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The character of the cosmological solutions of a homogeneous model of Bianchi type I is investigated
taking into account dissipative processes due to viscosity. It is shown that the influence of viscosity is not
capable of removing the cosmological singularity, but leads to a qualitatively new behavior of the solutions
near the singularity. The energy density of matter vanishes near the initial cosmological singularity and
then increases during the subsequent expansion. Thus, the model under consideration exhibits an interesting
property: at the instant of the “big bang” the gravitational field creates matter. It is also shown that the
action of viscosity may lead to a sufficiently large accumulation of entropy, a fact that may be related to
the anomalously large entropy per particle encountered in the present-day universe.

PACS numbers: 95.30.

1. INTRODUCTION

In investigating the character of the cosmological
solutions in relativistic theories of gravitation one
usually selects the energy-momentum tensor of matter
in a form corresponding to an ideal fluid. In this case
one can show [*} that near the cosmological singularity
which inevitably appears, the influence of matter is neg-
ligibly small, the behavior of the gravitational field is
determined by the Einstein equation in free space and is
described by a complicated oscillatory regime. Form-
ally, the character of the singularity does not depend on
whether we consider it as a singularity in the past or a
singularity in the future.

It is interesting to investigate the degree of universal-
ity of these conclusions with respect to generalizations
of the form of the energy-momentum tensor, taking into
account the behavior of matter more realistically. One
of these generalizations is related to taking into account
dissipative processes which are caused by viscosity. It
is clear from general considerations that viscosity
counteracts the cosmological collapse, and the final
outcome of the evolution is not a priori obvious. More-
over, Murphy 2] has given an example of an exactly
solvable flat cosmological model of the Friedmann type,
taking into account the second viscosity coefficient,
where in a certain sense the action of the latter removes
the singularity.

We shall show that this effect is unstable and dis-
appears when one goes over to more general, aniso-
tropic, models. It turns out that the influence of viscos-
ity is unable to remove the cosmological singularity,
although it introduces qualitatively new elements into the
character of the solution. In the presence of energy
dissipation the process of cosmological evolution be-
comes time-irreversible, which leads to essentially
different pictures of the contraction and expansion of the
Universe. In the cases considered here the asymptotic
behavior of the solution for the final stage of the cos-
mological collapse depends on the assumptions made on
the form of the viscosity coefficients as functions of the
energy density. A general feature, however, is the fact
that the collapse occurs at some finite instant of proper
time and is accompanied by the energy and curvature
invariants becomining infinite. When one considers the
expansion of the Universe, the singularity corresponding
to the beginning of this process has a completely differ-.
ent character. For the physically most reasonable form
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of the viscosity coefficients the influence of matter near
the initial singularity is negligibly small and the metric
is determined by the free space Einstein equations.
What is more important, at the initial instant the energy
density vanishes. Then, in the course of the expansion,
the energy density increases and subsequently behaves
according to the Friedmann laws, which govern the
model in the later stages of expansion. Thus, the model
considered here exhibits a remarkable property: in the
process of the appearance of the Universe the gravita-
tional field creates the matter.

We carry out our analysis on the example of the
anisotropic cosmological model of Bianchi type I, since
all the basic features of the phenomena we are inves-
tigating appear already in this simple case. At the end
we briefly dwell on the cosmological model of type IX.

2. INVESTIGATION OF THE EINSTEIN EQUATIONS

The metric of the homogeneous type I model has the
form?

—ds*=—dt*+R (1) dz*+R.* (t) dy*+R. (1) da*. )

The energy-momentum tensor of a viscous fluid is
written in the form BJ:

To=C(e+tp")uuntp ga—n(u;stu, Futu'u, 1+utu'“?1),

o @
Here € is the energy density, n and ¢ are the first and
second viscosity coefficients. In the homogeneous models
all these quantities depend only on the time t, and there-
fore we may consider them as functions only of the en-
ergy density €. In order that the gravitational equations
based on the metric (1) be compatible it is necessary to
select an appropriate reference system in which u® =1,
u® = 0 (comoving frame). Then the components Tli( are
of the form

To=—e, T,°=0, p'=p— (&) ln 7g)". (3)

Here g is the determinant of the metric tensor gap of
Eq. (1) and «f = gﬁyg'ya, where the superior dot de-
notes differentiation with respect to the time t. For the
sequel it will be convenient to introduce the quantities
R, H, and ¥ defined as follows:

(InR)'=H,

TP=p’8. —Mxa’,

V_g=R|RZ s=R°, ==/} (4)

Setting up the Einstein equations we note that the ap
components of these equations admits two integrals
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(In R,)"—(In R,)"=const-R-’", (ln R,)"— (In R;) "=const- R~%e*,

which can be written in the following symmetric form:

(InR,)'=H+s,R%e", 2s¢=0, ()

where s, are integration constants. After this only one
equation remains for the ag components:

H=e¢—3H*—/;w+/,tH, (6)
and the 00 component yields with the use of (6)
e=3H"—g*R-*¢*", )

where q® = ¥5(s? + s3 + s3) and w is the enthalpy: w = €
+p. The relations (4)—(7) represent the complete set of
gravitational equations for the model under considera-
tion. In the sequel we shall need the hydrodynamic
equation T; X = 0 which is contained in this system and

which can be written with the help of (7) in the form
e=9tH*+4n (3H*—e) —3Hw. (8)

This equation is related to the law of increase of entropy
for the given energy dissipation. It is easy to show that
the entropy density ¢ in the model under consideration

equals
d
g=0. exp ( IWE;:)) ’

where o, = const., and (8) can be represented in the
form

R-(R'0)" = %[9;1124-41. (3H*—e)].

Since the quantities o, w, , and { are positive and

3H? = ¢, as follows from (7), the right-hand side of this
equation is positive. Thus, the law of increase of en-
tropy admits only of evolutions that correspond to an
increase of the proper time t.

To investigate the character of the solutions in the
case under consideration it is convenient to turn to the
qualitative theory of dynamical systems, noting that for
a given dependence of the quantities w, 7, and £ on the

FIG. 1 FIG. 2

FIG. 1. In the upper half-plane (expansion) all trajectories come
out of the node (H, €) = (+oo, 0), where matter is produced and the
asymptotic behavior of the solutions is given by Egs. (16) and (17).
The evolution ends in the node (0, 0) (a purely Friedmann stage with
the asymptotic behavior (15), or in the node B (with the asymptotic
behavior (12) as t = +o0) with uncurtailed accumulation of entropy. In
the lower half-plane (contraction) the trajectories come out of the
Friedmann node (0, 0) and in general approach asymptotically the
parabola € = 3H3, ending the evolution in a singularity of the Friedmann
type (asymptotic behavior (19)).

FIG. 2. The case when thcre are no singularities (Hy, €,). The ex-
pansion starts at the node (+o, 0) with matter production and ends in
a Friedmann solution at the node (0, 0). The contraction looks quali-
tatively like in the picture described in Fig. 1.
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FIG. 3. The special case when the first
viscosity coefficient n behaves like \/€ as
€ = oo, The expansion starts, as before,
with matter production at the node (+,
0) but may end in a singularity (H, €)
= (+00, —0) with the asymptotic form of
the solution (22).

energy density ¢, the equations (6) and (8) describe such
a system on the phase space (H, €). Let us note some
properties of this system. We are first of all interested
in the integral curves only in the physical region of the
phase plane, which is singled out by the obvious condi-
tion 0 = € = 3H? This region lies between the axis

€ = 0 and the parabola ¢ = 3H® (cf. Fig. 1—3). These
boundaries themselves are also integral curves of the
equations (6)—(8). We shall assume that the enthalpy
w(e) and the viscosity coefficients 7(€) and {(¢) vanish
as € — 0. Thus, the axis € = 0 represents the well known
vacuum solution obtained by Kasner('J, The solution
corresponding to the parabola € = 3H® is nothing else but
the Friedmann solution. Indeed, from Eq. (7) it can be
seen that such a solution exists only for q = 0, hence for
sqg = 0. In this case the first viscosity coefficient does
not manifest itself at all, and we obtain the solution in-
volving the second viscosity coefficient investigated by
Murphy (22,

We now determine the singular points of the dynam-
ical system (6), (8) corresponding to finite values of the
variables H and € and situated in the physical part of the
phase plane. Equating to zero both right-hand sides of
(6) and (8) simultaneously. we easily establish that in the
physical region the singularities can be situated only on
the parabola € = 3H% and moreover only in the upper
half-plane H = 0 (in the lower half-plane the singulari-
ties end up in the region € > 3H?. The equations that
determine the positions of the singularities are
H = (¢/3)'% w(e) = (3¢)*"¢ (). We denote the solutions
of these equations by Hoand €o, and all quantities taken
at the point (Ho, €o) will carry the subscript 0. Thus, at
the singularities (if they exist) we have the relations

go(ea) =wa(eo) }/—3—60, H0=Vm3. (9)

It is easy to establish that the characteristic numbers
Ai and A; of the singularities (9) are real and take the
form

A,=3eo[i(§——"f—)] s Ae——6Ho—dn,, (10)

de ¥3e
and near the singularities the solutions of the (6) and (8)
are of the form
C.[ 20 +12H,—3%]

H=H° F——M ™,

6H, 6H, (8n,+3L0) (11)

e=g,1+Ce""+Cae™,

where C, and C: are arbitrary constants. Since Ho, > 0
it follows that A is always negative, and the character
of the singularities depends only on the sign of x,. For
A1 > 0 we have a saddle point and for A; < 0 we have an
attractor node. Let us consider both cases in more de-
tail.

1. The saddle point (represented by the point A in the
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figures), for A; > 0. Setting C. = 0 in (11) we obtain the
equations of the outgoing whiskers (t — —«) of the first
separatrix. This separatrix is the Friedmann parabola
€ = 3H% For C, = 0 we have the equations of the incom-
ing (t — + ) whiskers of the second separatrix. How-
ever, the physical region contains only one whisker: the
one which comes down into the saddle from the region of
large positive values of H. Its slope at the saddle point
is given by (dH/d€)o = — (2, + 12Ho — 3 £0)/6Ho(870 + 3L 0)
and one can see that (dH/d¢)o < 0 for physically reason-
able conditions (d¢/de > 0, dp/de < 1). The first non-
vanishing terms of the asymptotic form of the solutions

~ corresponding to the separatrices of the saddle point
will be

H=H, e=g,, R=e™, R,=e"™ (t—=+w). 12)

(Here and in the sequel we omit for simplicity in the
asymptotic expressions the dimensionless arbitrary
constants that can be removed by the scale transforma-
tion (x, y, z) — (cX, Cz2¥, C3z).) Ast — — we go out of
the saddle point in which all the metric coefficients van-
ish. However, the energy density (and also the curvature
invariants) are finite here. Exactly this case, where in
a certain sense the cosmological singularity is removed,
has been described by Murphy‘?’. We see, however, that
such a solution is possible only on a single integral
curve: the separatrix of the saddle point corresponding
to the isotropic Friedmann case. The inclusion of an
arbitrarily small anisotropy (q #0, sy # 0) makes the
existence of solutions with ""singularities' of this char-
acter impossible. The second separatrix (t — +«) des-
cribes the late stages of the infinite isotropic expansion
of the Universe, but the energy density here tends not to
zero, as in the usual Friedmann model, but to some finite
value. At the nodal point, which we shall consider later,
this effect occurs for all integral curves entering the

node.

2. The nodal point (denoted by B in the figure), where
21 < 0. Assuming that d¢/de > 0 and dp/de < 1, it is
easy to show that in this case |Az| > |A;|. Consequently,
as t — + o the equations of the integral curves near the
node are given by the expressions (11), in which one can
neglect the terms containing the constant C.. All these
curves have a common tangent, the slope of which is
determined by the derivative (dH/de€)o = 1/6H,. This
shows that the integral curves at the nodal point are
tangent to the Friedmann parabola € = 3H? since the
latter has the same value of the derivative (dH/d€)o. An
exception is only one integral curve: the one correspond-
ing to C, = 0 in (11). The slope of this curve is given by
the same expression as the slope of the second separa-
trix at the saddle point A, consequently (dH/de), < 0. If
one draws the vertical and horizontal axes with the
origin in the node, then this integral curve descends into
the node through the second quadrant from the direction
of large positive values of H, The other trajectories
enter the node from the first and third quadrants.

The asymptotic form of the solution near the node is
given by the same formulas (12), but with t — +, All
trajectories which enter the node describe infinite iso-
tropic expansion of the Universe, in the same manner
as in the Friedmann model. However, owing to viscosity,
the energy of motion of the expanding matter is dissi-
pated and converted into internal energy in such a man-
ner that in spite of the increase of the volume the density
€ is maintained constant. At the same time the "produc-
tion" of entropy density tends to a stationary regime in
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the limit t — +«. The entropy density is o ~exp(/de/w)
— const, and the energy momentum tensor takes on the
asymptotic form T$ = —¢o, TB = —¢,068. Formally mat-
ter in this region looks like an ideal ffuid with an effec-
tive ""pressure'’ p and the "equation of state'" € +p = 0,
the peculiar form of which is related to the existence of
a dissipative process on account of the second viscosity
coefficient (the quantities Ho and €, do not depend on the
first viscosity coefficient).

Above we have talked about the behavior of the scalar
entropy density o near the nodal point under considera-
tion. The entropy per particle in a distinguished volume
of the comoving space is proportional to the quantity
fa@ d’k and, consequently, behaves as a function of
time as R%. As t tends to + < this quantity increases as
R® = e3Hot (since ¢ — const). Thus, the influence of vis-
cosity leads in this case to an accumulation of entropy
even during the latest stages of isotropic expansion,
which could be related to the observed anomalously
large entropy ''per baryon" in the present-day Universe.

We also note the case when A; = 0. It can be seen
from (9) and (10) that the value of €, at the singularities
corresponds to an intersection of the curves ¢(€) and
w(€)/V3¢€ and the sign of 1, is determined by the differ-
ence of the derivatives of these functions at the inter-
section point. The case A, = 0 corresponds to tangency
of the indicated curves. It is easy to understand the
character of these singularities, if one considers them
as limits obtained through the confluence of two inter-
section points. One of these points must be a saddle
point, and the other a node. The confluence yields a
complicated equilibrium state of the saddle-node type.
The separatrix of the saddle point and the singular in-
tegral curve of the node (both descend into the singular-
ity from the region of large positive H) are fused into
one curve, the separatrix of the saddle-node. The singu-
larity behaves like a saddle point for the integral curves
on one side of this separatrix, and like an attractor node
on the other side. This reasoning does not apply to the
special case of tangency, when the curve ¢ (¢) lies on
different sides of the curve w(e)/V3¢€ near the singularity.
To clarify the character of the singularity in this case,
additional analysis would be required. However, we
shall not consider these possibilities in this paper, since
this would require some special conditions on the func-
tions ¢(€) and w(e), for which there are no physical
foundations.

It may turn out that for finite values of H and € (with
the exception of the coordinate origin of the phase plane)
there are no singular points at all, i.e., the equation
£ (€) = w(e)/V3€ has no solutions. One could consider this
case in general, but in order not to make the exposition
too cumbersome by analyzing a situation which is not
quite satisfactory from a physical point of view, we re-
turn to this possibility later, when the equation of state
is made somewhat more concrete, as well as the depend-
ence of the viscosity coefficients on the energy density.

We define the equation of state in the following simp-
lest form:

w=ye, 1<y=const<2.

(13)

As far as the viscosity coefficients are concerned, we
require to know only their asymptotic form for small
and large values of the energy density. An analysis of
the relativistic kinetic equation for some simple cases®
shows that-in these asymptotic regions the viscosity
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coefficients can be approximated by power functions of
the energy density with definite requirements on the ex-
ponents of these functions. For small values of ¢ it is
reasonable to consider both exponents large or, in the
extreme case, equal to one. For large € the power of
the second viscosity coefficient ¢ should be considered
smaller (or equal) to 1/2, and the difference between the
power of the first viscosity coefficient n and the power
of the second viscosity coefficient ¢ is reasonably con-
sidered to be larger (or equal) to 1/2. Such require-
ments have been obtained as a result of approximate
estimates for some simplified gas models and are, of
course, not widely applicable. However, the character of
the results obtained is in its main traits sufficiently in-
dependent of these conditions.

Let us consider the region of small values of €.
According to what was said, the asymptotic form of the
viscosity coefficients is here the following:

n=ni(e/e), t=li(e/e)* (a,>1, a:>1, e<ey, e2). (14)

A simple analysis show that there are three singulari-
ties in this region: the origin (H, €) = (0, 0) and the two
infinite points (H, €) = (+ », 0). The singularity at (H, €)
= (—=, 0) has a saddle-point character, with only one
trajectory ending up in it, namely Kasner’s vacuum solu-
tion (¢ = 0), which describes the collapse of empty
space-time. The origin is a node, where all trajectories
enter from the side of positive H, and from which trajec-
tories exit in the direction of negative H (either of these
corresponds to a growth of the proper time t). In Eqgs.
(6) and (8) the terms containing the viscosity coefficients
are negligibly small near these points, and we obtain the
Friedmann asymptotic behavior, describing the isotropic
stages of the infinitely expanded state of the Universe:

H=2/3yt, e=4/3y¢,

R.= (tz/tcz) 1/3y
(Here and in the sequel the quantities with the subscript
¢ denote arbitrary constants.) The integral curves which
enter into the node (H, €) = (0, 0) for t — + = correspond
to late stages of the expansion, and the outgoing curves
(t — —) describe the initial stages of compression
(time increases, starting from — ).

R=(#/t?) 13y

(t—>o0). (15)

The most interesting singularity is the one at (H, ¢)
= (+o, 0), which corresponds to a node from which all
trajectories exit, This node corresponds to a finite
instant of time, which one may take to be equal to zero.
The metric coefficients have here a Kasner singularity,
but the energy density vanishes, in distinction from the
usual cosmological singularity, where € would become
infinite. The asymptotic form of the solution here is in-
different to which of the two viscosity coefficients domin-
ates. In all cases in the right-hand side of Eq. (6) for
(H, €) = (+=, 0) one may neglect all terms compared to
the one which is quadratic in H. The right-hand side of
Eq. (8), as well as the asymptotic form (14), is homogen-
eous in ¢ and 7. Let, for instance, 7 be larger than
¢ (i.e., a; < az); then the limiting forms of Eqs. (6) and
(8) will be
H=—3H,
The solution of these equations yields
H=1/3t, e=const- (3e.t/4n,)" ",

é=12nH*—3yHe.

(16)

R=(V3qt)*, Ru=(V3gi)%s, pa=lhsts/¥3q (t>0, t-0)

(the constant in the expression for € is expressed in a
definite manner in terms of the constants y, a,, €i)
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where the exponents p , automatically satisfy the Kasner
relations Zp, = Zp? = 1. The expression for ¢ in (16)
is not applicable for a; = 1. In this case 1 = n,€¢/e; and
we have the following asymptotic behavior:

(a|=1)- (17)

The quantities H, R, and Ry remain the same as in (16).

e=e.(3e,t/4n) ~* exp(—4n,/3e,t)

Thus, the node under consideration corresponds to
the start of the cosmological expansion from a singular-
ity of the Kasner type. At the same time there appears
a phenomenon which one might call the production of
matter by a singularity of the gravitational field.

Let us now consider the behavior in the region € — «.
As was already stated, here the asymptotic behavior of
the viscosity coefficients must be taken in the form

n=m.(e/e)" G=C.(e/e.)’ (0b.<Yo by=bot'/e, eey, e2) (18)

(the use of the same constants €;, ¢{2and €, 7, in this
region does not restrict the generality, since the expon-
ents a and b are different). Depending on the relations
between the exponents b, and b, three qualitatively dif-
ferent cases may occur here, corresponding to the fol-
lowing possibilities:

I) 2>5=0, b>y II) b=, b=1; 1II) b=0, b='/.

We discuss these cases in order.

I) It is easy to show that for b, < /> and b, > 7. the
integral curves cannot go off to infinity with € in the
upper half-plane H > 0. This is possible in the lower
half-plane. As (H, €) — (—, +) the solutions describe
the approach to a cosmological singularity of the Fried-
mann type, occurring at some finite instant of time t,.
The asymptotic behavior of the solutions is the following:

2 4

, R=(v/12 l/n7
3yt (/)

Ro=(v%/12)""™,
19)

=t—t,<0, 1—-0.

For t — t, all trajectories approach asymptotically the
Friedmann parabola € = 3H? The law of approach is
given by the expansion terms following after (19) and
have the form

1—e/3H*~exp[p®t(—1) "], (20)

where p is a constant which can be expressed in terms
of the constants 7n,, €;, y and b;. Thus we see that the
integral curves come out of the node (H, €) = (0, 0) and
enter the node (H, €) = (—=, +«), describing the contrac-
tion of the Universe from a state of "infinite volume" to
the singularity. During this the time increases from

—w to t;. It is interesting to note that both end points
correspond to the isotropic Friedmann solution. The
anisotropy appears, of course, during some time inter-
val, but is extinguished according to a very fast exponen-
tial law (20) as the singularity is approached, on account
of the action of the first viscosity coefficient (the second
viscosity coefficient is unimportant in this case and in
Egs. (6) and (8) one may neglect the terms with the co-
efficient g).

II) For b; = Y, and b, = 1 the terms involving the
second viscosity coefficient in (6) and (8) can no longer
be neglected, but the integral curves behave in the lower
half-plane H < 0 qualitatively in the same manner as in
the preceding case. Ast — t, they again approach the
Friedmann curve € = 3H? according to the law (20). The
asymptotic behavior of the solution differs inessentially
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from (19) and is obtained from it by the formal substitu-
tion y — y(1 + B), where

p=V3 Lo/t Vea. 21)

However, the case under consideration also admits
integral curves that go off to infinity with €, situated in
the upper half-plane H > 0. This is possible only with
the condition g8 > 1. All trajectories quickly approach
the parabola € = 3H® according to the law (20) (where the
constant p will now depend also on the constant g8) as
€ — + (which again corresponds to t tending to a finite
value t;). The asymptotic behavior of the solution is the
following:

H=2/3y(1-p)~,

R= (TZ/TCZ) |/3~,|(|_”‘

e=4/37"(1-B)*7",
R¢=(‘[z/‘l'c:) 1753(1=8) (22)
Since 1 — 3 < 0, the quantity R and the metric coeffi-
cients tend to infinity as 7 =t —t, — 0. The energy den-
sity, the entropy density, and the '"Hubble constant" H
also tend to infinity. It is hard to say something definite
about the physical meaning of such solutions. At any
rate, it is clear that such solutions are not applicable
sufficiently close to the instant t,. It is quite conceivable
that a singularity of this type is unstable and starting
with some time t;;. <t, we must switch to a different
expansion regime. However, as the time t is reached
the entropy density o ~ el/y may increase sufficiently
so that at the later real stages of expansion, att > t,, it
would correspond to the observed anomalously large
entropy density ""per baryon" in the present-day
Universe. We also note that the only possible origin of
the integral curves under consideration can be the point
(H, €) = (+=, 0), where matter is created.

II) If b, = 0, b, = ¥, the terms involving the second
viscosity coefficient again become unimportant in Egs.
(6) and (8). Then the trajectories cannot go off to infinity
in the upper half-plane H > 0 with €. For trajectories
in the lower half-plane we have two possibilities, de-
pending on the magnitude of the constant w:

0=40,/Y3 (2—v) Ve,. 23)

For w > 1 we obtain the already known approach of the
trajectories to the parabola € = 3H? corresponding to
t —t,. The asymptotic behavior of the solution coincides
exactly with (19), but the law according to which the in-
tegral curves approach the Friedmann parabola is now a
weaker one:

1—e/3H?~ (1) @=Dte=01v, (24)

which corresponds to a weak dependence of the viscosity
coefficient n on the energy density. Compared to the
preceding cases, the isotropization of the solution as the
singularity is approached occurs with great difficulty. If
w < 1 the integral curves do not approach the Friedmann
trajectory at all, and the solution does not become iso-
tropic near the singularity. In this case all integral
curves tend asymptotically to the parabola € = 3w?H?.
The point (H, €) = (— =, +x) corresponds to the final
instant of time t = t, and the asymptotic behavior of the

solution is
9

H=—————, e=30'H’,
3Q2Tyei—207)T
25)
R= (_[2/,[::) '.’;(2+'m'—'.’u’)’ R,= (Tz,/'tci) “a“’
T=t—£,<0, 1—0.
Here the exponents 7, are the following
2(1—s5,¥3(1—w%)

o 2(1-s5,Y3(1—0%)/q) (26)

32+ty0*—20w%)
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but they do not satisfy the Kasner conditions. The law
according to which the trajectories approach the para-
bola € = 3w?H? is described by the expression

1—e/3w’H*=const - R3!!-ohe-mol/2

@n

with the function R from (25). The constant in (27) can
have both signs.

We can now construct a complete picture of the be-
havior of the integral curves of (6) and (8) represented
in Figs. 1, 2, and 3. With the selected equation of state
(13) and with the conventions (14) and (18) regarding the
asymptotic character of the viscosity coefficients, the
different possibilities depend on the magnitudes of the
exponent b and of the constant g (21), which determine
the behavior of the coefficient £(€) and together with it
also of the solution of the equations (9) for the singulari-
ties. Eliminating from consideration, as already re-
marked, the unlikely cases when the curves {(€) and
w(€)/V3€ have a common tangency point, we obtain the
following possibilities.

1) bz < Y%, and the equations (9) have solutions. In this
case the number of singularities (Ho, €o) # (0, 0),
(+, +%) can only be even, the first of them (counting
from small values of € to large ones) being a saddle
point and the last one being a node. Without loss of gen-
erality for the qualitative picture we may consider that
there are only two singularities in this case. Otherwise
all the singularities would alternate according to the
rule saddle—node —saddle—node ... and the separatrices
of the saddle-points would separate the phase plane into
regions that duplicate one another. There would not ap-
pear qualitatively new solutions compared to the case
of two singularities. If one considers the constant g (21)
sufficiently large: g8 > 1, one can even find the solutions
of Eq. (9) explicitly. In this case one of the solutions is
situated in the region of applicability of the asymptotic
behavior (14) for small values of ¢/e; and the second is
in the region of large €/c;, where the approximation (18)
is applicable. These solutions (Ho, €a1), (Hoz, €02) are

Ho=(£4/3)"p" =2,
8
o:=(61/3)v’§"’“—=b’), (2 )

601‘—_"8252/“_““ (50I<82),

ﬁz/u_za,;

€02=E: (%z»h)-

From (10) we now obtain the characteristic numbers
AP, A2 and AP, AL? of both singularities

MU =3yHo(a:="/)>0, A" =—6Hy—4n<0,

9)
MY =31Ho (b:=/:) <0, A" =—6Hu—4n0<0.

Thus, the first singularity is a saddle point and the

second one is a node. The picture of the integral curve

for this case is shown in Fig. 1.

2) b, < ¥ and Egs. (9) do not have solutions. In this
case the inequality ¢ < w/A/3€ will hold for all values of
€. In the upper half-plane all trajectories come out of
the node (H, €) = (+ =, 0) and enter into the Friedmann
node (H, €) = (0, 0). The picture of the integral curves in
this case is shown in Fig. 2.

3) bz = %, 8 > 1. In this case (9) must have as a
minimum one solution which is a saddle point. There can
only be an odd number of singularities and they will
alternate according to the rule (in the direction of in-
creasing €): saddle—node—...—saddle. We shall consider
that there exist only one saddle-point singularity. A
larger number of solutions of (9) would require a phys-
ically unjustified complication of the function ¢ () and
in addition does not yield qualitatively new integral
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curves, compared to those already observed. In the
upper half-plane all trajectories come out of the node
(H, €) = (+=, 0), some end up in the Friedmann node

(H, €) = (0, 0), and some go off to infinity, where the
asymptotic form of the solutions is given by the expres-
sions (22). This case is illustrated in Fig. 3.

4) by =Y, B > 1. This case does not require special
consideration. There may be no singularities (Ho, €o)
here and the picture of the trajectories corresponds to
Fig. 2. If there are singularities, the situation is the
same as in the already considered case 1. The picture
of the integral curves corresponds to Fig. 1.

3. CONCLUSION

We have considered the .cosmological solutions of the
Einstein equations for a homogeneous model of type I
taking into account dissipative processes due to viscos-
ity. The analysis showed that the viscosity has an essen-
tial influence on the character of the solutions. From a
quantitative point of view the results depend on the form
of the viscosity coefficients as functions of the energy
density, but qualitatively the picture is to a sufficient
degree universal. We recall its characteristic traits.

1. The presence of a cosmological singularity re-
mains, as before, an inevitable factor of the evolution
both for the expansion of the Universe, as well as for its
contraction. The singularity occurs at a finite instant of
proper time and is accompanied by the curvature invar-
iants becoming infinite.

2. The solutions corresponding to the expansion of
the Universe and to its contraction are essentially dif-
ferent insofar as the behavior of the energy density of
matter near the cosmological singularity is concerned.
A contraction of the Universe starts with isotropic
Friedmann stages (the node (H, €) = (0, 0)) and in general
ends also with an isotropic Friedmann singularity (the
node (H, €) = (—=, +x), where the energy density be-
comes infinite. Thus the viscosity shows an essential
isotropizing action, which is quite natural from a phys-
ical point of view.

3. In the case of expansion of the Universe there ex-
ists a richer selection of possibilities, but near the
cosmological singularity (the node (H, €) = (+w=, 0)) the
picture is unique: the singularity has a Kasner charac-
ter with infinite curvature invariants, but the matter
energy density at the singularity vanishes. This phenom-
enon can be interpreted as production of matter by the
gravitational field at the instant of the ''big bang." It is
not excluded that such a classical description of matter
production has some relation to deeper quantum proces-
ses of particle production, as investigated, e.g., in (e,

4. The process of further expansion of the Universe
will in general lead to an isotropic Friedmann expansion
(as t — «). Depending on the initial conditions we arrive
either at the node (H, €) = (0, 0) corresponding to a usual
Friedmann picture with a negligible role of the viscosity,
or we arrive at the node (H, €) = (Ho, €o), where the vis-
cosity continues to exert a substantial influence up to

= «, The latter case is interesting in that in these final
isotropic stages of expansion the monotonic accumula-
tion of entropy per particle is not curtailed. The entropy
can become arbitrarilv large and this fact has possibly
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a relation to the actually observed anomalously high
entropy "per baryon' in the present-day Universe.

It is not difficult to consider the behavior of the cos-
mological solutions near the '"big bang' also in the more
general Bianchi type IX model. One can show that near
the initial singularity the influence of matter will be
negligibly small, since the energy density, and together
with it the energy-momentum tensor, vanish here.
Consequently, the only distinction will be the fact that in
place of a singularity of the Kasner type, the initial
singularity in the type IX model will be described by an
oscillatory regime. As was shown“], the latter is stable
and is present also in the general solution of the Einstein
equations near the cosmological singularity. Thus, we
arrive at the conclusion that it is apparently possible to
construct a general solution of the gravitational equa-
tions in which there is matter production on account of
the influence of viscosity.

It should be kept in mind that taking into account the
dissipation by means of the two viscosity coefficients is
a valid approach only in the case when the terms with
the highest derivatives with respect to the velocity are
small. One can hope, however, that the kinetic coeffi-
cients of higher order will be proportional to the energy
taken to a power higher than the one characterizing the
coefficients 7 and £. In this case such terms will turn
out to be negligibly small near the initial singularity (in
particular, if the energy density is exponentially small).
One way or another, there are reasons to hope that tak-
ing into account the dissipative terms the picture ob-
tained by us will not change substantially from a qualita-
tive point of view. It is not excluded that the model under
consideration gives us an idea of what could happen in
the appearance and evolution of the Universe.

In conclusion we would like to thank A. A. Starobinskif,
who carried out the analysis of the kinetic equation men-
tioned in the text and expressed a series of valuable re-
marks. We are also grateful to Ya. B. Zel’dovich for a
useful discussion.

DWe use a system of units in which the velocity of light and the

Einstein gravitational constant are equal to one. The metric is written
in the form —ds? = gjxdx'dxX, where gjk has the signature (—+,+,+).
Latin indices run from O to 3 and Greek indices take on the values
(1,2, 3).

DThe appropriate estimates have been obtained by A. A. Starobinski.
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