of vortices in
rotating helium II leads to an additional damping of
second sound due to the friction between the elementary
excitation and the vortices. A theoretical analysis of
this effect, first given by Hall and Vinen!') reduces to
solving two problems: firstly, a determination of the
scattering cross sections of the elementary excitations
and the change in the momentum of the excitations due
to such a scattering and, secondly, solving the hydrody-
namical problem of the connection between the quanti-
ties determining the change in the momentum of the ex-
citations during the scattering (speed of the vortex
motion and normal velocity in the vicinity of the vortex)
with the averaged magnitude of the relative velocity
Vn - Vs (vn and vs are the velocities of the normal and
the superfluid components), which occur directly in the
hydrodynamic equation describing second sound.

The determination of the scattering cross section
enables us to find the coefficients D and D', which are
proportional to it, in the expression for the friction
force f acting upon a single vortex due to the normal
component :

f=D (vg—v.) +D’[%(va—v.) /%, (1)

where v], is the velocity of the vortex motion, VR the
normal velocity near the vortex, and x the circulation
vector (x = h/m), Lifshitz and Pitaevskiil?! calculated
D and D’ for the quasi-classical scattering of rotons.

The solution of the hydrodynamical problem led Hall
and Vinen to the following two relations:

1=[2p, (V.~v.) ], 2)
_ 4nin
T (rn/l) (3)

where 7 is the viscosity of the normal component, | the
mean free path of the quasiparticles, and rpy a cutoff
parameter of the order of the viscous length. Equation
(2) is the expression for the Magnus effect in a super-
fluid liquid, and (3) is connected with the hydrodynami-
cal drag effect of the normal liquid by the vortex, as a
result of which the normal velocity vR close to the
vortex differs from the velocity v, far from it.

Subsequently the problem of scattering by a vortex
was solved also for phonons. Phonons determine the
damping of second sound at rather low temperatures
(<0.5 K), where there are so far no measurements.

(Va=Vn),

Pitaevskiil®! was the first to consider the problem of
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phonon scattering; he used the hydrodynamic equations
of an inviscid liquid (hydrodynamic approximation).
Later the correctness of the calculations of the phonon
friction force in the hydrodynamic approximation was
put in doubt.[*®] In particular, Iordanskiil® concluded
that one should add to the right-hand side of (1) a force
which is independent of the scattering cross section.
Having obtained this force for phonons he proposed to
take it into account also in the roton region where it
leads to a quantitatively appreciable effect. A number
of authors(®"] have discussed the physical meaning of
the Iordanskii force, but the problem of its existence
has been put in doubt.[®®]

The hydrodynamic part of Hall and Vinen’s work, and
especially the Magnus effect (Eq. (2)) has also been 'dis-
cussed in the literature. The Magnus effect leads to the
fact that the damping of second sound which is connected
with the vortices must vanish as pg — 0, but this has
not been confirmed experimentally near the A-point.[*%]
On the other hand, one gets the impression from the
derivation of Eq. (1) as given by Hall and Vinen(!] that
ps in (2) is the superfluid density in the immediate
vicinity of the vortex filament where the applicability
of the concept of a two-component hydrodynamics would
be doubtful, and this would make the derivation itself
also doubtful, as emphasized by the authors themselves.

There are thus in the theory of the damping of second
sound in rotating helium a number of problems which
remain unexplained and this was the reason for the
present paper. In it we propose a new derivation for the
hydrodynamic relations (2) and (3) which shows that pg
in Eq. (2) is the superfluid density in the volume where
it is well defined and that the Magnus effect must be
taken into account. However; it follows from this deriva-
tion that Hall and Vinen’s theory becomes inapplicable
when one approaches the A-point and this apparently
causes the disagreement with experiments in its neigh-
borhood. We show also that in the roton region one
needs not add the Iordanskii force to Eq. (1). However,
the necessity to add the Iordanskii force to (1) for pho-
nons is caused by the fact that the scattering cross-
section which determines the coefficient D’ is not the
same as the one which is defined in the Born approxi-
mation as the square of the amplitude of scattering of a
phonon by a vortex (we shall call such a scattering
cross section a wave cross section). This is connected
with the long-range character of the velocity field of
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the vortex and the inapplicability of the usual asymp-
totic representation of the scattered wave. As the cal-
culation of the coefficient D’ for rotons (Appendix I)
gives the value D’ = —kpp, which differs in sign from
the one obtained inl®1” this means that the transverse
force is the same for phonons and rotons and is the
same both in magnitude and sign as the Iordanskii
force.

We determine also the longitudinal friction force be-
tween phonons and vortices taking into account possible
eigen oscillations of the vortex filament when sound
propagates along and at right angles to the vortices.

1. TWO-COMPONENT HYDRODYNAMICS:
MAGNUS EFFECT AND VISCOUS DRAG

To obtain Eqs. (2) and (3) from Hall and Vinen’s
theory we split off around the vortex filaments which
penetrate the rotating helium cylinders of radius ro
inside which two-component hydrodynamics is inap-
plicable. The regions outside and inside these cylinders
we call, respectively, the hydrodynamic and the vortex
regions. Let the mean free path ; of the quasiparticles
be much longer than the correlation radius which deter-
mines the size of the vortex core, and therefore ro~ J.

In the equations of the two-component hydrodynamics
we change to a rotating system of coordinates and we
linearize the equations with respect to the second sound
amplitude, denoting small deviations from the equili-
brium values by primed quantities:

Vo=V, (4)

and similarly for other quantities. Here vy is the
velocity field for the lattice of vortex lines in the in-
compressible fluid. In the rotating system curl vy is
non-vanishing not only on the vortex lines, but also in
the volume, where curl vy = -2Q; © is the angular
velocity vector. Second sound sets the vortex filaments
in motion, and therefore

Vo=v,+v,’,

BV Ot= — (v V) v — V (vovs) +[2Q% v, ], (5)

where the velocity vy, of the displacement of the vortex
line is linear in the sound amplitude.

We write down the equations for the total current and
the superfluid velocity:

Y19tV (P'+p, (v = V) Vo) +V1—[2Qp, (v./—v.) ] =0, (6)
O+ (W (v ~v2) Vo) — [ 2R (v —v.) ] +[29v, ] =0, (7

where the vector vT has components 87ix/9xk,
* Ta=—n (0v./ 82u 0V 0/ 02:)

We have dropped in (6) and (7) terms of higher order

in vy or @, for instance, the Coriolis forces [20

X (ps¥s + pnvn)] in Eq. (6) for the current, as in zeroth
approximation in © when there is no pinning of the first
and second sound the total current is

i'=p.v./+p.v.=0.

The solution of Eqs. (6)and (7) near the vortex can
in the long-wavelength limit be obtained by analogy with
the well-known problem of hydrodynamics of a point
force in a two-dimensional incompressible viscous
fluid.'*'! The solution is of the form

(fr)

v, ==const,
4my

Vo' (r) —vi=rot,

P=

In——+[ (v.'—ve)r],
I'm
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(fr)
T
where vy without argument is the normal velocity far
from the vortex. We choose as the cutoff radius rm the
smaller of two lengths: the viscous length (n/ppw)”?
(w is the sound frequency) and the distance between the
vortices, while the force is determined by a surface
integral over a cylinder of radius ro:

P= —0(Vs'=VL} Vo, '+ (v.’—v) v, =const, (8)

f=— j (P’ +p.(v.—vy) v, +7) dS, (9)

where d8 is in the direction of the outward normal to
the cylinder.

Averaging Eqgs. (6) and (7) over a cell of the vortex
lattice we get
(10)
(11)

3/0t+ VP +2Qx—1—[2Qp, (v./—vy) ] =0,
Bv/ 10+ Vi —[ 29 (v./—v.) ]+ [2Qv.1=0.

Setting the total momentum flux through a cylinder
which surrounds the vortex and which lies in the hydro-
dynamic region equal to zero we get Eq. (2) for the
force f which, according to (11) determines the force
Fps = 2021/« which together with the Coriolis force
-[282 pg x vg] acts upon the superfluid component.

We obtain Eq. (3) from (8) if we choose for vR the
value vp(r) at a distance ro~ | from the vortex fila-
ment. Such a choice of VR is based on the assumption
that the flux of quasiparticles scattered by a vortex is
determined by the quasiparticle distribution function at
mean free path distances from it without taking into ac-
count the perturbation connected with the flux of scat-
tered quasiparticles. However, an estimate shows that
taking into account the flux of quasiparticles which im-
mediately after scattering collide with other quasiparti-
cles and as a result of such a collision return again to
the scatterer leads to the fact that we must take for the
lower limit under the logarithm sign not the mean free
path but a quantity of the form ll‘aoa, where o is the
effective scattering diameter of the vortex. The relative
error of the coefficient in Eq. (3) is thus equal to?
In(l/o)/In(r;m/t). The viscous corrections of order
unity to the logarithm in Eq. (2) are thus an excess of
accuracy. However, this does not refer to the imaginary
additional term no matter how small it is. Such an ad-
ditional term means a mismatch in phase of the force f
and the vector vR — vI, and taking it into account en-
abled Lynall and Mehl*?] to explain the experimentally
observed change in the second sound velocity.

2. CONNECTION BETWEEN THE FRICTION FORCE
AND THE QUASIPARTICLE SCATTERING
CROSS SECTION

We now consider the vortex region where we can
neglect the interaction of the quasiparticles moving in
the velocity field of the vortex. If the mean free path is
much longer than the quasiparticle de Broglie wave-
length, inside this region, not too close to the vortex
filament we can use the quasi-classical approximation
and express the momentum flux tensor in terms of the
classical distribution function f(p) of the excitations:

IL=P8:tpv.vytjovutjovsct j‘dpf(P)P-‘ 0e(p)/dp;, (12)

where ¢(p) is the quasi-particle energy in a system

moving with the superfluid velocity, and jo; = [dpf(P)pi.
We shall look for the change in IIjj, which is linear

in the second sound amplitude, at large distances from
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the vortex filament in a coordinate system moving with
velocity vi,. The change in the distribution function

f(p) is, first of all, connected with the change in the
equilibrium distribution function {exp[(e(®) + p(Vv

+vg — VRV/kBT] - 1}". Expanding it we get the correc-
tion linear in vg and VR:

Adf=

dn,
de
n,(e)=[exp (e (p)/kgl)—1]1-".

Secondly, the distribution function changes due to scat-
tering, if vR # v1,. Were the scattering by the vortex
field to occur in a limited region, the scattered quasi-
particles would move at large distances from the vor-
tex filament in planes that pass through the vortex fila-
ment, and the correction to the distribution function
would have the form

s 2 (e mrp S [ v | o 252 ) 0-0,), (14)

de r

a%n,
POV =V )+ 2 (p(v/=vi) (pYo),
¢ (13)

where $ and $p are the angles in the cylindrical sys-
tem of coordinates for the vector p and the radius
vector R drawn in the given point at a distance r from
the vortex filament, -while the cross sections o1 and
os are given in terms of the differential scattering
cross section o(v):

0= _f a(y) (1—cos y)dy. o.= 5 6(1)sin v dy, (15)

where y is the difference between the angles s for the
vector p after and before the collision.

However, the velocity field of the vortex is long-
range and one can not even at very large distances
assume the quasiparticle momentum to be unchanged.
However, to a good approximation one can assume a
trajectory with a large impact parameter to be recti-
linear and determine the change in the momentum along
the trajectory by solving the quasi-classical equations
of motion in first order in x:

dR de p . [xur]
—_— e T —,

dp _ [»p]  ([xp]r)r

at dp p 27 d! 2ar art

(16)

We find that p = po» — pvy/vG where vG and r are the
projections of the group velocity (s¢/ap)p/p and the
radius vector R on the plane at right angles to the ver-
tex filament and p, is the momentum p as r — =,

Such a change in momentum under the conditions that
the distribution function at infinity is the equilibrium
one and that vR # v], leads to the following correction
to the distribution function:®

A=t T2 (v —v) (pp) == o B (v viyve (1)
de Vg

de
Terms of higher order in x operate already in a limited
region of space and can be taken into account through
the cross sections o and og which determine the cor-
rection A f.

The total change in the distribution function Af = Aof
+ A f + Apf satisfies in first approximation in vy the
kine%ic equation:
2
6

v (2 ) +

Oe p 95f i(v‘p)_a;‘f_=0, (18)
r ap

dp p Or dar

if we choose as the zeroth approximation Af

= (8no/d€)(v5 — VR) - p. Substituting Af into (12) we get
the required correction to IIjj:

AH-‘i=p' (vc‘,—vu) Vv:"'P- (U-i"—b'u) vnl_p' (V, (vu,—vL) ) 5!}

471 Sov. Phys.-JETP, Vol. 42, No. 3

e 20 ([Zoald). w0
D=— _;. j%’:—o—pfm (p) vedp.
D'= ?1 5 ir:-o p.o.(p)redp, (20)

and p, is the component of p at right angles to «.

Knowing AT jj and equating to zero the momentum
flux through the cylinder surrounding the vortex fila-
ment we get Eq. (1) without the Iordanskii force. How-
ever, for phonons the differential cross section a(y)
which determines D and D’ is not the same as the wave
scattering cross section determined by the square of the
scattering amplitude. We shall see in Sec. 3 that for
phonons there appears, when we take the corresponding
change in the wave scattering cross-section, in the
quantity of first order in x the transverse Iordanskii
force which is the same as the transverse force for
rotons which is determined in Appendix I.

3. SCATTERING OF PHONONS BY A VORTEX.
IORDANSKII FORCE

We consider the problem in the hydrodynamic ap-
proximation®, i.e., the sound wave propagates in an
inviscid liquid in the presence of a vortex. The liquid
density and velocity at any time can be written in the
form

p=potppn(t), v=v, (t) +vpn(t), (21 )

where po is the average liquid density, Pph and Vph
are the changes in the liquid density and velocity con-
nected with the oscillations,

[dR.(¢) (R—R.(#)) ]

IR-R, () I®
is the velocity field of the incompressible liquid around
the curved vortex filament, and Ry is the radius vector
of a point on the vortex filament which is time-depend-
ent in such a way that
A j [dR,(R—R,)] JR,
8t 4nm IR—R.° ot
We write down the hydrodynamic equations, linearized

in pph and Vph:

] Vph c v,

%l:—[’o divvph——v.,Vpph, Tat—p'=——pﬂ-vpph_V(Vquh)_a—t“. (22)
where c is the sound velocity. Although Egs. (22) are
inapplicable close to the core of the vortex, their con-
tribution to the scattering is unimportant in the long-
wavelength limit and we can choose a solution of (22)
which is bounded at zero.

W=7

At low temperatures most of the natural oscillation
modes of the vortex are slower than the sound modes as
the frequency of the first is proportional to kzlln kre|
and of the second to k (r¢ is the vortex core radius).
We can thus neglect the filament velocity which is in-
duced through its oscillations, i.e., the vortex filament
moves with the phonon velocity vph and taking its
natural oscillations into account reduces to the fact that
its average position is curved, but close to the z-axis.

In the Born approximation for a curved vortex fila-
ment Eq. (22) leads to the following wave scattering
cross-section:

1 7 kx \*7 2 14\
otk =4 () (o) [ (Waiarn

W([kk,]dR.(z.)) exp{iq[R.(z,) —Ro(2:) 1},

(23)
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where k and k, are the wavevectors of the incident and
the scattered waves, q = k, — k, and L is the length of
the vortex filament.

If we neglect the curvature of the vortex filament we
have

otkk)= (=)

4

*6(g:) (2 13 .

= ?—F} ([, 1),
In Appendix II we determine the cross section, taking
the curvature of the vortex due to its natural oscilla-
tions into account.

(24)

We must note that in our method for separating the
vortex field connected with the moving vortex filament
no corrections to the vph field that diverge like 1/r?
because of the scattering, arise, such corrections ap-
pear if we split off in (22) the vy field for an immo-
bile vortex filament. This has at times been the reason
for doubts about the correctness of the hydrodynamic
approximation.[*”®] However, the correct value for the
cross section is obtained for any method of separating
Vv, and (24) therefore is the same as obtained by
Pitaevskiil®! and by Iordanskiil®!.?

We now show that the correction to the momentum
flux tensor I1jj for vR — v, # 0 has the same form as
in (19), but that the differential cross section differs
from the wave cross section by an amount which is
caused by the appearance of the transverse Iordanskil
force. This quantity, like the Iordanskii force, is of
first order in x and when evaluating it we can drop
terms «x?, such as the wave scattering cross section.
1t is, however, necessary to take into account terms of
second order in the phonon amplitude pph and in vph
and to average over times longer than the inverse phonon
frequencies. We have then

AH;,-=’/215;;((pph2>—<vph2>)
40 phUphed U <P phUph s VsiFPeC Uphit pns? 25)
PphUphi? Uy <PphUph Vst PoCUphi¥ phi?s
where the averages are determined by means of the
phonon distribution function —(8no/2¢)hk - (VR = VL).

The current (pphVph) in (25) can be evaluated in
zeroth approximation in vy (plane sound wave), i.e.,

o= [ 12T (Bl (v —v2)) lempa (v —2),
and to determine (pph ), (Vph ), and (VphiVphj) We must
find the asymptotic values of ppp and vph as r— o in
first approximation in vy.

(26)

Because of the long range the usual asymptotic ex-
pression for short-range potentials diverges at small
angles § between the projections of the radius vector
R and the wavevector k on the plane perpendicular to
the vortex (the two-dimensional vectors r and k, ) as
the scattering amplitude diverges as 1/y. The correct
asymptotic expression for the velocity potential ¢ph
(vph = Veph) for small | y| <« 1 has the form (see
Appendix III)

0 ~e (i [0 (o(57) ) ~+])-

Using (27) to determine the density pph and the
velocity vph and substituting these into (25) we find
that (pf;h) - (vf,h) = 0 and the term po{VphiVphj) is
equal to

7)

dn, kik; k
oo COppnd>=—h [ dk T (hk (v —v,) ) he Re{—‘—(1+i°‘—
8 de k ne

x [0 (4 ( "Z*i’ )’) —9]) = - ko) (1 (k)
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X expli(k,ry*/2—n/4)]) } (28)

Evaluating this integral we see that we get from (25)
Eq. (19) with vg =vL, D = 0, D’ = =kpp. There thus
acts a Iordanskii force on the vortex which must be
added to the force determined through the wave scatter-
ing cross-section and omitted in our calculation.

If

1 kyr\' ¥
——__, we hav L =
> G € o("b( 2 ) ) ol
and Eq. (27) is the solution of the problem in the geo-
metric optics approximation while the imaginary part
of the factor for a plane wave in (27)

xk [V

ﬂ:,(ﬂr“"”)
is the phase shift of the wave in the velocity field of the
vortex which is small for long-wavelength phonons. In
the small angle region | | < (k;r)"? the geometric
optics approximation becomes inapplicable but just this
region (diffraction region) is responsible for the oc-
currence of the Iordanskii force.

In the diffraction region phonon wavepackets are
incident with impact parameters small compared to the
distance from the vortex for which the momentum flux
tensor is determined. It is therefore not surprising that
the contribution from the diffraction region to the dis-
tribution function has the same form as A,f and can be
taken into account by including in the differential scat-
tering cross-section the quantity of = k5(y)/cy which
leads to the value og = «/c for phonons (see (14)).

To explain why the Iordanskii force does not need to
be added in the case of rotons we consider the connec-
tion between it and the phase shift AS(b)/h of the wave-
packet describing some quasi-particle. Here S(b) is the
change in the classical action due to the interaction with
the vortex field after passing through the whole of the
classical trajectory while b is the impact parameter
with a sign which is the same as the sign of the com-
ponent of the angular momentum of the quasiparticle
along the circulation vector k. If the quasiparticle tra-
jectories are nearly rectilinear and the change in the
transverse momentum gp; along them is small we get,
using the relation p = 3S/ar, for the cross section og
that determines the transverse force®
db _ AS(e)—AS(—»)

db _ AS(—=) _ % 29
p P Ug ( )

0= yép n
where vg is the total group velocity and is equal to the
sound velocity c for phonons. To determine AS(b) for
b = + it is sufficient to solve the classical equation of
motion (16) in first approximation in the vortex field,
i.e.,in x, whence AS(x»)=kp/2vg.

Equation (28) is true for both phonons and rotons.
However, for rotons one can use Appendix 1 to verify
that the change AS(b) from b = —% to b = +% occurs
continuously in the region where the quasi-classical
(geometric optics) approximation is applicable and
therefore the quasi-classical scattering cross-section
already includes the effect responsible for the appear-
ance of the transverse force, and we need not add the
Iordanskii force. For phonons, however, the whole
change AS(b) occurs discontinuously in the diffraction
region and the effect of this on the transverse force is
not taken into account by the usual Born wave scattering
cross section. .
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We must note that both for rotons and for phonons we
can neglect the coefficient D as compared to D’. The
quantity D’ = —xpp, means that the vortex in the super-
fluid liquid moves with the average mass velocxty

(psVs + pn¥n)/p.

4. COMPARISON WITH EXPERIMENTS.

In deriving the equations of the Hall-Vinen theory in
351 and 2 we dropped a number of terms and assumed
ps in the hydrodynamic region to be constant. For this
it is necessary that the correlation length be much
smaller than ro ~ ]. Moreover, using the theory for the
scattering of non-interacting quasiparticles by the
vortex field assumed that the region in which appreci-
able scattering occurs has a size much smaller than the
mean free path ;. For rotons the size of the scattering
region is of the order of b* ~ kpo/kpT (see Appendix I)
and the necessary condition for the correctness of the
theory considered above is the condition b*<« . All
these conditions are violated when the temperature in-
creases, Thus, already for T =1.4 K, b*~ |, The
theory can therefore, strictly speaking be compared
with experiment only at sufficiently low temperatures.

This is possibly the reason that the conclusion follow-
ing from Hall and Vinen’s theory that the damping of
second sound by vortices as pg — 0 is not confirmed
by experiments near the A-point.

We show in Fig. 1 the magnitude of the coefficient D’
obtained experimentally.[**] The value D’ = —xp, ob-
tained in the present paper differs by a factor two or
three from the experimental data. The cause of the dis-
crepancy, apart from what has been mentioned above,
may be a contribution to the scattering by the vortex
core; this was already pointed out by Pitaevskii.[®] One
should expect a better agreement at lower temperatures.

In conclusion I want to thank S. V. Iordanskii, V. L.
Gurevich, L. P. Pitaevskii, G. E. Pikus, and A. G,
Aronov for discussing and considering this work.

APPENDIX |

TRANSVERSE FORCE FOR ROTONS IN THE
QUASI-CLASSICAL APPROXIMATION

We consider the projection of the roton trajectory
onto the xy-plane. Let the roton before the collision
move parallel to the y-axis starting from negative
values and at a distance b from it., Therefore, b is the
impact parameter and for y = —« and x = b,

Equations (16) for a roton with energy e(p) =a
+ (p = po)?/ 2y has for small values of (p — po)/po the
form

dy  p—>pe dps — #py(b°—y?)
— = ing, —="C""_77 5in¢
at T oY T4 ool
dp  =peby .,
PTRE 9% (1_1)

For small (p - po)/po the main contribution to the fric-
tion force comes from deflections at small angles;, i.e.,
the trajectories are almost parallel to the y-axis at all
ranges and we put therefore in the right-hand sides of
the equations of motion everywhere py =~ po sin ¢, px
=0, x = b, where s is the angle between p and the z-
axis.

Let p = po> 0. The angle y over which the projec-
tion of the momentum p rotates in the xy-plane is de-
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FIG. 1. Experimental and theoretical
values of the coefficient D' for rotons.
The line corresponds to the magnitude F s,
D’ = kpp obtained in the present paper. o
Earlier known theoretical values of D'
are: Kpn, (21 0, [®], and —kpn.[%] The
points are calculated from the coeffi-
cients B and B’ obtained experimentally ~7: e
['5] using Egs. (25) and (26) of ref. [7] o .
in which the contribution from the i
Tordanskii force was dropped. To deter-
mine the roton mean free path /
= t(2kBT/u)"/? the time t; was deter-
mined from Eq. (15.7) from [¢].

.
)
Py
=

termined differently in the interval 0 < b < b* = kpo

sin $/27E and outside it. Here E is the roton energy,
calculated with respect to the roton minimum and equal
to (p - po)?/2u far from the vortex. Let initially b > b*
or b < 0. The roton then moves after the collision in
the direction y =« and the deflection angle y is ob-
tained after eliminating t from (I.1) and integrating
these equations along the trajectory:

) % '(b’—f)dy(_ oY’ )
' pasin® 2ve d (b*+y")* bty
de cos 2¢
- e J (bz_bb' COS(PZ)V’ : (1.2)

If, however, 0 < b < b* the roton moving before the col-
1151on from y = —« progresses only up to the point y

= —(bb* - b?)Y? where the momentum becomes equal to
po. This is a turning point, after which the roton moves
again in the opposite direction towards y = — <. How-
ever, on the reverse path we have already p < po and
the group velocity and the momentum are directed in
the opposite direction. For the angle y we get

"'(b’—y"')dy( b )/

ATET T
-t % ¢ do(2bcosgi—b")

) } nvgh J (bb—b" cos¢)* ' (1.3)
where the two terms in the integration over y corre-

spond to the change in px along the path to the vortex
and away from it.

y— Pe(=®) % {

Posin @ 2nv,

= (b*—y?)d bb*
J. (b=+yz)zy ( - by

We can now determine the value of the cross section
os which determines the transverse force:

—J.o('()sm'{d1~j'ydb =t

T (1.4)

The same value is also obtained when p < p, before the
collision. Substituting os into (20) we get D’ = —xpp.

In the calculation given here the cross section was
determined in terms of the angle y between the initial
and final momenta of the roton at infinite distance from
the vortex., In actual fact we are interested in the mo-
mentum with which the rotons enter and leave the
cylinder of large radius r around the vortex. The angle
between these two momenta differs from y by an
amount of order 1/r which is connected with the change
in momentum along the trajectory which arises in first
order in g from the quasi-classical equations of motion
(16). This effect was already taken into account in the
correction Apf to the distribution function (see Sec. 2).
Goodman!®! included this effect in the scattering cross
section, and due to this the cross-section turned out to
be divergent. Moreover, in'®! a contribution to D’ from
the terms jojvsi to the tensor Mj (see (12)) was
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neglected which equals —kpp/2 which cancels the con-
tribution kpp/2 from Apf. Goodman therefore obtained
by means of numerical calculations at low temperatures
a value close to —«pp /2 instead of the correct value
=KQn-

APPENDIX Il

EFFECT OF THE NATURAL OSCILLATIONS OF
THE VORTEX FILAMENT ON THE SCATTERING
OF PHONONS BY A VORTEX

To determine the corrections caused by the oscilla-
tions of the vortex filament we average Eq. (23) over all
states of this filament which are a consequence of its
natural oscillations.

The integrals arising when averaging (23) can be
evaluated by changing to a Fourier representation for
small displacements of the points of the vortex filament
from the original position (the z-axis):

z.(a)= [dpz(p)e™, y.(2)= j dpy (p)e™,
xv(z), yv(z) together with z are three Cartesian coordi-
nates for Ry. We determine the average values
(x(p)?) and (y(p)?) from the classical Rayleigh-Jeans
distribution for the natural oscillations of the vortex
filament:

(I1.1)

<z (p) =<y (p)*>=kgTL/nx’*p,p*|In pr|, (I1.2)

where r¢ is the size of the vortex core. The problem
reduces to evaluating the generating function

I= <exp{zq[R.,(z.) -R, (z,)]+t,o'(") +t ";Zz) }>

2kpT % {—
=exp{iq.(z,-—zz)— L Idp[lb.’ °°3P(3: 2,)
%o 9_

+iq, (t,+t,)

plinprel
sinp(a—n) _  cosp(a—t) } _ (11.3)
plln prl In prel

where q(qx; dy), t1, and t; are two-dimensional vec-
tors.

The average cross-section is determined in terms
of J and its derivatives with respect to the components
of the vectors t, and t; in the limit as t; — 0 and t:

—- 0:
) () 1] ane

X
[ R e

a7 ]
Oty Oty 1

ﬂ(k—’k‘) = T

+ (k:k"_kl:kl) 2 (II .4)

The term proportional to J in (II.4) gives the cross-
section (24) where the s-function is replaced by the
resonance function §(qz) with a finite width:

Aq 2nkglq,?
qs’+Aq * x*poln(x*po/reg,*kpT) |
The remaining terms give a correction to the cross-
section which in the small-T limit is equal to
k*kgl 2 1
Ao=——ouovm-" [ ————
o= 4mpoc®|In g.re | ( K

) Ukl =2k (ot k)],
(I1.6)
where k = k% + ky This correction to the cross-sec-
tion g1ves a correction to the coefficient D for a second
sound wave directed at right angles to the vortex:
p—_ 284k (I.7)
poc®’ In(he/rckyT)
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In that case second sound will be damped and when it
propagates along the vortex (along the z-axis) the cor-
responding coefficient Dy is equal to
_ 3.25(kgT)’
oo’ In (he/rkpT) ©
The quantities AD and D are small andat T = 0.5
K are, respectively, 1.3 and 1.7% of the quantity D
which is determined by the cross-section (24) for the
scattering by a rectilinear vortex. Even smaller cor-
rections are obtained when we take into account the
possible process of the absorption of a phonon with the

creation of two eigen oscillation quanta of the vortex
filament.

(I1.8)

APPENDIX Il

ASYMPTOTIC BEHAVIOR OF A SOUND WAVE
INCIDENT UPON A VORTEX

Solving Eq. (22) in the Born approximation for a
straight immobile vortex filament (avy /ot = 0) we get

‘Pph(R) ~ exp (ik,z) {exp (zkr)——j dr, B (k lr—r.])v,(r,) k exp (ikr,) }

= exp (i(k.ztkr)) {1 —Z J. dr B (kyle—r,l)v,(r) k exp ik (r,—r)) }
(II1.1)
where, as before, r is a two-dimensional vector in the
xy-plane, the vortex filament lies along the z-axis, and
k, is the projection of k on the xy-plane.

We determine the integral
a1 _[ dry HE® (k. Ir—r,)vo(r,) k exp (ik (r,—T1))
2¢

for large r and small angles y ~ (k J_r)“/ 2 by splitting
the xy-plane into regions and choose in it variables in
the way shown in Fig. 2.

We consider the contributions from the different
regions.

Region I. Here we can assume the quantity p/T to be
small and retain the first term in an expansion in terms
of it:

ixkl, T
A= l:ﬂ sm\bjp dp H' (klp)jexp( ik, p cos ¢)dp
inkk
== _* siny jp dp H3" (k1) 7o (K .p)
cr

. mkk N

L sinp (j'pdpﬂ;”((k +6)0)Ja(k 10)

_ inkp, siny

1
- \|dpe® 1.2
nk, Y1+8 '! pe )4.... 2nc r (r.2)

When changing the integral over dp from zero to p, to

FIG. 2. Integration regions for evaluating the asymptotic values of
the velocity potential for a sound wave incident upon a vortex. The
point 0 is the vortex filament, R the point of observation r > p, > 1/k,
r> A > (r/k)"/2. The integration variables are: in I, II, III: the polar
coordinates p and g; in IV the coordinates x =p — r,y =+ {rp(1 — cos
(¢ — ¥))}!2, where + and — correspond to ¢ < ¢ and ¢ > .
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the difference of two such integrals from 0 to « and
from p, to © we used in the second integral asymptotic
expressions for Bessel functions.

Regions II and III. Here we can at once replace
H{"(k, p) by its asymptotic expression and integrate
over ¢ by the saddle-point method:

r—Aa

inkk, 2 "
- % ()
Au 4ne j pap ink,p
[
2a inp . (I1L.3)
. rsin p—p sin ¢
X J dgexp (ik,p(1—cos @) r*+p*—2rp cos (Y—¢)
L]
ink 7 rsiny ixk rsiny [T
=—-—/4d, —————=——( tg —————————— — P — —sin ),
2nc J‘ e r*+p*—2rpcosd  2mc rele A—r(1—cos ) ¥ r A
»
inkk, 2\
A= ( )
b 4nc _Lp dp ink,p _!dq)
. rsin{—p sing
X exp (ik, p(1—
exp(ik p(1—cos )) o —2rp 003 (9—0)
= lkarct rsin g (I11.4)

2ne g A+r(1—cosp)

When making estimates in the regions I to III we
have, in fact, not used the smallness of y; it was only
necessary that A <« r. Higher order terms in 1/r do
not contribute in the regions I to III (we checked this
for the next two terms). For small y we have
‘r sin y/A << 1 and the terms

arctg—SB®
Axr(1—cos ¢)
drop out.

Region IV. We use the condition that y ~ (k;r)™¥?
<« 1 is small and the asymptotic expansion for H{"(k; p).
After changing to the variables x and y (see Fig. 2) we
expand the integrand in terms of 1/r up to terms 1/ r?
and take into account in this case that x ~ y ~ r 2
P~ r-v2 For instance, the expansion of the exponent is:

o)) (s (- 5+

oxp (ik p(1--cos ¢)) = exp (i

After integration
An'=_"_k . (( kJ_r)"-\p)__'_l(Zn)t:

2nc ‘ 2i 8 k_J_r-
T ()}

2
D (z)=—— e"“dt.
Vn;[

X exp (i (kLr

(I11.5)
Adding A = Ay + AT + A11T + A1y we get the integral
in (III.1), the main terms of which are retained in (27).
The asymptotic expression for ¢ ¢ applicable when
| w| > 1/ (& r)Y?(~7 < y < 7) is of the form
R)= ik,z i ﬂ 117_7
(pph\R)—exp(zkl,){exp(zkl‘) (1 = (n o q;))
soxp (i (k- T)) 2B (2m\h_sinv
exp (l (k“Lr 4 ))W(k;r ) 2(1—cos )

It is the same as (27) when 1 > || » 1/(k r)"? as

(') - 2) (1)

as Pk, r)V% — x =,

(I11.6)
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In conclusion we note that the problem of the scatter-
ing of a phonon by a vortex is completely analogous to
the problem of the scattering of an electron by a mag-
netic field in a narrow cylindrical region (Aharonov-
Bohm effect!!"]),[°]

DGoodman [®] and Titus [°] also obtained the negative sign of D'.

DThis estimate was obtained after critical remarks by V. D. Kagan, for
which the author is grateful.

3S. V. Tordanskil pointed the existence of the correction Apf out to
the author.

“The nomenclature “hydrodynamic” is here not used at all in the same
sense as in Sec. 1. There we were dealing with two-component hydro-
dynamics, applicable for characteristic lengths exceeding the mean
free path of the quasiparticles; here we are dealing with the hydro-
dynamics of an inviscid liquid; quantizing the sound oscillations of
this liquid we get phonons which are characteristic for a superfluid
liquid with a mean free path which is infinite as long as we neglect
interactions between the phonons.

9The equation for the cross section in the paper by Fetter [*] differs by
the absence of the second term in the braces in (24) which is connected
with the motion of the filament. It is absent as in the partial wave
method, used in [*], one must consider the wave for ! = O separately,
taking into account the momentum conservation law for the liquid in
the vicinity of the vortex filament. In fact, Fetter [*] obtained the
cross section for the scattering by a vortex filament which was rigidly
pinned by some external forces.

6This formula was obtained by Pitaevskil. [*°]

For phonons this statement follows from Efros’ work [!] where a
consideration of the hydrodynamical Hamiltonian was given without
limitations to the degree of anharmonicity.
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