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The properties are considered of a system of interacting impurity centers located symmetrically between
magnetic sublattices of an antiferromagnet. Interaction between impurity spins occurs via exchange of
virtual spin waves and can be described by a Hamiltonian of the xy model (z is the matrix
antiferromagnetism axis). In metamagnetic substances the impurity interaction potential is of the
ferromagnetic type and at sufficiently low temperatures leads to spontaneous magnetization of the
impurities. At small momenta the magnon impurity spectrum is linear. It is shown that even low
concentrations of impurities of this type may cause in this case the whole matrix to go over to the
ferromagnetic state. In weakly anisotropic antiferromagnets the sign of the interaction potential alternates
or the potential is of the antiferromagnetic type and hence there is no spontaneous moment in the low-
temperature phase of the impurity system. The concentration and temperature dependences of the

thermodynamic quantities are found in both cases.

PACS numbers: 75.30.Hx

Studies of the properties of disordered magnetic
systems are presently vigorously pursued. Particular
interest is attached to systems with low concentration
of the magnetic atoms, for in this case the perfectly
random disposition of the magnetic centers makes their
properties quite different from those of systems in
which the magnetic atoms form a crystal lattice. The
only presently known example of strongly-diluted mag-
netic systems are alloys of nonmagnetic metals with
magnetic impurities. The interaction of the impurity
spins is effected in them via indirect exchange of the
conduction electrons of the matrix, and is of the Heisen-
berg type. The form of the potential depends on the
properties of the matrix. In weakly paramagnetic metals,
the indirect exchange of s electrons leads to the well
known Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion, the potential of which at distances larger than in-
teratomic is of the form VRggy ~ r°cos2kfpr (kF is
the Fermi momentum).l’! The fact that this potential is
of alternating sign and the random disposition of the
impurities produces in alloys of the CuMn type peculiar
magnetic structures called magnetic glasses.!®*]

In nearly-magnetic metals such as Pd, owing to the
presence of a strong correlation of the matrix d elec-
trons, the potential of the interaction between the im-
purities is ferromagnetic and falls off exponentially
with distance.l*] The properties of dilute ferromagnetic
alloys of the PdFe type were investigated int®°,

In this paper we consider, for the first time, systems
of another type, in which it is possible to realize dilute
disordered magnets, namely antiferromagnets with
magnetic impurities disposed symmetrically relative
to the sublattices of the matrix. The molecular field at
such impurities is equal to zero, and they therefore
interact with the matrix only via virtual emission and
absorption of spin waves. In the one-impurity approxi-
mation this leads, as shown in!"»®], to an impurity spec-
trum that coincides with the spectrum of a quadrupole
in an external electric field. In this paper we obtain the
interaction Hamiltonian of such quadrupole impurities
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and consider the effects brought about by this interac-
tion.

The interaction Hamiltonian obtained by us for two
impurity spins I, and I, localized at the points r, and
r2 is of the form

Hypp=—V g (r,—12) (17151 V1Y) 1)
The subscripts aj determine the possible nonequivalent
positions of the impurities in the elementary magnetic
cell (see the figure). The z axis is directed along the
antiferromagnetism axis. It is seen from (1) that the
interaction corresponding to the so-called xy model has
a strong magnetic anisotropy. Vy lo,z(r) turns out to de-
pend strongly on the angles between r and the crystal-
lographic axes.

The concrete form of the potential is determined by
the relation between the parameter of the magnetic
anisotropy of the matrix and the exchange integrals be-
tween the sublattices. In ‘‘classical’’ antiferromagnets,
where the anisotropy parameter is much less than the
exchange integrals, at not too large distances r < a
(with a determined by the anisotropy parameter) we
have Vg o,~ r~?, and the dependence of this potential
on the angle causes its positive and negative values to
be equally probable at a given |r|. In this respect, our
potential is analogous to the potential VRKKY, which is
proportional to r", and the equal probabilities of the
positive and negative values follow from the rapid spa-
tial oscillations of the cosine. The fact that the poten-
tial is of alternating sign and the random distribution
of the impurities cause the low-temperature phase of
the impurity system to be magnetic glass in this case.

Distances smaller than a are of importance if the
impurity concentration n is larger than a™%, At n<a’®
the potential Vg o,(r) is either negative or of alternat-
ing sign, and an important role is played by r > a for
which Vy o (F)~ r'e-T/2, In the low-temperature
phase, just as in the preceding case, the spontaneous
moment is obviously zero, and the orientation of the
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spins is determined by the configuration of the impuri-
ties. However, owing to the exponential character of
the potential, the concrete properties of the low-tem-
perature phase can be significantly different. The char-
acteristic temperature T, of the transition to the mag-
netic-glass phase is of the order of |Vy q,(rc)|, where
re ~ n™V® is the average distance between impurities.
It turns out as a result that Ty~ n when n > a™® and
To~ exp (-y/n"a) when n < a™® (y is a constant of the
order of unity).

At high temperatures T > T,, the thermodynamics
of the impurity system was investigated by using a
virial expansion in powers of the concentration. The
first virial corrections 6yzz and 6y xx to the suscepti-
bilities of the free spins turned out to be negative, i.e.,
antiferromagnetic in character. If T » |V, ,.(a)], then
oy ~ T2 and the temperature dependence of the suscep-
tibility can be described by the antiferromagnetic
Curie-Weiss law. On the other hand, if T« T
< |Va,a,()|, then 5x ~ In®(|Vy, 4.(2)|/T) and the
Curie-Weiss law does not hold. It should be noted that
already at T > T, the impurity susceptibility and the
specific heat can become larger than the corresponding
quantities for the matrix.

In metamagnets, where the anisotropy parameter is
larger than the exchange integral between the planes,
the interaction potential is positive and leads at suf-
ficiently low temperatures to ordering in the xy plane.
It is shown that the magnon dispersion law in the im-
purity subsystem at small momenta is linear. The con-
centration dependences of the Curie temperature and of
the magnon velocities were obtained at different ratios
of n and a™®d"* (2d is the distance between the planes
of the metamagnet).

The quadrupole character of the spectrum in the one-
impurity approximation causes the ground state of an
impurity with half-integer spin to be a doublet with
m = +Y», as against a nonmagnetic singlet for an integer
spin. Owing to the large radius of the potential, the
impurity-interaction energy in the metamagnet at
n>n, ~a?d'In(a/d)is larger than the energy of the
quadrupole splitting. Therefore the quadrupole sys-
tematics of the centers is disturbed and the moment of
the impurities is no longer quenched. As a result, at a
sufficiently high concentration, a spontaneous moment
is produced also in a system of impurities with integer
spin. In this case, regardless of the value of I, the
saturation moment of each impurity depends on the
concentration.

It is also interesting to note that as a result of the
peculiarities of the xy model the magnetic susceptibil-
ity of the impurity system along the impurity magneti-
zation axis is different from zero even at T = 0; it can
greatly exceed the susceptibility of the matrix. A simi-
lar situation obtains also in the case of magnetic
glasses.

~ Quadrupole impurities were observed in the meta-
magnet FeCl..l°] Their concentration, however, was

very slight, so that no interaction effects were observed.

1. INTERACTION HAMILTONIAN OF QUADRUPOLE
CENTERS

The Hamiltonian of a uniaxial antiferromagnet with
two sublattices can be written, in the presence of mag-
netic impurities, in the form
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H=H.+H,, 2)

where H, is the Hamiltonian of the ideal matrix

Ho= Y {1i SySyetpur Sui'Sye),
w
and H, describes the interaction of the impurities with
the matrix

H = Zlmsuspllua-

Here Sp; is the spin operator of an atom of the p-th

sublattice in the [-the unit cell; J?f, and B?l}? are the
exchange integrals and the anisotropy parameters in-
side and between the sublattices; Igy is the spin opera-
tor of an impurity in the s-th cell. The subscript «
labels the possible positions of the impurity in the mag-
netic unit cell. The summation is carried out, naturally,
only over the interstices occupied by impurities.

We consider temperatures much lower than the Néel
temperature of the matrix Ty. We can then go over in
the usual manner from Sp; to the spin-wave operators
cnk,'*® which diagonalize Ho:

H,= E OkCrxtCnx, n=1.2
nk

(.l)k:(Akz_Bkz)l'.:' Bk=—2S]u(k)v (3)

A =28[J**(0) —J*" (k) —J'2(0) +p**(0) —p"* (0) ].
Jep’ (k) and Bpp’(k) are the Fourier transforms of the
corresponding exchange integrals and anisotropy
parameters. It must be borne in mind that J'}(0) > 0,
J'3(0) < 0, and the condition that the z axis be the anti-

ferromagnetism axis is that the quantity g' = g'*(0)
- B*(0) be positive.

The impurity part of the Hamiltonian H, is expressed
in terms of the spin-wave operators in the following
manner!™:

28 “ -
H‘=—V—1—V— Z La*[Jo* (k) YautTa™ (k) Yuct Jexp (ikr.a)
K s,a (4)
—i _2_—821 v [To* (k) Yt (k) Yo~ Jexp (ikr )+Z Jo~ (0)[.0*.
N sa -1 Lk @ 2k @
rsa X3
In (4) we used the following notation:

~ +
’Y:x= (uxtvk) (CnxECn k),

R = LG

200k 20k

T2 (k) ="[Vea(k) £/ (k) ], Jpa(k)= Z‘IP!:G exp (ik (rp—Tia)),

N is the number of unit cells in the crystal, and rgy is
the radius vector of the impurity. The last term of (4)
has the meaning of a molecular field acting on the im-
purity spin. For impurities that are arranged sym-
metrically between the sublattices, J; = 0 and this
term drops out.

Let us calculate the effective Hamiltonian Hegff of
the impurity system under the assumption that the
impurities are weakly coupled with the matrix, i.e.,

J.*(0) «max[J"(0), —J*(0)].
In second order of perturbation theory in H, we can ob-
tain the following expression for Heff:
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Hetg =CH (B—=H) " HD=A Y [(12)*—1(1+1)]
- Z Viar () UL rrar+Loa¥ a1 (6)

A=Y Bu(®),  Vaw (=Y Box (K)e™,

(7)
S () L ()Tt (=) + (o) Ve () T (=) ),

Boar (k) = ANy

I =Trgy — Is’y’. The first term in (6) is the Hamiltonian
of the one-impurity problem, first obtained inl"!. It co-
incides with the Hamiltonian of a quadrupole in an ex-
ternal electric field, and this is why the impurities in
question were named quadrupole impurities.[”] Since

A > 0, the ground state for impurities with half-integer
spin is doubly degenerate in the one-impurity approxi-
mation. For integer spins, the ground state is a non-
magnetic singlet. We consider in the main impurities
with half-integer spin. The influence of the inter-impur-
ity interaction on the singlet quadrupole centers is dis-
cussed in Sec. 3. As seen from (6), the interaction of
the impurities is described by the so-called xy model.

We proceed to calculate the potential V,, ‘(r). It
turns out to depend essentially on the ratio of the aniso-
tropy parameter to the exchange integral between the
sublattices.

We consider two limiting cases.

1) Weakly anisotropic antiferromagnet g'(0)
<« |JPP'(0)|. We carry out the calculation using as an
example a crystal with the unit cell shown in the figure.
The magnetic atoms of the sublattices are marked a
and b, The impurities lie on the edges and are marked
by crosses. They can occupy two nonequivalent posi-
tions (@ =1 or 2). Assuming that the impurities inter-
act only with the nearest magnetic neighbors of the
matrix, we obtain from (5) and (7)

)=

AN * k.d
1 gikr { CcOos (8)

ch' T e—— —_—
® At B,

sin® k.d }
N .

Ax—Bx

Here J, is the exchange integral between the impurity

and the nearest atom of the matrix, d is the distance

between them. At kd <« 1, expanding Ax and Bk in (3)

in terms of the momenta, we can readily obtain
Ah"‘Bx=zs[ﬁ’+w; (k_Ld) z+w‘ (kzd)Z]y

k' =k—k.> ®)

Substitution of (9) in (8) leads to the following expres-
sion for the potential at r > d:

Viar (1) = (=1) 2w, Voe MR~ [(1_31;_::) (-1—+ 1 ) e ] ;

R*  a.R a,* R?
wl z J 2
at=d"—>d?, R’=Lr¢z+r1’, Vo= . (10)
B Wy 8nw,

Here v, is the volume of the unit cell, while r, and rz

181 Sov. Phys.-JETP, Vol. 42, No. 1

are the projections of the vector r on the xy plane and
on the z axis.

We note that the potential (10) is determined by the
second term in (8), since the contribution of the first
term decreases exponentially over distances on the
order of the lattice constant. It follows from (10) that

R-? ( 1—3%) for R<a,,
Vaar (£) =(—1) 2+, V, ot (11)

— ~R/a
e
R*a?

for R>a,.

For crystals with more than one possible impurity
position in the unit magnetic cell, the interaction poten-
tial is a quantity of alternating sign, regardless of the
form of the unit cell, and all its essential singularities
are given by formula (10). On the other hand if there is
only one position of the quadrupole impurity in the cell,
then the potential takes the form (10) but without the
coefficient (-1)@+@’,

2. The second limiting case is that of strongly
anisotropic ferromagnets. We consider layered meta-
magnets with —J'3(0) < g’ « J'(0). The spin-wave ap-
proximation used by us is valid for layered magnets at
T « TN as a result of the stabilizing role played by the
interplanar interaction and as a result of the aniso-
tropy.[*!]

In this case we can neglect Bk in comparison with
Ay in (8), and Ak takes the form

A =28 (p'+w k *d?).

The interaction potential of impurities lying in one in-
terplanar layer is then equal to

Vn =VAK0 / 1)

(r) (r/ay) (12)

Vi=Vow./2d°, al=d'w,/p’,

while for impurities lying in neighboring layers we have

Vi (x) =,V Ko(r./a,). (13)

Here Ko(x) is a cylindrical function. The interaction
potential of impurities from more remote layers is
equal to zero in the assumed approximation. Allowance
for the dispersion of the spin waves in the z direction,
or allowance for the interaction of impurities with
matrix atoms that are more remote would lead to the
appearance of a weak interaction of impurities from
more remote layers, which falls off rapidly and is of
no importance to us. The coefficient in ¥» which is
present in (13) but not in (12) is due to the fact that the
indirect exchange of neighboring-layer impurities is
effected via atoms of one plane of the matrix, and the
impurities of one layer interact via atoms of two planes
of the matrix.

As seen from (12) and (13), the interaction of the
quadrupole centers in the metamagnet has a ferromag-
netic character and leads at sufficiently low tempera-
tures to the appearance of a spontaneous moment that
is oriented in the xy plane perpendicular to the anti-
ferromagnetism axis of the matrix. In weakly-aniso-
tropic ferromagnets the situation is much more com-
plicated. The potential (10) is an alternating-sign func-
tion of the indices and of the angle between the z axis
and r. We shall use an analysis of this situation as the
starting point for the examination of the effects due to
the interaction of quadrupole centers.
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2. QUADRUPOLE CENTERS IN WEAKLY
ANISOTROPIC ANTIFERROMAGNETS

As seen from (11) at R < a, the potential is V' (r)
~ R® and positive as well as negative values of the
potential are equally probable at fixed R. As already
noted, in this respect our potential is similar to the
potential VRKKY. The question of the low-temperature
phase of systems for which positive and negative values
of the interaction potential are equally probable is still
open at present (regardless of the law governing the de-
crease of the potential). It appears that such systems
do not have a spontaneous moment in the ground
state.l**] but at sufficiently low temperatures the spins
are quenched and their directions are determined by the
impurity configuration. Systems of this type, for exam-
ple alloys of the CuMn type, were called magnetic
glasses. It follows from the foregoing that at n < ag®,
when the characteristic distances are re ~ n"¥® « a,,
the system of quadrupole centers in antiferromagnets
also has the properties of magnetic glasses.

At n < a3® the significant distances r between the
impurities are larger than a,. At such distances, as
seen from (11), Vgq'(r) ~ R 'exp (-R/a,). If the impur-
ity can occupy several positions in the unit magnetic
cell, then the potential is of alternating sign, as before,
On the other hand, if there is only one nonequivalent
position, then the potential Vyq'(r) from (11) is nega-
tive. It appears that no spontaneous magnetization oc-
curs in these cases. The direction of the spins is deter-
mined by the configuration and therefore varies in
random fashion, so that the resultant low-temperature
phase can in these cases be called magnetic glass. The
concrete properties of this phase, however, can depend
on the form of the potential. In particular, if the poten-
tial is exponential the impurity spins can be collinear
in sufficiently large volumes, on the order of rg(naj) /.

At high temperatures, much higher than the charac-
teristic temperature T, of the transition to the mag-
netic-glass phase, the influence of the interimpurity in-
teraction on the thermodynamic functions can be con-
sidered with the aid of a virial expansion in powers of
the concentration. The principal role is played in this
case by impurity pairs whose interaction energy is
Vao'(r) 2 T; the distance between impurities in such
pairs is much less than the average distance between
impurities if T » T,.

The system of magnetic levels in such pairs deter-
mines the impurity heat capacity, the increment to the
susceptibility of the free spins, etc., For impurities
interaction with a potential VRKKY, a similar calcula-
tion was carried out by Larkin, Mel’nikov, and
Khmel’nitskii.l*®! The first virial correction to the
free-energy density is of the form(*?]

F=—T%lvozr‘ (lnz‘iexp(—ﬁEf(r))—z ln‘Z‘ exp(—ﬂE.(oo))) , (14)

where rsy-—rg’y’, Ei(r) are the energy levels of the
pairs of impurities separated by a distance r, Ej(») is
the energy of the noninteracting impurities, and g = T™%.

Unless specially stipulated, we shall consider hence-
forth only impurities with half-integer spin. For these
impurities, the upper excited levels are separated from
the doublet with the magnetic quantum number m = +7>
by an energy A equal, in order of magnitude, the inter-
action energy of the impurities located in the neighbor-
ing cells. At low impurity concentrations the value of
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A is therefore much larger than T and in a wide tem-
perature interval, A » T >» T,, we can disregard the
excited levels of the isolated quadrupole impurities. In
the spectrum of a pair of such impurities there are
four levels. If the external magnetic field h is directed
along the z axis, then

Ei(r) =E.=—"/2g.usMh—V (r) [j (j+1) —M*+1],
V() =V (r) I+12)%  j=0, 1, |M|<].
Here gz is the effective g-factor in the z direction,!®]
and yp is the Bohr magneton. But if h lies in the xy
plane, then the wave functions of the pair are not classi-

fied with respect to M. In this case the spectrum takes
the form

(15)

E=V(r), E,=0,

Esi=—"/,[V(r) £ (V*(r) +4g . 2us’h?) "], (16)

where g, is the effective g factor in the transverse
direction,l®!

Differentiating the expression for the free energy,
we can find with the aid of formulas (14)—(16) the spe-
cific heat of the impurity system and the magnetic sus-
ceptibilities:

C=n? J.d“r z*ch~*z,
(0) 3 (0) (ngB)zn
Xer=Yaz [1—n‘fd rthzz], Xez = T
xn=xg) [1—n J'd’r(l——z“th x)] ) x,f:)= (gJ“,uTB) - ’
4

="V ().

17)

It is seen from (17) that the concentration increments
to the susceptibility, just as for the potential VRKKY,
are negative.

The heat capacity is determined by the energies
|V(r)| ~ T, and the susceptibility by the energies |V(r)|
2 T. Therefore if T » T* = Vovoas', sothat R > a,,
then we can use the asymptotic form (11) of Vg4/(r) at
short distances. We then have:

C= ~ nL
145(3) T’
T e T Y (18)
x@ 2 4o T

T,=nv,V,-56¢ (3) (I+'/2)*w /3" muw.,

where ¢(x) is the zeta function. It is seen from (18) that
the virial expansion is in this case in terms of the
parameter T,T”’, and is consequently valid at T » T,.
If the impurity concentration exceeds a® = aj'ag’, then
the inequality T, > T* holds and we can use the
asymptotic form of the potential at small r throughout
the region of applicability of the virial expansion. The
transition into the magnetic-glass phase takes place at
temperatures on the order of T, ~ nVovo.

The temperature dependences (18) coincide,
naturally, with those obtained by Larkin et al.l'®] How-
ever, as a consequence of the magnetic anisotropy of
the Hamiltonian (6), the relative correction to the longi-
tudinal susceptibility has turned out to be twice as
large as the correction to the transverse susceptibility.
(In{**], where the Hamiltonian is of the Heisenberg type,
the relative corrections are the same.) The tempera-
ture dependences of the susceptibilities (18) are de-
scribed by the Curie-Weiss antiferromagnetic law.

If n< a° and hence T, « T*, then formulas (18) no
longer hold at T = T*; the viral correction are still
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small in this case. In the temperature range T, <« T

<« T* we can replace Vg ,'(r) by its asymptotic form at
R > a, from (11). Then the dependence of the potential
on r is determined mainly by the exponential, so that
we take the potential in the form

Vaar () =(—1)***'V'r.*R-*exp (—R/a,). (19)
Substituting (19) in (17) we get
C=3In2-nvIn* (V/T),
te e itV (20)
_x(—a)._ x(a) =vIin T N

= 2z

where v = (¥s)rha® is the number of impurities in the
radius of the potential. Only the highest-order terms
in In (V'/T) have been retained in the expressions of
(20).

The virial corrections (20) decrease quite slowly
with increasing temperature. The reason for the differ-
ent powers of the logarithm in the expressions for C
and y is that the contribution to the heat capacity is
made by pairs with |Vy4'(r)| 2 T, while the pairs con-
tributing to the susceptibility have |V, ,’(r)| 2 T. Un-
like in the preceding case, the temperature dependence
of the susceptibility, determined by (20), is not de-
scribed by the Curie-Weiss law, and the relative cor-
rections to the susceptibilities yxx and xzz turn out to
be equal.

The parameter of the virial expansion (20) is
v1n®(V'/T) « 1. One can therefore expect the transition
to the low-temperature phase to occur when this
parameter becomes of the order of unity, i.e.,

(21)

where y is a number of the order of unity. Relation (21)
shows that the transition to the low-temperature phase
occurs when the temperature becomes equalized with
the energy of the interaction of the impurities located
at medium distances from one another. Thus, the linear
dependence of T, on n gives way to the exponential one
(21) with decreasing concentration.

1t is seen from (18) and (20) that at sufficiently low
temperatures but still higher than T, the heat capacity
and the magnetic susceptibilities of the impurity sub-
system can exceed the corresponding characteristics
of the matrix. The total heat capacity at a temperature
on the order of T, can have a maximum.

To~V’exp [—y/n"a],

3. IMPURITY FERROMAGNETISM OF QUADRUPOLE
CENTERS IN LAYERED METAMAGNETS

In layered metamagnets, where the exchange inter-
action between the planes -J'?(0) is smaller than the
anisotropy 8’ (but g'<< J**(0)), the energy of the quad-
rupole splitting is

A=V, In (W /p"). (22)

It is easy to verify that (22) is valid at J%/J'}(0)g’ « 1.
The interaction Hamiltonian of the impurities takes the
form (6), and the potential is determined by formulas
(12) and (13). This potential is positive at arbitrary r,
and therefore at sufficiently low temperatures it leads
to an impurity ferromagnetism of the quadrupole
centers.

Inasmuch as the interaction Hamiltonian (6) contains
only the x and y components of the spins, the spontane-
ous moment of the impurity system is oriented in the
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xy plane perpendicular to the antiferromagnetism axis.
At large distances, the potential decreases exponen-
tially (Ko(x) = (1/2x)2e~¥ at x >> 1), and at short dis-
tances it depends slowly on the coordinates (Ko(x)

= -CE - Inx at x « 1, where Cg is the Euler constant),
Therefore the properties of the considered system de-
pend essentially on the ratio of the radius a, of the po- .
tential and the average distance r¢ ~ (2dn)“/ between
the impurities lying in one interplanar layer. If n « n,;
= (8maid)™’, then r¢ > a,. Most impurities have a near-
est neighbor at a distance on the order of r¢, and owing
to the exponential decrease of the potential they inter-
act effectively only with the nearest neighbor. The Curie
temperature is of the order of the interaction energy of
such impurities

Tc~V,exp (—y+/ (nd)"a,), (23)
where y, is a coefficient on the order of unity. This
dependence can also be obtained by equating to unity the
virial-expansion parameter. We note that for a ferro-
magnet with a three-dimensional random disposition of
the impurities and with an exponential potential the de-
pendence of TC on n at low concentrations was ob-
tained earlier!®]; the phase transition in dilute ferro-
magnets was investigated also by using the ideas of
percolation theory.[®

In the case under consideration the value of A is
much larger than the characteristic interaction energy
V.Ko(rc /a;), and therefore the ferromagnetism appears
only for quadrupole impurities with half-integer spin
and the saturation moment is equal to (21 + 1)/4.

The most characteristic features of the quadrupole
impurities in metamagnets appear at n > n,. We con-
sider first temperatures T « TC. The Hamiltonian (6)
in the molecular-field approximation takes the form
(the x axis is directed along the magnetization axis):

1
Her=A Y [0 =10 +0)1= Y Hle+ =Y HUD,
i i 1
H=2 Y Vie—r)<ap.
i

The subscripts i and j label the impurities.

The slow logarithmic dependence of V(r) on r at
r <« a; causes each impurity to interact at n > n; with
many neighbors. Therefore, despite the random dispo-
sition of the impurities in the layers, (IX) and H;
fluctuate weakly and they can be replaced by values
averaged over the impurity distribution, and equal re-
spectively to (I*) and

H=2nV I5/n,. (24)

In the cases considered earlier, the interaction en-
ergy was lower than A and did not change the sys-
tematics of the quadrupole centers. In particular, no
spontaneous moment appeared for impurities with inte-
ger spin. It is seen from (22) and (24) that in this case
the interaction energy can be larger than A, and this
leads to an significant change in the properties of the
system. For example, for integer spins a sufficiently
strong molecular field causes a restructuring of the
ground state of the quadrupole centers. An ‘‘admixture’’
of functions with m # 0 appears in the wave function of
the ground state, and as a result a spontaneous moment
appears in the system. Thus, for I =1 a simple calcu-
lation shows that the spontaneous moment appears if
n > ner = /a0, In (W, /g’). Its value is
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M=ng, pa{Iy=(1— (ncr/n)?) *mg, . @5)

The dependence of (I¥) on the concentration has
near the critical concentration x¢pr a square-root
singularity that is typical of second-order phase transi-
tions in the molecular-field approximation. The Curie
temperature of the impurity system is in this case
equal to

Temdln-t 225"
cma o 2 (26)
and at n > ncyr we have
Tc=4nV./3n,.

The last formula coincides with the usual result of
the theory of the molecular field with spin I = 1, Qur
calculation and formulas (25) and (26) are valid, strictly
speaking, only at n > n,, when all the Hj can be re-
placed by H. The values of n, and ng, are of the same
order. However, the existence of a critical concentra-
tion ncy and the singularity it introduces in the depend-
ence of (Ix) on n are not connected with the spatial
averaging performed by us.

For centers with half-integer spin there is also an
appreciable change in the ground state of the quadrupole
centers. The molecular field ‘‘unquenches’’ the mo-
ment of the impurity, as a result of which it changes
smoothly from the value (2I +1)/4 at n <« ngy to the
value I at n >» ncr. The Curie temperature at n > ngy,
whether the spin is integer or half-integer, is equal to

Te=2nI (I+1) V,/3n,.

We proceed now to the question of the magnon spec-
trum in the impurity system at T = 0. In the case of
large concentration n > n,, when the molecular-field
fluctuations are small, it is possible to develop for the
Green’s functions of the transverse components a con-
sistent perturbation theory in n,/n (similar to what was
done in(*®1), The magnon spectrum of first order in this
parameter is given by

o (q) =nn,~[J(0) (J(0) =7 (q)) 1",

(27)
J(q) =1V B’ (1+cos 2¢.d) (B'+w,g,*d*)~".

Examination of the higher orders of perturbation
theory shows that the magnon damping at qre « 1 is
small. At small momenta the dispersion law has an
acoustic character with strong anisotropy, and at
q; % a;' it assumes a limiting value equal to InV,/n;.
The acoustic character of the spectrum at small q is
due to the absence of magnetic anisotropy in the xy
plane, and the non-activation linear dispersion law is
preserved in any order of perturbation theory in n,/n.
It can therefore be assumed that the acoustic character
of the spectrum at small q is preserved also at n < n;.
The magnon velocity s depends in this case on the con-
centration in the same manner as the Curie tempera-
ture (23)

s~exp(—y,n~"d""a,~"),

so that the limiting energy of the magnons is of the
order of TC.

In concluding this section we note that when the con-
centration of the impurities between the planes of a
metamagnet is high enough, these impurities cause the
entire matrix to go over into a ferromagnetic state with
magnetization axis along z. The onset of ferromag-
netic orientation of the planes leads at T = 0 to an ex-
change-energy loss 4|J'%(0)|S®. At the same time, on
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the other hand, there is produced at the impurities a
molecular field that magnetizes them along the z axis,
and this leads to an energy gain equal to 2nvoSI|J,|. As
a result, the ferromagnetic state of the impurities be-
comes energywise favored at a relative impurity con-
centration
S ]u N

¢>cflip =2l— l —.I—TQ .
The energy of the quadrupole splitting A and the inter-
action energy of the impurities are much smaller than
Ji1, and therefore have no effect on the value of Cflip-

4. LONGITUDINAL SUSCEPTIBILITY AT ZERO
TEMPERATURE

It will be shown in this section that for a system of
interacting quadrupole centers the susceptibility along
the magnetization axis (the x axis) differs from zero
even at T = 0 and is sufficiently large. We consider
first the case of high concentration of the quadrupole
centers in a metamagnet, when the molecular-field
theory is valid. The magnetic field directed along the
x axis leads to an increase of the magnetic moment as
a result of the nonzero off-diagonal matrix elements of
the operator ¥ between the different quadrupole states
(in analogy with the well-known Van Vleck susceptibil-
ity). For impurities with I = 1, the corresponding mag-
netic susceptibility is given by

2n¢;
A(1—n/ng)
_ 2ner
" gD

X = n<ne,

(28)

n>ng.

Our calculation, just as in the derivation of (25)—(27),
is valid only at n > n; ~ n¢cy. Formulas (28) contain,
besides the presence of the singularity, the correct
asymptotic form at n > n¢y and as n — 0. For half-
integer I the susceptibility of the type in question has
no singularities and decreases with increasing n.

At low concentrations, for impurities with half-inte-
ger spin, the most important is the susceptibility of the
other type. It takes place independently of the type of
matrix, and its presence is connected with the aniso-
tropy of the xy model, which describes the interaction
of the impurity spins. In the xy model, the value of the
saturation moment (I¥) is smaller than (21 +1)/4,
since the x and y projections of the total moment do
not commute with the Hamiltonian of the xy model (6).
The external magnetic field directed along the axis
magnetizes additionally the spins of the impurities, and
this leads to a nonzero susceptibility.

To estimate this susceptibility, we consider a pair
of impurities whose interaction with the neighbors is
much smaller than their interaction with each other (for
the sake of argument, we consider impurities in a
weakly-anisotropic antiferromagnet). If n < a”*, then
the potential falls off exponentially and only the interac-
tion with the nearest neighbor is of significance to us.
The probability that impurities located at a distance r
are nearest neighbors is equal to exp (=%,mnr®).[*¢]
Differentiating the expression for the ground-state
energy of this pair in a transverse magnetic field (16),
we obtain the susceptibility of the pair in the xy plane:

XL (l‘) =07 if Vaor (l‘) <01
x(1)=2/V(r), if Vou (r)>0.

Averaging x, (r) over all the possible pairs, we get
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n 9 .
A= J. %2 () e.xp (-— =z :'mr’) Gnnr® dr

_32(2m)" (gums)®
729 T
The concentration dependence of the susceptibility (29)
is determined by the exponential factor, with y; in-
creasing sharply with decreasing concentration.

(29)

(nas) eexp | - (na) ]

Similar estimates for complexes made up of a large
number of atoms yield the same concentration depend-
ence of the argument of the exponential for y,, as in
(29), so that we can assume

(30)

where 8 is a numerical factor no smaller, in any case,
than %;. The concentration dependence of the pre-
exponential factor can, of course not be obtained from
these estimates.

x.~exp[6(na,®) "1,

For quadrupole impurities in metamagnets we can
show that

(31)

where x is the direction of the spontaneous moment of
the impurities. The concentration dependence differs
from (30) because of the layered character of the im-
purity distribution. Formulas (29)—(31) are valid at
sufficiently low temperatures, when the obtained sus-
ceptibilities are lower than the Langevin susceptibility.

Kxx~€XP (‘Sln/nl) ,

In the case of low concentrations n << noand n <« nj,the

Van Vleck quadrupole susceptibility, which is proportional

to A™Y, is negligibly small in comparison with y given
by (30) and (31). The susceptibility along the z axis at
low concentrations depends on n in the same manner
as yxx, but the numerical coefficients in the argument
of the exponential can be different. Impurities with in-
teger spins at low concentrations constitute Van Vleck
paramagnets even at T = 0, with a transverse suscepti-
bility equal to 2(giuB)*A ' for I =1.

CONCLUSION

An investigation of the quadrupole centers in anti-
ferromagnets is of interest from two points of view.
From the point of view of the theory of disordered sys-
tems, quadrupole impurities are a new class of dis-
ordered magnets with a unique interaction law. In
weakly-anisotropic antiferromagnets, by varying the
concentration of the quadrupole centers, it is possible
to change the form of the V, ,‘(r) dependence at char-
acteristic distances, retaining an alternating-sign po-
tential. Therefore an experimental investigation of
quadrupole centers in antiferromagnets would make it
possible to ascertain, in particular, whether the basic
property of magnetic glasses of the CuMn type, namely
the finite character of the density of states at zero
energy!®l, is due to the concrete character of the de-
crease of the potential (VRKkKY ~ r®), or whether it is
due only to the fact that the potential is of alternating
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sign. This would be all the more interesting because
there is at present no consistent theory of magnetic
glasses.

We note also that in certain matrices there can occur
a new type of interaction, namely an antiferromagnetic
exponentially-decreasing potential. The properties of
such systems can differ significantly from the proper-
ties of other disordered magnets.

On the other hand, as already shown, doping with
quadrupole centers makes it possible to change signif-
icantly the properties of the antiferromagnetic matrix.
The corresponding concentration and temperature de-
pendences have a clearly pronounced anomalous charac-
ter and therefore can be observed in experiment rela-
tively easily.

The authors are grateful to I. Ya. Korenblit and
M. A. Krivoglaz for a useful discussion of the work.
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