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We apply an operator diagram technique, previously developed for considering phenomena in a uniform
external field, to processes in the field of a plane electromagnetic wave. The calculations are based upon a
specific technique of disentangling operator expressions. We find the mass operator of scalar and spinor
particles in the field of an elliptically polarized wave of a general shape described by a double integral. Its
imaginary part gives a new representation of the total probability for the emission of a particle in the field

of a wave. We analyze polarization effects for spinor particles.
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1. INTRODUCTION

The fast development of laser techniques which make
it possible to obtain waves with a very high electromag-
netic field strength (up to 10° V/cm) has stimulated a
broad study of quantum processes in the field of a
strong electromagnetic wave. Recently a large number
of papers has appeared devoted to effects which occur
when an electron and a photon move in the field of a
strong plane wave.""®? Solutions of the Dirac equation
in the field of a plane wave have been used in these pa-
pers. The interaction of charged particles with the
field of an electromagnetic wave is thereby taken exactly
into account. However, the interaction with the radiation
field is considered in the lowest order of perturbation
theory. The probabilities which are found are the
imaginary part of the mass and polarization operators.
Of considerable interest are also the real parts of these
operators (corrections to the mass, and so on). Unfor-
tunately, it is difficult to find these quantities in the
framework of the above-mentioned technique and this
has up to the present not been done.

Recently three of the present authors have developed
an operator approach to problems of electromagnetic
interactions in an external electromagnetic field.”! We
have found in the framework of that approach the mass
operator in a spatially and temporally constant elec-
tromagnetic field. We use this operator approach in
the present paper to find the mass operator in the field
of a plane wave of arbitrary shape for spin-zero and
spin-1/2 particles.” Notwithstanding the generality of
the approach and of the initial expressions, a rational
method of calculation for the case of motion in the field
of a plane wave differs appreciably from the calculation
for the case of motion in a uniform field. The basis of
this method is a specific technique for disentangling
operator expressions. Using that we are able to obtain
an expression for the mass operator of a particle in an
elliptically polarized wave of arbitrary shape. We need
to give the actual shape of the wave only when evaluating
the average over the mass shell in the last stage of the
calculation. This average is given by a double integral,
and in the particular case of a circularly polarized wave
by a single integral.

We shall describe a plane wave of arbitrary shape by

the potential
Au(@) =a, (9) +aln¢2(¢‘)v (1.1)

where ¢ = kx = ¥°x° — k -X, while
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®2=0, %na,=x%a8,=a,a,=0.

(1.2)

In the case of linear polarization ag;, = 0. The field
strength of the wave is

Foo= (%80 —%a4,) s (@) + (%o —%o82,) ll)z, (q)) ’ (1 .3)

where §1 2(¢) = dl,Dl’z/d(P. It sometimes turns out to be
convenient to introduce a ‘‘special’’ coordinate system
in which A, = 0, the vector k lying along the 3-axis, i.e.,
k° = k%, while the field strength vectors of the wave lie
in the 1,2-plane.

Section 2 is devoted to the case of scalar particles.
We find the mass operator in the field of the wave (1.1)
and analyze its imaginary part. In Sec. 3 we find the
mass operator of a spinor particle and analyze its prop-
erties, including spin correlations. The Appendix is de-
voted to an explanation of technical details of the pro-
posed approach.

2. MASS OPERATOR OF A SCALAR PARTICLE

The mass operator of a spin-zero particle can be
written in the form (see ), Eq. (1.10))
ie’ 1 k) —1 (2.1)
(2n)* (P—k)*—m*+ie k*tie
where P = Pu(qo) =19y, —eA. It is convenient to use
the exponential operator representation. To do this we
carry out a parametrization of the kind

MO=— j d'k (2P—Fk)*

1 1
k*+ie (P—k)*—m*+ie

=-—j ds j du exp{—ium?} exp{i[u(P*—2Pk)+sk*]}.  (2.2)

Using (2.2) we can write the mass operator (2.1) in
the form
ie?

MO =
(2m)*

fak fdQ { j:du[4puexp{iu (P—k)})P,

—{(P*—m*\ exp{iu(P—k)?}}lexp{i(s—u)k’}exp{—ium?}

V —i(exp{is((P—k)*—m®)}—2 exp{isk?}) } (2.3)
where {,} indicates an anticommutator. We have in Eq.
(2.3) integrated by parts the term containing Pk in the
coefficient of the exponential; this enabled us to put
M'® in a form where only the index of the exponential de-
pends on k. Integrating over k thus reduces to evaluating

Q(n)=j' dk éiu(P—h)’ei('—u)A’=5 P R PO

(2.4)
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where we used the shift operator in momentum space:
for any function f(P) one has

N (P) e —f(P—k), [Py X =i

The exponential operator expression exp (iuP?) in (2.4)
contains non-commuting operators. One of the central
points of the discussion here.is the disentangling of this
expression (see the Appendix) which for the case of a
linearly polarized wave A (@) = a; (@) gives (see
(A.19))

exp (iuP?) =exp{i "' [aP—ea*A(T)]* d—:}exp (iwP.%), (2.5)
v a
where A(T) = (¢ — 2(kP)7) — (@) and P, = P — a(aP)/a%.
As a result of the disentangling we obtained a product of
two operators which are such that in the index of each of
them commuting operators occur. After this we can

complete the integration over k. Substituting (2.5) into
(2.4) we find after simple transformations:

(0) [y p- .“ .zﬂ_'.u E_
Q= [dkesp {t":(aP((p,k)) — - 2iak J’ (aP(¢, k) a’}
x expliu(P,*~2P k) lexp (isk®),
where k; = k — a(ak)/a?,

P(g, k)=P—ead (1, k), A1, B)=v(p—2((P—Fk)x) 1) —$(¢). (2.7)

We expand all the vectors in (2.6) in terms of the
basis vectors

(2.6)

e,=xa/z"Y—a*, e;=un/x’, e.=[ese,],

(2.8)

which we choose as the axes of a Cartesian system of
coordinates. In this system we introduce the variables

y=h"tk, z=k—k, v=k, w=Fk" (2.9)
and then
F=ys—v’—w?, ak=a‘ztvy—a®, wk=2»'z,
Pk, =bz+b.y—P,'v—P,'w, (2.10)

where b; = (P + P})/2 and b, = (P} — P})/2. Changing
in the integral (2.6) to the variables (2.9) and substitut-
ing (2.10) in it, we find that the integral over y is of the
form

4=

J dy exp[iy(sz—2b.u) ] =206 (s3—2b,u),

(2.11)

so that the integration over z reduces to integrating a 6-
function, i.e., to making in all expressions the substitu-
tion

z—2b.u/s=u(xP)/sxn’

(the quantity P(¢, k) depends only on z). The remaining
integrals over v and w can be evaluated directly (they
reduce to Fresnel integrals). As a result we get after
some manipulations

' ;
0= — ;etp{lll j [aP—ea*A(ny) ]2;:1}43‘B exp{inP.*}, (2.12)

where we have made the substitution u — us; n =
u(l — u)s,

A(my) =y (e—2(xP)ny) —p(g), (2.13)
=—§’s'n’u‘_[ j A*(ny) dy— ( jA (ny)dy )2] i
here
Er=—c%a*/m? (2.14)

is the parameter characterizing the strength of the
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plane wave® (see, e.g., (98.1) in "*%). Using (2.5) we
can write (2.12) in the form

Q((u)="‘ | (2.15)

To complete the calculations it is necessary to trans-
form the combination occurring in the first term of (2.3)
after completing the integration:

-
Preie™P'p,,

2
1219
—PetP
s

(2.16)

The corresponding consideration is given in the Ap-
pendix. For a linearly polarized wave A, = a“z,b(<p) we
have (see (A.28) and (A.35))

S'm' *A* (”ﬂ) Ll dﬁ i3, inPs
g P dcp)e}e "
where A(n) is given by Eq. (2.13).

The integral over k of the last term on the right-hand
side of (2.3), which is independent of u, can be done
directly. One can also use Eq. (2.12), puttingu=1(u=s
in Eq. (2.4)) in it. As a result we get

j.d"k gl P-hi= jd‘k e M =—in/s%.

Preitein’p = (P= + (2-17)

(2.18)
Substituting (2.12), (2.17), and (2.18) into (2.3) we have

) 1

P P

M =Zme J'—ds {Jau[ 1+ +eam+ s 2 Je-tmetser
2 Jos U m? m* dg

Fid
i

+ T miem .

m's (1 2 ¢ )}

The mass operator we have found diverges in the same
way as the mass operator of a scalar particle when
there is no external field. Its renormalization is there-
fore standard: )

aMt

M =MO—M© (P’=m*, A,=0)—(P* M‘——-(P2 m*, 4,=0). (2.20)

(2.19)

As a result we find the renormalized mass operator of
a scalar particle in the field of a linearly polarized
plane wave:

MY =m J'ds J'd {[1+—+“A( )+iﬁ% gmirumg g
— v [2+ (5— 1) (1+2isu (1—u)) ]} (2.21)

here 8 and A(n) are given by Egs. (2.13). We note that
apart from the diagrams which we have considered there
is also the so-called contact diagram of the self-energy
in which a photon is emitted and absorbed in a single
point. The contribution of this diagram drops out in the
regularization.

The average value of Mi;‘i’ on the mass shell P?® =
m®® is of con51derable interest for physical applica-
tions. As M}’ depends only on P? and «P, it follows di-
rectly from (2 .21) that (cf. Eq. (1.8) or [6])

7 f e I
{(1+ A () + - db) ‘=—1},

where @ is a solution of the Klein-Gordon equation in
the field of the wave. V is the normalization 4-volume
(we have used only the properties P*® = m?*®, 2kP&/m>
= \®).

M = [dz 0t @ M0 (2 >= ~m I du et

(2.22)

Above we found the mass operator in the field of a
linearly polarized wave. In the general case of an el-
liptically polarized wave we must substitute in the inte-
gral (2.4) the disentangled expression (A.20). The
further calculation is similar to the one given above, and
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as a result terms containing the amplitudes of the
waves a, and a, occur additively. As a result it turns out
that we must in (2.15) make the substitution

BB, +B.,

Br=—%ssu'm? [ j:A.'(ny)dy— ( fA.(ny)dy )!] (2.23)
where ° ’

A(y) =t (@—2(xP) ny) — (o),

wi=—ce'am* (k=1 2),

(2.24)

and in (2.17) we must apart from this make the substitu-
tion

AN () =>E82A5 () +E°A (n),

dp/de—~d (B,+B:)/dg. (2.25)

This can be understood as follows: in the answer (2.21)
and (2.22) there occurs

[4:(3)—Au(@) I

In the case of linear polarization we put A u((p) a zp(q)),
in the general case we must put A, = ajud1(e) + azuzpz((p)
which leads to the substitutions (2.23) and (2.25). As a
result the explicit form of the mass operator of a scalar
particle in an elliptically polarized wave follows straight
from (2.21) and (2.22) where we must perform the sub-
stitutions (2.23) and (2.25).

To complete the integration over the variable x we
bear in mind that the integrand depends only on the

variable ¢ (in the special system ¢ = °(x° — x°)). For
a monochromatic plane wave
ti(g)=cosq, ¢:(¢)=sing (2.26)

we have a periodic function ¢ so that we can restrict
the integration over a single period.” Using this we

have
% J diz|

An important advantage of this approach is the possi-
bility to obtain the result for the general case of a plane
wave of an arbitrary configuration (see (2.21) and (2.22))
and only in the last stage of the calculation do we need
to give the actual form of the wave (see (2.26)). After
simple transformations we easily check that terms de-
pending on ¢ are met with only in the combination

(E2—8s") cos [2(¢p—n2/2) ].

After splitting off this combination the integration over
¢ is performed easily. For a monochromatic plane
wave with elliptical polarization we have for the mass
operator of a scalar particle

L B3
=g | dol 1=3; [do

—x°L

(2.27)

o dt¢ d .
M= Zm J I T U G sin 1120
—i(8:°—E.")sin’ t,(Z,) ] —e~*'"}, (2.28)
where Jo(Z,) and J,(Z,) are Bessel functions, A=
2(xkp)/m®,
1 2 e sin’t_sinzt
1= Ltr-s [ 222
. 2.29)
2vt ES+ES sin’¢ (
z=- [t 2 (-5

in Eq. (2.28) we changed to the new variables
u A sv
(1+v)*’

The mass operator (2.28) depends on the invariant
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characteristics of the wave intensity £ and £, and on
the invariant integral of motion of the particle in the
field of the wave, A = 2(kp)/m®. If we put £ = 0 in (2.28),
we get the mass operator for the case of linear polariza-
tion. In the partlcular case of a circularly polarized
wave, £ = £ = £°, the expression for the mass operator
can be simplified considerably:

) ¢ dt
M, = %m’ j—t {(1428% sin® ¢) [1+ine™ Ei(—in) ]
¢ 0

—[1+inee'™Ei(—ino) 1}, (2.30)

where Ei(x) is the exponential integral,’?
2t . sin*¢ 2
i), et

The imaginary part of (M{’) is in the well-known way
connected with the total probab111ty W' for the emis-
sion of a particle in the field of the wave (cf.'®?, Eq.
(2.43)):

W=_—‘-1m<w°*> (2.31)
where € is the zero component of the average kinetic
momentum (quasi-momentum) of the particle in the
field of the wave. Equations (2.31) and (2.28) and its
particular case (2.30) are a new representation for the
total probability for the emission which is convenient,

in particular, for an analysis of the situation when £

~ 1. Performing a number of transformations we can
obtain the total probability in the form which is analo-
gous to the well-known representation for spinor parti-
cles

am? v

W=

" {" 2T [%(J,.i.(Z)+J,f_1(Z))—J,=(z) ]} , (2.32)
where
- “ingl [vl(i"li)]/ R ::g (2.33)

3. MASS OPERATOR OF A SPINOR PARTICLE

The mass operator for a spin- 1/2 particle in an ex-
ternal field can be written in the form (see J, Eq. (3.1))

ie*
2n)* J

Using the parametrization (2.2) we rewrite it in the
form

P—k+m
(P—k)—m?

d'k

M= —
k*+ie 1

Yo (3.1)

M"-”=—(—%)—‘jsdsj'du M, (3.2)

where

M= Jld‘lf y"(I;— k+m)exp {isul (P—F) *—m?]}yuexplis(1—u) k*]. (3.3)

As in the case of scalar particles we use the shift pro-
cedure in momentum space:

expli(P—k)2u]=e-*%enPghx,

(3.4)

The disentangling of the exponential operator expression,
which is one of the main points of our approach, proceeds
in the same way as in the case of scalar particles with a
few complications caused by the spin terms (see the Ap-
pendix). As a result we find for the case of a linearly
polarized wave Ay = ayi():
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eaxA (u)

—_Q(MP) exp[iuP?)

exp[i(1133]=e.\'p [

eaxA (u)
e

d
o | &P [i ! (aP-—ea'A(-t))’f;] expliuP.?], (3.5)

where we have used the same notation as in (2.5).

The integral (3.3) splits into two, one of which does
not contain k, in the factor of the exponential

Q""”=j d‘k exp[ins(i’—ic)’] explis(1—u)k*]. (3.6)

and can be evaluated in the same way as the integral

Q' in (2.4) in Sec. 2. In the factor which is extra as

compared to Q® we have then according to (2.10) and
(2.11)

(P—k)x—+xP(1—u), A(su)—~A(n),

so that we have for a linearly polarized wave

" eaxA(n) © in® eaxA(n) o
o )=e‘“’[ 2(1-—u)y.P] o= _T( b 2(1—u)uP) ¢

where Q' is given by Eq. (2.15) and where we have
used the notation (2.13) and in the last equality used
the fact that all powers of ak higher than the first one
vanish. To evaluate the second integral in (3.3) which
contains ky in the factor of the exponential we shall
start from the equation (cf. (2.11) in %)

jd'k—;k—u {exp[—ikX]e.\'p[iusl;"]exp[ikX]e.\'p[is(1—u) k*]}=0. (3.8)

(3.1

Differentiating in that expression we get

jd‘kl;exp[ius(ﬁ-lg)-’]exp[is(l—u)k:] "{[\u.() 1, (3.9)

2s(1-u) (1
where we have used (3.4) which reduces the evaluation
of the required integral to calculating the commutator
of X, with Q"™ which we have already found in (3.7)
and which is the product of three operators:

L eaxA(n) L -
A_1+_——2(1—u)m°’ B=¢®  (C=e™™, (3.10)
The identity
[X,, ABC)=[X,, A]BC+A[X,, BIC+AB[X,, C], (3.11)

reduces the problem to finding the commutator of X
with each of the operators (3.10). One checks easily that
the commutator y (X, A] « «* = 0. The remaining com-
mutators are evaluated in the Appendix (see (A.31),
(A.35)). Substituting them into (3.11) and, using (A.35),
transferring elB to the right we get

{ [P+e('{f)j-A(

4 (5ot af}:)} (3.12)

where (vP) = yH{,,PY; we bear in mind that f,, = xya,
— kpa, is the electromagnetic field tensor F, =

(uw) Substituting (3.6), (3.7), (3.9), and (3.12) into
(QL 3) we have

X, 0!

", {gm3 D P .
A0 =g—ism "1“{ m+P(1—u)——u————e (:; ) JA(ny)dy
° (3.13)
B xE'miu c . : 2 o
2(1—u)y.P[ {A ("y)dy_zu(!.“"y)dy) ]} A
Performing in (3.13) the usual algebraic operations with
the y-matrices and using
Pax=iy* (1f'P)+(1fP), (3.14)
where faB =1/2 eaﬁybf'ﬂ and separating off on the right

the operator elMF” we have the mass operator (3.2) in
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the field of a linearly polarized wave:

; fds ¢ S e o
M = = [ 22 { du e 2(m—P) (1—G3H) +P(1+u) + (1/P) E
2nd s Y

—i* (1 P)ul+%§'G) e* exp{inP?), (3.15)
where we have used the notation
RN N R
G= 9(;"1;) [A (v1)+——(11A(v1) IA(ny)dy
+ {Az(ny)dy-zu( jA(ny)dy ))] (3.16)

The result obtained can easily be generalized to the
general case of an elliptically polarized wave (see Ap-
pendix (A.20), (A.21)). The integral (3.6) for Q‘'/? is
calculated using (A.26), as before (cf. (3.7)):

o ea,vA (r]) eé‘z';:Az(']) ()
Q™= ["(1 ) (AP)] | 2(1—u) (zP) Jo (3.17)
i a2 (1) ea,z:(n) "y o[ i P
o (1 st ) expli(3i+92) lexp[inP*].

where le’ is given by Eq. (2.15) with the substitution
(2.23). We can use Eq. (3.9) to evaluate the second in-
tegral, where we must substitute (3.17). The method

of calculation is similar to the one used above. As a re-
sult we find the mass operator in the field of an el-
liptically polarized wave:

£ 1
M= ;2—_( I i:j du e“""""{2(m——i’) (1—axH,—a.xH.) (3.18)
220 s d

+I;( L+u) + (v/,P) E\+ (Yf-P) E.—ix* (vf,"P) uH ,—iy* (f."P) uH.—iy* AN
+‘>’(‘(E|2G|+§21G‘2)}exp[i(pl'*'gﬂ) ]exp[iﬂi’z].

where E, 2, Gi,2, and H, ; are given by Eqgs. (3.16) with
the substitution of A, and A,, respectively; the tensors

* 1 )
fras="72€asnsfa™,
A=¢,3nv%, a7’

f=xba,"—»"a*
(3.19)
. etu

A T 2(xP) (

We draw attention to the appearance of a term which
contains YA and which does not occur in (3.15).

) [ j:A.(ny)dy—A‘(n) f3:way].

The expressions (3.15) and (3.18) which we have
found for the mass operator must be renormalized in
the standard way (cf.'®? Eq. (3.15)):

, R . aMe .
MY MM (P, 4,~0) — (P—m)IZ—ﬁ<P=m, 4,=0). (3.20)

As a result we obtain the renormalized mass operator
of an electron in the field of a plane wave:

' , = ds 1 )
‘w; /x)=M('..-> _i — |du e‘“"”“:{m(1+u)
2n :[ s -":

—(P—m) (1—u) [1—2ism*u(1+u) 1}, (3.21)

where we must substitute (3.18) (or (3.15) in the case of
a linearly polarized wave) for M1/,

The average of the mass Opefator over the mass
shell is of major interest for physical applications.
We introduce the operator

-~ ", 3 242
KA i (e<A"”) -4 ). (8:22)

b=y Bt inh , ,
T (i0) wid)  2(xid)
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which satisfies the following relations:

[#*, 2*]=0, =n?=P, [P*—m!, n*]=0. (3.23)

In accordance with (3.23) we Choose states which satisfy
the squared Dirac equation (P? — m®)$ = 0, and also the
equation

H0O=p0, (3.24)
where p,, is a constant 4-vector (p° = m®), i.e., there
are three independent vector components (p*, p?, p°® — p°
in the special system). We can clearly write the solution
of the Dirac equation in the form

Y= (P+m)0. (3.25)
We perform a unitary transformation on ¥:
Y,=U¥, U=exp[—exA/2xP], (3.26)

which changes the Dirac equation (1s — m)¥ = 0 into the
equation

R—m)¥,=0, n'¥y=p.¥y. (3.27)

We can now use (3.23) and (3.27) to describe spin states
as in the case of free particles. We introduce then the
spin 4-vector SK (S =—1, pS = 0, in operator form

p — 7°) and use the operator —¥°S to classify the spin
states. Performing on the operator —»°S the transfor-
mation which is the inverse of (3.26) we get for the
Dirac equation spin operator:

%A - %A
e R
e e . ~ _ é? ~n
=—-~{[S+ﬁ(n(AS)——A(xS)) TEIOE (xS)y.A], (3.28)

with eigenstates
R\{J‘F:ks=:t\y’::ts,
where p is the constant 4-vector (3.24).

(3.29)

We note that all relations obtained become completely
obvious if we use the well-known form of the wavefunc-
tion of an electron in the field of a wave (see, e.g., shy,
One checks easily that the following relations hold for
the states (3.29):

W59 (1f12P) W= (Sfi2P),
TP,S;c‘P',,S=np/m,

T’,”{’A‘P,s= (Sa,a,%),

_ (3.30)
‘Pps ('fflzp) \yps=01

where (a,a,25a4) = e"BVGalaaZBag,ya%; in deriving the
last equation one can start from (vfP) = 1/2[P, of]. Sub-
stituting these relations into (3.21) we have for the re-
normalized mass operator in the field of an elliptically
polarized plane wave on the mass shell:

, — , a rd'z Fdsp )
M= (dz Ty w,s =2 (2212 due"""""{[m(1+u)
j S
+":Enp—(E"G,-{*Ez’Gz)—iu(H‘(Sj,'p)+H,(Sj,'p))

-i(Sa,a,x)N] exp{—i(pi+B.)} —m(1+u) }, - (3.31)

where we have used the same notation as in (3.18). The
last two terms in the square bracket depend on the
electron spin; they drop out for unpolarized electrons.
For the monochromatic plane wave (2.26) we find the
final form for the average of the renormalized mass
operator of an electron:

) a cdty dv iz v E+E2
W= gom [ (1+y)z{e '[(1+1+v+g‘( 2 )

¢ (3.32)

8 ) 1o(Z,) +ig, @J (Zo) ]_ ( 1+ HLU) e_z.-m}_

.i‘ (Sa,a,x)

m?
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Here

sin 2t v

=25in’t+v(1— ),

& 2% 1tvt
1 sin 2¢ v
=—2sin*t+v [—( 2t — ) +— ]
=t 2\ 2 )R

sin2¢t  sin’t

g=—cos*t+ —

)

3

t:
_ 20(2+v) | sin ¢ 2(xp)
T () ot ( : _°°St)' A== (3.33)
the variables and the remaining notation is the same as
in (2.28). The average of the mass operator of an elec-
tron in a field depends not only on the characteristics
£3 and £ of the intensity and the invariant integral of
motion (xp), but also on the spin correlation term

£ (Sean) =S5 E (),
m* 2

(3.34)
where %; is the Stokes parameter characterizing the de-
gree of circular polarization of the plane wave. For un-
polarized electrons this term drops out. Putting & =0
we have the case of linear polarization and when £ = £
= £ the case of circular polarization. In the latter case
this expression simplifies considerably and depends only
on elementary functions:

%mf_d_:_ “(112)2{(exp[_izfr]_exp[_ Z;Ut])

% [1 __/;i( (1-?—1:)2— ! )]-Hé2 sint (2 + 1:—21)) exp[-—iZ,"]},
= (xS)

p=8——mrm,

(%p)

CME >, =

(3.35)

where Z{T is defined in (2.29) and where the integral
has been transformed, using integration by parts.

The total probability for the emission in the field

?f]a wave for a spin-1/2 particle is (see Eq. (3.19) in
6
)

o _ 2™ Im<ME™),
€

(3.36)

where ¢ is the zeroth component of the average kinetic
momentum (quasi-momentum) of an electron in the field
of a wave. Equations (3.36) and (3.32) are a new repre-
sentation for the probability, which is convenient in par-
ticular for an analysis of a situation when £ ~ 1.
Another advantage of it is that for any polarization of
the wave W*/? is represented by a double integral®
whereas in the traditional approach' =7 the total proba-
bility is a triple integral for the case of an elliptically
polarized wave (this problem has recently been con-
sidered in °%).

We consider now the asymptotic expansion of the
mass operator. In the case of low intensities, £, « 1,
when perturbation theory is applicable, we can expand
the mass operator (for the sake of simplicity we re-
strict ourselves to the case of a circularly polarized
wave) in powers®’ of £*:

o _amE il e S0
A {(x + 4)[S,(1+x) S,(1—2) ]

1 P 2 n* 3N —Ap—4
H-mwla - sum-san ]+ T
AM—20°p—3A* rt e 2 Np—t .
4(1—A2)? lnk—m[ 8 + 2 + A + 8(1+A)‘]}’ (3.37)
here
=22 5@ = [ Lot (3.38)
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isa S?ence integral. The imaginary part of

MB™ (£ « 1))op given by (3.37) is connected with the
totgi cross section for the Compton scattering of a pho-
ton with circular polarization by an electron:

o & MR (E<1)de
coﬂl='4—1m‘—_.
a*h m
Bearing in mind that when A > 0, ImSz(1 + ) = m In(1+2),
we get from (3.37):

w_ 2na’ 2(p+2) 8 Ap—1
o {[1_"“ v x * 2(1+x)’}'
(3.40)

We can obtain the same cross section from the expres-
sions which are given, e.g., in "*? through elementary
integration. It is interesting that when x > 1 the loga-
rithmic term in (3.40) occurs with a factor (1 — p) and
vanishes when p = 1. This fact can easily be under-
stood. To do this we note that the value |pl =1 is pos-
sible only when the vectors n = &/ and ¢ (the direction
of the spin quantization axis) are collinear (e.g., in the
rest frame of the electron p = —%,(¢ -n)). A contribution
which is logarithmic when X > 1 comes from the dia-
gram in which first the final photon is emitted and
afterwards the initial one is absorbed, and is determined
by the kinematic situation in which the final photon is
scattered backward (this is most simply verified by
analyzing the situation in the c.m.s.). If the vectors {
and n are collinear the process is only possible for a
single value of the helicity of the initial photon.

(3.39)

1+4p

]1 n(141) +

The real part of (3.37) gives the correction to the
mass in lowest order in £*; its asymptotic expansions
have the form

a_mixz(ln_lz__l_l) Akl

Ch) (gs 6x A 24 41

ReCMy” (€<1))e=] (3.41)
amg’ [ln Ao+ ( = —3], A1

It is clear that for small A this quantity increases with
increasing A from zero, while for large i it is propor-
tional to In®x and depends weakly on p for all A.

The behavior of Mg’ ) er for A > 1 and arbitrary
fixed value of the parameter £ is also of interest. The
corresponding asymptotic expression has the form

o) ____amEz{ RTINS S PR 2
M= 2 Ll b+ (p 3) 1= (+E)
sin®t §?
_m[(l —o)In % 45 —4jdt1 a[1-=5 1+§2]

sin®¢ sin*¢  sin2t -
X[ t +ZP( £ 2 )]} (3.42)
where X = /(1 + &%) = 2kp/m?(1 + £?). Comparing (3.42)
with (3.37) and (3.41) we see that taking the intensity
exactly into account in the logarithmic terms, as com-
pared to using perturbation theory, reduces in that limit
to the substitution A — X or m? — m*? = m*(1 + £%),
where m* is the effective mass of the electron in the
field of the wave (the square of the quasi-momentum
equals m*?), There is no such simple connection for
the non-logarithmic terms and there occurs a compli-
cated function of £ in (3.42).

The transition to the case £ > 1 which reduces to a
consideration of the process in a constant crossed field
(quasi-classical approximation) gives well-known re-
sults which are, e.g., given in *®J. We restrict our com-
ments to those concerning the spin terms (see (3.31)).
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The spin correlation (3.34) in the field of a wave which
we have studied is proportional to the frequency and
vanishes in the limit of a constant field. However, in that
limit there remains a term containing the electron spin
in the combination (Sf*p) which gives a well-known re-
sult (see *7, pp. 183, 184).

APPENDIX

We consider the transformations of the operator ex-
pressions occurring in the present paper. Let R be an
operator. We define R(s) by the following formula (this
procedure was widely used in °}):

R(s)=R=exp (isP*) R exp (—isP"), (A.1)

where R(0) = R. If R = P, we get, differentiating (A.1)
with respect to s,

dP,/ds=i[P?, P,|=2¢P'Fy,. (A.2)
For a linearly polarized wave
Ai=a,9(9), Fu=fu}'(9),
Substituting the explicit form of F,, into (A.2) we have
dP,/ds=—2e[x,(aP) —a,(xP) 1¥ (9), (A.3)

where we have used the fact that (xP) commutes with
P,,. Contracting (A.3) with ak we find

fuv=%uls— %,

d(aP)/ds=2ea® (xP) Y (@) =2ea*(xP) ¥’ (9). (A.4)

We also need to know the operator X “(s) (Xy,Pyl=
—-igy ) for which an equation of the kind (A.2) has the
form

dX,/ds=—2P,. (A.5)
Contracting that equation with k* we have
dgp/ds=—2(xP). (A.6)
Solving (A.6) gives for @:
9=¢(s) =p—2(xP)s. (A7)

Substituting (A.7) into (A.4) and solving the latter equa-
tion we get

(aP)=aP—ea*A(s), (A.8)
where
A(s)=v(9(s)) —p(g). (A.9)
Using (A.8) and (A.7) we solve Eq. (A.3):
P,(s)=P, +———(fP) WA (s) =~ e P)A’(s) (A.10)

We now proceed to ‘‘disentangle’’ the expression
exp (isP?). For a linearly polarized wave we write P?
in the form

P*=p2+P.%; P,=(aP)a/a’, P,=P—P,. (A.11)
In accordance with the method developed in Appendix B

of ® we write exp (isP?) in the form

exp (isP*) =cxv (is(a+b) ) =L(s)exp (isb)exp (isa). (A.12)
where a = P} and b = P. Differentiating (A.12) with re-
spect to s and multiplying the result from the left by

L™ and from the right by e"iSae-isb we find

iL~'dL/ds=b—e"*f(s)e~"*, (A.13)
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where f(s) = el52b €152, Using the fact that

(is)" " o
f(s)=2 la, [a,...[a,b]...]]=2l

”®

Gs)" _____ . *
[P [P...[P%0]...]],
nl

n=0 n! 0

(A.14)
we have (cf. A (A.1)) '
1(s) =exp{isP*} b exp{—isP?} =B. (A.15)
We can now use directly the result (A.8):
1(s) =b=(aP)*/a*=(aP—ea*A (s))*/a" (A.16)
As [b,b] = 0, (A.13) takes the form
iL-'dL/ds=b—b. (A.17)

The solution of this equation with the obvious initial
condition L(0) = 1 will be

L(s)=exp {isj [aP—ea*A (sy) Pial’l—} e, (A.18)

Using (A.18) we have from (A.12)
exp(iuP?) = exp {mj' [aP—ea’A (uy) ]-%g-} exp(iuP,®). (A.19)

In the general case of elliptical polarization of the
wave (1.1), when

A.(9) -aﬁ% (9) +a:.,9:(9),
we write (cf. (A.11)) P* = Py + P39 + P], where the
operators

@P) _

1
a’ !

@n:_,

2
a?

P} = Pul=

commute with one another. Putting b = b, + b, in (A.12)
we can immediately use the expressions obtained
earlier, while in Eqs. (A.12) to (A.15) the terms contain-
ing a;91(¢) and ay=(¢) will enter additively. As a result
we get for the general case of elliptical polarization:

exp (iuP*) = exp {iu [I [a,P—ea,*A, (uy) ]‘%l

+ j [a:P—ea:?A,(uy)]? % ] } exp(iuP,?), (A.20)

where

A(s) =pu(@(s)) —u(p) (k=1 2). (A.21)

For spin- 1/ 2 particles-in the caéé of a linearly
polarized wave A (¢) = a, (@) we must disentangle the
expression

exp {inP?} =exp {in(P,*+P,*)}, (A.22)

" where
Py = P2+ oF=Pi+iedRy (9),

and the rest of the notation was given in (A.11). If we
put b = Py in (A.12) the remaining steps will be the
same as before (see (A.13) to (A.17)) and we have now
for fg(s)

(@P)

2 iy (@)

f)(8)=

(A.23)

As a result we find for Ly

eaxA (s)

) exp {is_’. [aP—ea?A (sy) ]3%} exp[—isPy*].

' (A.24)
Substituting (A.24) into (A.12) with L — L and P? — P*
we find (3.5). In the general case of an elliptically
polarized wave (1.1) we shall have instead of (A.22)
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exp (iuP*) =expliu (Pr+P5+P,%) ], (A.25)
where
P;,1=P¢f_,+ieal.z£¢ll,z (‘P)~

Putting b = P§; + Pfo we find through the same opera-
tions as before .

eaxA, (u) ] exp[ ea,xA:(u)

exp(iuP?) = ex; [
p(inP?) P 2xP 2xP

1
d,
- X exp {w “ [a.P—ea,*A, (uy) ]’-;y;
° )

21} epiap.n,

a

+ J [a.P—ea,A (uy) ]* (A.26)

where we have used the same notation as in (A.20).

We derive for the case of a linearly polarized wave
some operator expressions encountered in the calcula-
tions. We use (A.1) and (A.10) to write the combination

g=P¥exp (isP*)P, (A.27)
in the form
q=pap,(s)exp(isp=)=[p=—&2”“)-]exp(up=). (A.28)
The commutator
B=[X,, exp (isP") | =[X,~X, (s) ] exp (isP*).

(A.29)
can be evaluated by means of the solution of Eq. (A.5):
X, (s)=X,—2s j'dy P.(sy). (A.30)

If we use the explicit form (A.10) of P “(s) we get
- S e(yfP) ¢ et ¢,
—yB,=2s | P+ —"2 [ A(sy)dy ————| A*(sy)dy |.
B=x s[ P I (ev)dy 2xP-f (ev) y] (A.31)

To evaluate the commutator

Dy=[X,, €*], (A.32)
where B is the function (kP) we note that as
‘ [X,, xP]=—ix,, (A.33)
the commutator of X, with the function B(kP) is
—1ikyB'(kP), so that ]
D, =[X,, ¢*]= u,%e«a (A.34)

The commutator of Py, with a function of ¢ = kx can be
evaluated directly, if we use the explicit form of P p=
ig, —eA ut

PR, (A.35)
e

If B8 is given by Eq. (2.13) we have

dp ea’'uA(n) 1 A(n)

= ———j" A'(ny)dy]- (4.36)

de P (A-u) L 2

DThe consideration of spin-zero particles is of independent interest and
is methodically very valuable.

DThe parameter £ is purely classical; the work done by the field over a
wavelength A = 1/« is £m. If we introduce an “interaction volume”
with transverse dimensions 1/m and longitudinal dimensions A, £2
=na (a = e?/4w = 1/137, n is the number of photons in the interaction
volume).

It is clear that in that case terms in which the p-dependence takes the
form eiBdB/dy = (1/i)(d/d¢)e? vanish.

9For circular polarization we have a single integral; see (2.30).

S)A similar situation also occurs for scalar particles.
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