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The cross section for one-photon bremsstrahlung in scattering of an electron by a hydrogen atom is
calculated in the Born approximation. The cross section is expressed in the form of a sum over the
intermediate states of the atom. In contrast to the work known to us on this question, in this article the
sum has been calculated over all intermediate states of the atom. Therefore the results presented here are
suitable not only when the atom can be considered as the source of the external field in which the
scattering of the electron occurs, but in the general case when the contribution to the cross section of the
target atom is systematically taken into account. The possibility is noted of using the results in quantum
electronics (in the theory of laser breakdown in a gas and in the problem of emission amplification in free-

free electron transitions).

PACS numbers: 34.70., 79.2—.K

1. INTRODUCTION

Calculation of the cross section for bremsstrahlung
is one of the best known problems of quantum electro-
dynamics, and the solutions of this problem are the sub-
ject of various monographs and reviews (see for exam-
ple refs. 1 and 2). Usually one considers bremsstrahlung
which arsies as the result of scattering of an electron in
the specified external field of a proton or target atom.
In the case of the proton this approach is quite unsatis-
factory. In regard to scattering by an atom, it is evident
that the atom can only be approximately considered as
the source of the external field, and in actuality the tar-
get atom is an independent dynamic system with its de-
grees of freedom; this system must enter into the
Hamiltonian of the problem on an equal basis with the
incident electron.

Calculation shows that the cross section for one-
photon bremsstrahlung in the Born approximation is the
sum of perturbation theory over all intermediate states
of the atom. To obtain results which would be suitable
not just for resonance values of the radiation fre-
quency, “* it is necessary to calculate this sum. In the
present article, as far as we know, the sum over all
intermediate states of the atom in the bremsstrahlung
problem is calculated for the first time. This permits
calculation of the bremsstrahlung cross section as a
function of the radiation frequency with a consistent ac-
count of the target atom contribution.

The importance of this type of calculation is deter-
mined particularly by the requirements of quantum elec-
tronics: Bremsstrahlung and the corresponding absorp-
tion (inverse bremsstrahlung) are being studied at the
present time theoretically as an amplification mechan-
ism (%] and as the mechanism of laser breakdown in
gases, -°

2. BREMSSTRAHLUNG CROSS SECTION

We shall calculate the cross section for induced
bremsstrahlung in second-order perturbation theory:
first order in the interaction (K) of the atom and incident
electron with the external magnetic field and first order
in the interaction (U) of the electron with the atom.
Bremsstrahlung and inverse bremsstrahlung can be ac-
companied by a simultaneous change of the state of the
atom. The cross section for induced bremsstrahlung is
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expressed by the following formula (in atomic units):

0 n =~ 14,2 dQ. @

(2 p:(21)*
Here p is the incident electron momentum, d2 is the
element of solid angle in p space, n is the set of quantum
numbers characterizing the state of the atom; i and £
denote the initial and final states of the system. The
process which is described by the cross section do® Nens
consists in radiation of a photon w with simultaneous !
transition of the atom from the state n; to the state n;.
The transition amplitude Ag; is determined by the form-
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The amplitude A¢; is the sum over the intermediate
states of the atom and incident electron. The matrix
elements Ugg’ and Lgg are calculated in the wave func-
tions &g of the "unperturbed' Hamiltonian Ho; H, and Hg
are the Hamlltomans and r, and r are the radius vectors
of the atomic and incident electrons; s is the set of
quantum numbers n; and p, ¢, and E,, are the wave
function and energy of the stationary state of the atom.
In the Born approximation the incident electron is des-
cribed by a plane wave (we use normalization to a basic
region whose volume is equal to unity) and at the same
time we can neglect the exchange of electrons. ] The
interaction of the electrons with the electromagnetic
field is taken in the dipole approximation; E, is the
amplitude of the electric vector of the electromagnetic
wave. It is assumed that Z is the charge of the nucleus
of the atom, so that all analytical results refer also to a
hydrogen-like ion.

i
a=—E, I'=aV,.
20

3.CALCULATION OF SUMS OVER THE
INTERMEDIATE STATES

There is a procedure which permits calculation of
the sum (2) over the intermediate states. We will show
that the sums Z; and Z; can be represented in the form
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of definite integrals over the entire configuration space:

2= [dr0/Vw, %= drw UG, dr=drdr, @)
if the auxiliary functions w; and w; satisfy the following
differential equations:

4)

We shall be interested in what follows only in that special
case in which any eigenfunction associated with an eigen-
value €; is orthogonal to the right-hand side of the equa-
tion for wy, and any eigenfunction associated with the
eigenvalue ¢; is orthogonal to the right-hand side of the
equation for wg. We shall discuss particular solutions of
the equations (4) which can be represented in the form of
an expansion in eigenfunctions of the operator Ho:
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Then expanding the right-hand sides of the equations (4)
in series in eigenfunctions of the operator Ho and sub-
stituting the formulas (5) into the equations (4), we see
that the expressions (5) are actually solutions of the
equations (4). Formulas (5) determine solutions ortho-
gonal to the solutions of the homogeneous equations
corresponding to the given inhomogeneous equations. It
is evident that the condition of orthogonality together
with the requirement that the functions w; and wg can be
expanded in series in eigenfunctions in the operator H,
uniquely determine the solutions of each of the equations
(4). Finally, in order to convince ourselves of the valid-
ity of the expressions (3), it remains to substitute
formulas (5) into formula (3) and to compare the result
obtained with the expressions (2) for the sums Z; and Zj.

The method described above for the summation was
derived for the nondiagonal matrix elements from the
variational principle previously. L [7) There we considered
the more general case in which for degeneracy of the
levels €; and ¢ the orthogonality conditions used above
are not satisfied. It is interesting to note that equations
(4) have a simple physical meaning. The ordinary formu-
lation of the problem in the theory of quantum transitions
consists in considering transitions under the action of a
nonstationary perturbation K between stationary states
of the system, which is described by a Hamiltonian
Ho + U. Another formulation of the problem is possible
in which we consider transitions between nonstationary
states of a system which is described by a Hamiltonian
Ho + K under the action of a non-time-dependent pertur-
bation U. In both cases the same transition amplitude is
obtained in the form of the sum (2). However, in the
second case the perturbation theory equations reduce in
an obvious way to the equations (4) which contain the
spatial part of the perturbation K—the operator L. These
equations are simpler than the equations of stationary
perturbation theory, which contain a significantly more
complicated perturbation U (in the equations of station-
ary perturbation theory the variables are not separable,
while in Eq. (4) the variables are separable).

In the problem discussed here the summation over the
intermediate states of the system reduces essentially to
just the summation over the intermediate states of the
atom. Actually, after substitution of the function ¢¢ from
Eq. (2) into the initial expressions for the sums Z; and
Z¢and calculation of the matrix elements Lgg/ the sums
over the incident electron states vanish. As a result we
obtain
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It is easy to see that for definite values of the radiation
frequency w, resonances arise in the transition ampli-
tude Agi. It is also evident that we must limit the calcu-
lations to the frequency region in which the departure
from the resonance in absolute value is greater than the
widths of the corresponding atomic levels.

Let us now turn to the solution of equations (4). The
functions w; and wy we will seek in the form

JCON )

Substituting this expression into equation (4), we obtain
an equation for the functions uf gandu; ¢
’ tl
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The solutions of Eqs. (9) are of the form

uiy(r)= ;m—pii—exp(ip,«,,r). (10)
To solve Egs. (8) it is necessary to specify the form

of the initial and final atomic functions ¢p, Ny We will
consider induced bremsstrahlung without excitation of
the atom (n; = ng). Then ¢y, , is the wave function of the

ground state of the hydrogen’atom or hydrogen-like ion.
We shall seek solutions of (8) in the form

uiy=p cos 02w (p), =28 (1 1)

For the function v(p) we obtain the equation (the sub-
scripts i and f have been omitted)
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The solution of this equation in the form of a power
series has the form
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The constant a, must be chosen so that the solution of
the initial equation (4) can be expanded in series in
eigenfunctions of the Hamiltonian H, This requirement
reduces to definite conditions which must be satisfied by
the function v(p) for p = 0 and p — «. For purely tech-
nical reasons it is convenient to go over to a new un-
known function f(p):
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The general solution of Eq. (14) can be expressed in
terms of the fundamental system of solutions of the
correspondmg homogeneous equation (the Whittaker

equation ' )W WZ/B,3/2(P)v M= MZ/B 3/2(p):
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9p dp .

In this equation the limits of integration are chosen so

that the function f(p) is finite as p — 0 and falls off as

p — =, This assures the possibility of expanding the

initial functions w; and wy in series in eigenfunctions of

the operator Ho. From Eq. (15) we obtain the limit of
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the function f as p — 0 and consequently the value of the
coefficient ao:
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Having solved the equations (4) in this way, we substitute

the functions w; and w; into the integrals (3) and obtain a
final analytical expression for Ay and consequently for

: : s wW
the differential cross section dongn;
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4. DISCUSSION OF RESULTS

In the figure we have shown the results of calculation
(curve 1) of the integrated cross section 0‘1"5 1s

= f do‘fs 1s for induced bremsstrahlung in scattering of

an electron by a hydrogen atom as a function of the fre-
quency w (up to the frequency which corresponds to the
transition between the first and third terms of the atom).

In accordance with Eq. (6) the cross section rises in
a resonance manner near the points w = E_ —E,., where
n refers to the discrete spectrum (the singularity at
w = 0 corresponds to the infrared catastrophe). Curve 2
gives the cross section in the approximation of a speci-
fied field (the electron is scattered in the screened field
of the nucleus). Such scattering is described by the last
term in Eq. (6). Ordinarily only this term is taken into
account in calculation of the bremsstrahlung cross sec-
tion (see for example refs. 1 and 2). Comparing curves
1 and 2, we see that systematic inclusion of the contri-
bution of the target atom to the cross section is ex-
tremely important, particularly near resonances. It is
true that in the region rather close to a resonance there
is no need of taking into account the entire sum over the
intermediate states of the atom, and it is sufficient to
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Bremsstrahlung cross section als 1s in a hydrogen atom in atomic
units—curve 1, pj = 3, E, 1 p; curve 2 shows the bremsstrahlung cross
section calculated in the approximation of a specified field. For conven-
ience we have used a nonuniform scale as indicated in the figure (be-

tween the points marked by numbers along the axes, the scale is uniform).
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take into account only the corresponding resonance term.
However, already at a frequency w = 0.4 it is necessary
to sum over all intermediate states and in addition at
this frequency it is impossible to consider the scattering
as occurring in a specified external field (in accordance
with Eq. (17) for w = 0.4 the integrated cross section in
relative units is ¢’ = 0.9; on taking into account only the
resonance term in the amphtude of Eq. (6), we have
=1.3, and fmally, the last term in Eq. (6) gives
=0.1; ¢’ =102 °1s 1s/E?%). This shows that there is
a region of frequenc1es where the results obtained in the
present work are important.

Thus, accurate inclusion of the target-atom contribu-
tion to the bremsstrahlung cross section leads to new
results: to appearance of resonances and also to an
appreciable departure of the cross section from that
which is obtained on considering scattering in the
screened field of the atom, even for frequencies rela-
tively far from a resonance.

We note that in the problem of amplification of radia-
tion, which arises as the result of scattering of the elec-
tron with bremsstrahlung, the amplification coefficient
near resonance frequenciesf9 turned out to be signifi-
cantly greater than the gain calculated from the formula
for scattering in a specified external field.

The cross section og e
i

process in which the state of the atom is not changed.
Strictly speaking, for experimental determination of this
cross section it is necessary to measure the number of
electrons with an energy which is smaller than the initial
electron energy by an amount w (more accurately, the
change of this number on including the momentum of the
light). It is evident that simultaneously with the radiation
there is also absorption of the photon (the cross sections
of these processes are related by the Einstein relation).
As a result, electrons appear with an energy greater
than the initial energy by an amount w. In considering
laser breakdown in definite frequency intervals it is
necessary to use the formulas for the absorption cross
section in which the target-atom contribution is accur-
ately taken into account. We have turned our attention to
this in ref. 11,

refers to the photon radiation

In regard to the total cross section for radiation of a
photon of a given frequency w, it is obviously determined
by the sum of the cross sections £ Oﬁ)f"i = oﬁi over all
final states of the atom n; whose excitation is compatlble
with the conservation of energy. The cross section onln1
calculated here is the lower limit of the total cross sec-
tion for radiation of a photon. Therefore the calculation
of the total cross section can only aggravate the con-
clusion that inclusion of the resonance nature of brems-
strahlung is important.
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