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The photon energy region E,< E,,<m is considered (E, is the electron binding energy). Expressions for the
pA terms in the cross section for Compton scattering in the K shell are presented in finite algebraic form.
An analytic estimate is obtained for the contributions of the pA and AA terms to the cross section.
According to this estimate, in the region considered the main contribution to the cross section is from the
AA terms. It is shown that for validity of the plane-wave approximation, in addition to the condition
E, > E,, it is necessary also that momentum be approximately conserved in the scattering process, which
occurs only in the region of the Compton line peak. For light elements we obtain for the scattered photons
angular distributions that are the nonrelativistic equivalents of the Klein—Nishina distribution for
scattering by bound K electrons. It is shown that the ratio of the cross section for scattering in the K shell
to the Klein-Nishina cross section is a universal function of the parameter ¥ = Pyce/ Poounas Where Py is the
momentum of the ejected electron at the peak of the Compton line and Pyunq is the average momentum of
an electron in the K shell. In the plane-wave approximation an expression is obtained for the cross section
for Compton scattering by a molecular electron cloud, and an analysis is made of the influence of nuclear
vibrations on the cross section. Calculation of Compton scattering in the H, molecule shows that the line
shape depends substantially on the state in which the H,* molecular ion is formed.

PACS numbers: 32.10.Qy

1. INTRODUCTION. FEATURES OF SCATTERING BY
A BOUND ELECTRON

In scattering of a photon by a bound electron, in con-
trast to the case of scattering by a free electron, three
processes are distinguished: 1) Rayleigh or coherent
scattering, in which the state of the electron is not
changed, 2) Raman scattering, as a result of which the
scattering system goes over to another bound state, and
3) Compton scattering, which is accompanied by ioniza-
tion.

In the nonrelativistic approximation in second-order
perturbation theory in the interaction of the electron
with the electromagnetic field, the scattering amplitude
in relativistic units has the following form (see for ex-
ample ref. 1):

M=M AA+M PAy

M a=e.e.(2|exp{i(k,—k:)r} 1),

k,=—k,
+{0F=—0,( .
e;¥e;

The subscripts 1 and 2 refer to the initial and final
states, @ is the polarization of a photon with wave vector
k and energy w, E, is the energy of the electron in the
initial state, m is its mass, and E|, is the energy of the
intermediate states.

®)

(2le;pe=|ny<nleper|1>
M4 —Z' m(E,—E.+o,)

The term My p is obtained by summation over the
intermediate states with negative energies of the exact
expression for the amplitude of the scattering matrix
for the following two conditions:

“)

where E is the total energy of the electron. Expression
(3) for the terms M, 4 Was obtained with inclusion of

only the first of the conditions (4), and it is not possible
to simplify it by means of the second inequality in the
general case. This leads to the result that terms of
order w/m appear in calculation of M A- AS pointed out
in the papers of Gorshkov and co-workers, [ *] the rela-
tivistic correction is also of order w/m, and consequently
expression (3) is written with excessive accuracy.

|E—m|<m, o<m,
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Summation over the intermediate states in Eq. (3) is
equivalent to finding the Green’s function of the scatter-
ing system. Use of closed expressions for the Coulomb
Green’s function -°’®? permits calculation of the ampli-
tude Mp A for hydrogen-like systems. Expressions have
been obtained for MpA for scattering by K electrons in
the dipole approximationt”*'J and with inclusion of re-
tardation. [*¥1%J In the case of Rayleigh and combination
scattering, the exact expressions for the amplitude (3)
contain hy;J)ergeometric functions of the two varia-
bles, 4554 and in the case of Compton scattering theg
contain hypergeometric functions of four variables L6
(Lauricella functions [*77),

Gorshkov et al. ©>’*] showed that the contribution to
the cross section of the dispersion terms in the case of
Rayleigh and Raman scattering is ~Ey/w, where Ey, is
the binding energy of the ejected electron. In the case of
Compton scattering, the qualitative estimates of the

. contribution of the pA terms are ambiguous. For exam-

ple, the estimates made by Eisenberger and Platzman [**}
lead to an incorrect result: My /Mpp ~ (Ep/m)'™ In

the present work for photon energies w > E,, the
Compton scattering cross section obtained by Gavrila [*]
is presented in finite algebraic form. This has made it
possible, in particular, to obtain an analytic estimate of
the contribution of the pA terms; it is shown that

Mpa /Mpp ~ Ep/w)Ep/Ee)), i.e., the cross section is
determined with high accuracy by the AA terms of the
scattering amplitude. Inclusion in the cross section of
only the AA terms we will designate in what follows as
the AA approximation.

In Compton scattering by a bound electron, the energy
of the scattered photon, which for a free electron and for
a given scattering angle is completely determined by the
conservation of momentum, varies within the range from
zero to a maximum value w; —Ep. Asa result the
§-function Compton line of a free electron is broadened,
and its peak is shifted somewhat to higher frequencies.
For incident electron energies Eq) > Ey, its wave func-
tion is usually approximated by a plane wave. As shown
in the present work, this approximation is valid only in
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the region of the Compton line peak. A similar conclu-
sion follows from analysis of the contributions of the
corresponding Feynman diagrams to the scattering
amplitude. (®

In the nonrelativistic photon-energy region the half-
width of the Compton line for K electrons has been found
in the AA approximation. **>2%) 1t is of interest to ob-
tain an estimate of the half-width of the line over the
entire region of photon energies. For this purpose it is
sufficient to consider Compton scattering by a free elec-
tron but with a distribution of velocities as for a bound
electron. In the case Ej, < m in the generalized Compton
formula we can limit ourselves to terms of first order
in v:

@y

0= (1*vcos 0, +

v cos 6,
2 5
1+0,(1—cos8)/m )’ ®)

{+w, (1—cos 0)/m

where v is the initial velocity of the electron, 6 is the
scattering angle, 6, . are the angles between the initial
momentum of the electron and the photon wave vectors
before and after scattering. The uncertainty in the veloc-
ity of the bound electron is of the order (2Ey/m)""*

= aZefs, and therefore it follows from Eq. (5) that for
any photon energies the width of the Compton line is
proportional to the square root of the binding energy.

If the inequality w;(1 —cos ) < m is satisfied (this is
always true in the nonrelativistic region), we obtain from
(5) the estimate

Ao~00Z ¢ sin(0/2), (6)

i.e., the Compton line width is proportional to the photon
energy and the square root of the binding energy, which
is in agreement with the results of calculations of the
cross section for scattering by the K shell in the AA ap-
proximation. “*°’?°° With increasing photon energy the
dependence of the half-width on the photon energy ceases
to be linear. In the ultrarelativistic case, if the inequal-
ity w;(1 —cos 6) > m is satisfied, the broadening is de-
termined by the expression

Ao~amZ g (1—cos 8) ()]

and the line width ceases to depend on the energy of the
incident photon.

The well known formula for the angular distribution of
scattered photons in the Compton effect was obtained for
scattering by a free, stationary electron. ) Significant
departures from the Klein-Nishina distribution should be
expected in the small-angle region for scattering by a
weakly bound electron. While the Klein-Nishina cross
section is maximal for a scattering angle 6 = 0, the
Compton effect cross section for a bound electron should
drop with decrease of 6, since the energy transferred to
the atom for small scattering angles becomes insuffi-
cient for ionization.

In the present work we have obtained in terms of the
AA approximation the angular distribution of scattered
photons for the Compton effect in the K shell of the
lightest elements and have found the region of scattering
parameters in which departures from the Klein-Nishina
distribution are important. It is shown that the ratio of
the cross section for scattering in the K shell to the
Klein-Nishina cross section is determined by a univer-
sal function of the parameter y = Pgpee /@mZggs, Where

0 ) —t
Plree=201 Siﬂ—é' [ 1+ Tnl(i-cos 0) ]

is the average value of the momentum of the emitted
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electrons in the Compton line peak and amZ_¢¢ is the
average value of the electron momentum in the K shell.

We have also considered Compton scattering by a
molecular electron cloud. The specific nature of the
scattering in the case of molecules is the many-centered
nature of the distribution of electron density and the
necessity of taking into account the vibrational and rota-
tional motion of the nuclei. As a consequence of the
many-centered distribution, an oscillating factor ap-
pears in the cross section. However, its influence falls
off as the role of vibrations increases. Calculations of
the cross sections for scattering in an H; molecule have
shown that the Compton line shape depends substantially
on the state in which the H; molecular ion is formed.

2. CROSS SECTION FOR SCATTERING BY K
ELECTRONS

Let the unit vectors v,, v,, and n be directed respect-
fully along k;, ks, and p (p is the momentum of the
emitted electron). As the unit of energy for the K-shell
electrons it is natural to take Ry. The matrix element of
the scattering cross section can conveniently be made
dimensionless: M — (7°Z%/167%'?M, n = gm. In these
units

d’c = Z
where dog is the element of solid angle in which the mo-
mentum of the ejected electron lies.

|M| d( )do do., @)

The term corresponding to the AA term in the com-
plete matrix element of the cross section (8) has been
calculated by Schnaidt [*3;

Mai=he.e:.(2/n)" 02 [1—exp{—2anZ/p}] "

w22+ (k—p) 212 k4 (nZ—ip) 1 [+ (8- 1) kp], )
where £ = T]Z/lp, k =k; — k.. Expressmns for the terms
M pA Were found in the work of Gavrilat'®? and are a
superposmon of the hypergeometric functions of
Lauricella. The expressions for Mp A are substantially
simplified if we consider processes with a large momen-
tum transfer to the electron, E,, < E,. Here the Lauri-
cella functions are expressed in terms of the Appell
hypergeometric functions F,, and Eq. (9) is transformed

to
4/ p\* “2r k4 (5—1)pk
Mas=eie— (nz) [ ( ) ] [k’+(nZ lp)z]
The complete matrix element of the cross section
will have the form

(10)

o )
T =e,e, /T s4+em (e'n + TZe.v, )M,+e'n (ezn - p—ze,v,) M. (11)

The quantity lVI1 in Eq. (11) represents the following
combination of F; functions:
A=2n-7"0 [(1+71) 6,21 [1+ (0, +8,)*] = {[ (1—7.) *+5,]
(4—1) ' Fi(4—7;3,3;5—1i5 24, z2) — [ (1+7,)°+8,%]

(2—1,)'F(2—74;3,3; 3—T1:: ), 22) }

and can in principle be calculated numerically by the
method of Gavrila. ™) The expression for M. differs
from (12) by the following substitution:
P> P2, 8y, 2> —B:, 4,

(12)

Ty Ty (13)
where

T, . =nZ[F2m (0, - FE) 17",

B, :=k|. :[2m(wz+Eb) ]_-,,'

8y, :=—iky . (2m(@,—Ey) 17",
01, 2=p[F2m (w,, . FEp) ",

and the parameters X, . are found from Eqs. (44) and
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(45) of ref. 16 by substituting in them the corresponding
quantities from (13).

In the energy region Ej) < w < m the scattering
cross section can be represented in finite algebraic form
by expansion of the Appell function occurring in Eq. (12)
in the §mall parameters (E,/w)'? (Eq /w)‘/ ? and
(w/m)'’%, By means of Eq. (49) we obtam to fifth order
in the 1ndlcated parameters instead of Eq. (12)

A2 [ (1+7) 4621 [1+ (p,+5)]-4,~'B, =P, (14)

where
Py=—41,(1—-4,%) "[544l’~3+36',(1—11.’)’]—:'-B,(1—113)“[3-—;4,2

=3C,(1-4») J{(1+%) [ (1—1,)*+6,2]— (3+7) [ (14 1) *+6,2]}

+Y3B*(3C,—3—A4:*) {v,(1+7) [ (1—1,)*+6,%]
—(3+7,) 2+7) [(1+7)*+6,2]}—
_I/lBiu[3—2Al:_3C|(i“Alz) ] ‘Tl(l_'hz) [ (1_Tl)=+6|z]
+(3+7) 2+1,) (1+7) [ (1+7,)+6,:2])

+'/2B [547+3C,(1—4,) =31 {t:(1—71,%) 2—1,) [ (1—7.) *+6,7]

—(3+7) +7) @+r) T (1+T)*+6,:]). (15)

The quantities A,, B,, and C, are found from the form-
ulas

A=—(a;’—b,)"B,™",

1 1+4
B1=1_an ( : )

Ci=—1In s
24, 1—-4,
48, (p,+5,) +(1—7,*~8,") [1—(p,+8,)*]

[ (1+7)+8.21[1+ (p,+86.)°] ’
by=[(1—7.)*+6.:21[ (1+71,)*+6.2],

and for calculation of M. in Eqgs. (14) and (15) it is neces
sary to make the substitution (13).

a =

The expressions obtained for the matrix element of
the scattering cross section permit an estimate to be
made of the contribution of the dispersion terms. For
w ~ nZ the main contribution to the cross section is
from electrons emitted with energy Eg] ~ Ey,. In this
case from Eq. (14) it follows that Mp A~ Ebyw. In the

energy region w > nZ the greater part of the electrons
are emitted with Eq] > Ej, and the relative contribution
of the pA terms is determined by the value of the cross
section at the peak of the Compton line. As a result we

obtain

L W Y A

Mo . (16)
Maa o E¢ ® \wsin(6/2)

It is interesting to compare the results obtained here
with those obtained by the traditional method for such
estimates. We will assume that in Eq. (3) the main con-
tribution is from terms with |E, - E,| < w. Without
considering polarization vectors, and introducing average
values of the momenta in the initial and final states
pl1) ~nZ|1), B|2) ~ p4l2), it is easy to obtain from (3)

Mpa~0ZpMss/mo. 17)

In the case of Rayleigh and Raman scattering (or
Compton scattering with w < 7Z) the main contribution
is from pg~ nZ, and therefore Eq. (17) for these proces-
ses leads to Mpy /Mpp ~ Ep/w. Inthe case of the
Compton effect for energies w > nZ, the estimate (17)
leads to an incorrect result. In this region p; ~ w and
from (17) we obtain 1mmed1ate1y the result of Eisen-
berger and Platzman[*®3; ~ aZ, i.e., the
relative contribution of the dp spersxon terms is mdepend-
ent of the incident photon energy. vy

3. COMPTON SCATTERING IN THE AA
APPROXIMATION

In the region of applicability of the AA approximation
it follows from Eq. (8) that
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d°Gaa ——(1+cos 6)—|MMI’d (R )doz do.,

where we have extracted the polarization terms from
the matrix element MAA. In the case of a hydrogen-like
atom the matrix element Mp 5 is calculated exactly (see
Eq. (9)). The scattering cross section (18) integrated
over the direction of the emitted electron is

(18)

dUM——(1+cos B)IMd(Ry )doz, (19)
[ 2anzZ
e {-2EY]
p
2nZ 2p/mZ k
““P{‘TA"“‘g(m)} [—z‘
v P ka2 —p*\® p

+ +- £ o ]

31]222( nz: )] [( A ) (20)

where the principal value of the arc tangent is chosen to
be tan'x if x = O and 7 + tan}(x) if x < 0.

Let us investigate the influence of the choice of the
wave function of the system in the final state on the -
scattering cross section. The ordinarily used plane-
wave approximation assumes replacement in the exact
wave function

Pp=e™ T (1—iE) D (8, 1, —i(pr+pr))e® 1)
of the degenerate hypergeometric fuhction ®, with the
factor in front of it, by unity, which corresponds to the
formal substitution £ = 0 (we have used the designation
¢ = nZ/ip). This procedure, however, is not at all ob-
vious. In order to clarify it, we will consider the be-
havior of the function ¢ from Eq. (21):
E(E+1)
2.91
for small values of |£|. Going to the limit |¢| < 1, it is
important to take into account that the parameter

&p =inZ is not small and the hypergeometric function
(22) in this case goes over to

O (8,1, —i(pr+pr)) =1—i& (pr+pr)—

(pr+pr)+.. (22)

05, 1,~i(prpr) =tz (aren { Y D EEPDL - 23)

D @1

from which it is evident that it can differ substantially
from unity.

The possibility of replacing the function (23) by unity
is due not to the small value of |£|, but to the oscillating
nature of the sum in the right-hand side of Eq. (23). Let
us determine the region of scattering parameters in
which the contribution of this sum to the cross section
is small. The behavior of the Compton effect cross sec-
tion is determined by the integral

Jd’r exp{—nZr+i(k,~k,—p)r} @ (&, 1, —i(pr+pr)). (24)
In order that the function ¢ in Eq. (24) can be approxi-
mated by unity, the exponential in the integrand must be
a slowly varying function in distances of the order of
several periods of oscillation of the sum in (23). This is
equivalent to the following two conditions:

|g§|=nz/p<t, |k—k:—p|/p<1. (25)

The vector
g=(k—k:—p)/p 26)

occurring in Eq. (25) characterizes the degree of non-
conservation of momentum in the process of scattering
by a bound electron. Thus, in addition to the condition
Ep < Eg), for validity of the plane-wave approximation
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it is necessary also that the condition g < 1 be satis-
fied. The latter is true only in the region of the maxi-
mum of the cross section.

In the case of scattering by K electrons the necessity
of the conditions (25) can be obtained if we start from
the exact expression (9) for Mp o. Introducing the
parameters £ and g in explicit form, we will write it

Masmtoies (=) " [1-exp(-2l2) 11+ (%E)]

) ( E+ng+g'+ngt ) ( 2E+2ng+g*—§* \ ¢
2t+2ng+g*—t> g+e )
Hence to zero order in ¢ we obtain

@7

M‘*N":ez—IEI "'[1+(k p)z]'z(_ifngﬂ’ )

" Htmgre) @8

In the case of the calculation with a plane wave we
have the expression

2 p* k-py\*17?
b 2 () Trs ()]
which is obtained from (28) only for the condition g < 1,
The necessity of this condition for applicability of the
plane-wave approximation follows also from considera-
tion of the cross sections integrated over the direction
of the emitted electrons. Comparison of Eq. (20) with
its analog in the plane-wave approximation
pl 2‘ p kp 2 kZ klp_'_kp! kz_p2+n2Z2 2 pl -3
L= (?Z—Jr 30z w2 )[( 'z ) W]
(30)
shows that Egs. (20) and (30) agree only if, in addition to
the condition |£| < 1, we impose the requirement k ~p
(which is equivalent to g < 1),

(29)

ER

In Fig. 1 we have shown the Compton lines for scat-
tering by K electrons in hydrogen and lithium. For con-
venience the curves have been plotted in units ~Z? for
the ordinate. The dependence of the half-width of the
lines on photon energy and nuclear charge agrees with
the estimate (6) obtained in the Introduction.” We can
also see from Fig. 1 that the relative error produced
by the plane-wave approximation increases on the wings
of the line, which corresponds to deviation from the
momentum conservation law (thus, for Z =1 on the long-
wavelength wing of the line we have oPY/o€Xact & 1 g for
Ee] ® 4 keV, while near the max1mum of the peak where
Eel ~ 2.4 keV we have oPloe¥act g 99),

Integration of the cross section (19) and (20) over the
energy of the emitted photon gives the nonrelativistic
equivalent of the Klein-Nishina formula for scattering
by K electrons. The early experimental results on the
angular distribution of hard x rays in light elements
have been analyzed in Heitler’s book.[??) He concluded
that the Klein-Nishina formula was in complete agree-
ment with the experimental data. However, in the small-
angle region there were no reliable measurements at
that time, as a result of difficulties in separation of the
elastic component As noted in ref. 4, according to
Wentzel’s rule [**} the sum of the cross sections for the
elastic process and all inelastic processes must be equal
to the cross section for scattering by a free electron.

If the cross sections of only inelastic processes are
measured, we should expect significant deviations from
the Klein-Nishina distribution in the small-angle region.
Measurements of the inelastic scattering of y rays

(w, = 662 keV) on the K shell have shown [2*?*] that for
small scattering angles the experimental values of the
cross section are significantly lower than those given by

7 Sov. Phys.-JETP, Vol. 42, No. 1

=10 keV @=20keV

051 ./'Z-i

1151 |

Wy, keV

FIG. 1

FIG. 1. Compton line in the case of scattering of a 30-keV photon at
120° by a K electron in H and Li atoms. The calculation was carried out
in the AA approximation: 1—with the exact expression (27) for the ma-
trix element MA A, 2—with expression (28), 3—in the plane-wave approx-
imation. As the ordinate we have plotted the quantity

10 d*Caa
“ro d(02/Z% Ry) dos
(wc is the Compton frequency).

FIG. 2. Angular distribution of scattered photons in the Compton
effect on K electrons. The solid line corresponds to scattering by a free
electron (the Klein-Nishina cross section).

the Klein-Nishina formula, and for large angles for
heavy elements they are even higher.

In Fig. 2 we have shown the results of calculations of
the angular distribution of the cross section on K elec-
trons of light elements. For comparison we have every-
where shown also the Klein-Nishina cross section. It is
evident that the departure from the angular distribution
given by the Klein-Nishina formula is greater, the higher
Z and the smaller w, or 6. In the formulas for the cross
section (19) and (20), k and p enter only in the form of
the ratios k /7 Z and p/nZ. Since the greatest contribu-
tion to the cross section is from the region g < 1,
where k =~ p, the behavior of the cross section can be
characterized by the value of the parameter y
= Piree/NZ in the peak of the Compton line, where

_ 2w,5in(6/2)
1= amZ[1+ o, (1—cos 0) /m]*

Calculation shows that for all values of 6, w;, and Z in
the AA approximation the ratio of the cross section for
scattering by K electrons to the Klein-Nishina cross
section can be represented as a universal function of the
parameter y. This function is shown in Fig. 3.

(31)

4. COMPTON SCATTERING BY MOLECULES

In the photon energy region discussed by us (w > Ey,)
the matrix element of the Compton scattering cross
section can be taken with sufficient accuracy in the AA
approximation. The specific feature of scattering by
molecules (in comparison with atoms) lies in the many-
centered nature of the electron cloud and in the need of
taking into account nuclear motion. The wave function of
a molecule is described with good accuracy in the adia-
batic approximation®

¥=¢(r, R)A(Q)O(8), (32)

where ¢(r, R), A@Q), and ®(s) are respectively the elec-
tronic, vibrational, and rotational wave functions; r and
R are the sets of electron and nuclear coordinates, Q
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FIG. 3. Ratio of the cross section for Compton scattering on K elec-
trons to the Klein-Nishina cross section, as a function of the parameter
Y = Pfree/Pbound; see Eq. (31).

are the coordinates of the normal vibrations, and ¢ are
the Euler angles characterizing the orientation of the
molecule.

The scattering cross section, summed over all final
vibrational-rotational states of the ion, is given by the
following expression (cf. ref. 28):

d°Caa

dw, do, do.

where

re’ 2o @2 .
=7(1+005 O)K‘(Az(o)ez(ﬁ)llﬂkul 1A(Q)6.(8)>, (33)

Ru@®=( R | Yier| 2.0.R) ). (34)
i

The main features of scattering in molecules appear

distinctly already in the case of diatomic molecules.

Let us consider the simplest of them —the molecule H.

As the electron coordinate function of the ground
state of H, we will take the Weinbaum function, which
satisfactorily describes the electron density distribu-
tion(2:

B =N {@a(r,) Po(r2) +@5(r:) @a(rz)

+190 (1) 9 (r:) + 95 (r) @s(r) 1}. (35)

The functions ¢, and ¢y}, are Slater 1s orbitals centered
on the corresponding nuclei, and N; is a normalization
factor. The optimum value of u is 0.2644 for an equili-
brium distance Ro = 1.431 atomic units and an effective
Slater charge Z* = «/n = 1.1937 (ref. 29). For u = 0 the
function (35) goes over to the Heitler-London function,
and for u =1, to the function of the molecular orbital
method.

For the lowest vibrational levels it is sufficient to
limit ourselves to the harmonic approximation. Then
the vibrational-rotational function of the H, molecule
takes the form ( )

a i a*(R—R,)* .,
A(Q)8:(8)= (W) EXP{—T} H.[a(R—Rn)]Y,.(O 9,
36)
where H,, are Hermite polynomials, Y\ are spherical
functions, a = \/Mpwo7§, Mp is the proton mass, wois

the frequency of zero-point oscillations, and 6 and ¢’
are the angles between k and R in the spherical coordin-
ate system with z axis along k.

We will construct the electron coordinate function of
the final state of the system, which corresponds to a

singlet state, in the form
Bi=No{Bu (1)) Vp(r:) + V5 (1) By (1)} @37)

We will take the coordinate function of the Hj ion in the °
ground state and in the first excited electronic state in
the form of a linear combination of the atomic orbitals

Priw=Ngu (Pt Ps), 38)
~ where g refers to the ground state of the ion (Z)‘é) and u
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to the excited state (Z); the functions ¢4 and ¢y, are
centered on the corresponding nuclei and in the simplest
case are atomic 1s orbitals.t*° Inclusion of the polar-
ization of the electron cloud by the neighboring proton
can be carried out most simply by replacing exp {—xra}
by exp{—xara —tcbrb} (ref. 31) (for more detail see

ref. 32).

We will approximate the wave function of the ejected
electron by a plane wave normalized to unit volume:

Vo (r)=e". (39)

As was shown in the preceding section, for validity of
the plane-wave approximation, in addition to the condi-
tion E) > E,), it is necessary that the condition of mo-
mentum conservation g < 1 (25) be satisfied. This
means that our results will be invalid on the wings of
the Compton line.

Calculation of the matrix element (34) with the func-
tions (35), (37) and (38) leads to the following expression:

Maa (Rnb) =2N1N2Nﬂ. u{<¢at¢b ' eikrl (Pf')( Vﬂl ¢b+u‘p4>
H(Bak By | ™| @<V, | Qatpeps)

+ (1) (Saatsas) <V, | €™ | Potqa)}. (40)

where sy, and s, are overlap intervals between the
one-electron wave functions in the ion and in the mole-
cule: Saa = (Palpa), Sap = (Paleb). It is not difficult to
show that
Vol _f®+(&k-p)*\* Ey
(Vole™ | g _{ »?+p? } N{Z‘_

+e} (41)

el
From the conditions (25) it follows that ratios of the type
of (41) are small, and therefore in (40) it is sufficient to
limit ourselves to the last terms:

Maa (Rap) 2N NNy o (1) (SaatSar) <V, | eml PoEQad. (42)

This not only considerably simplifies the form of the
matrix element of the cross section, but in addition it
permits avoiding calculations of complicated two-cen-
tered integrals of the type <<;>b|elkr lpa)-

We finally obtain the following expression for the
cross section for scattering by an H: molecule in its v-th
vibrational level:

s v 2T 2 o\ @2Pm k—p\*1~*
d*0gu = ?—(1+cos O)W W.,,.[ 1+ (_x—) ]
x {1€~*L,(26) cos[ (k—p) Ro]} do. do do.,

43)

6=[(k—p)Ro/2aR,]*, W, =[N NNy .(1£p) (suatsa) I%
where Ly is a Laguerre polynomial. The cross section
(43) contains an oscillating factor (in the curly bracket).
The presence of this factor is specific for the molecule,
and it does not appear in the case of atoms. The factor
e—GLv(ZG) appears as a consequence of taking into ac-
count nuclear vibrations and is determined by the value
of the parameter 6. In the vicinity of the maximum in
the cross section this parameter is small, and hence it
follows that inclusion of vibrations need not change the
scattering picture substantially. As can be seen from
Eq. (43), the entire dependence of the cross section on
the parameters of the wave function of the ion produced
(38) occurs in the factor Wg ;. As these parameters are
varied, the angular and energy characteristics of the
cross section remain as before.

Equation (43) represents the cross section for scat-
tering by an oriented molecule. In view of the weak
influence of nuclear vibrations on the cross section, we
will carry out averaging over the orientations of the
molecule in space, taking expression (43) without inclu-
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sion of vibrations (6 < 1). This gives

2°r,* m
d*Fg. = —,l-(1+cosz 6)%~
n W%

. k—p [ —y
wi[1+(S7) ]
sin(lk—plR,)
x{1= Tk—pIRs
On the basis of Eq. (44) we have calculated the
Compton line for scattering by an H. molecule with
formation of the H; ion in its ground and excited elec-
tronic states. As the wave function for H; we took the
function from the work of Finkelstein and Horowitz [*%}
with the optimal effective charge at R, = 1.431 atomic
units. In this case the factors depending on the elec-
tronic states of the ion and the molecule are respectively
0.146 and W, ~ 8.88 x 107, The results of the
ca%culatlon are shown in Fig. 4. As follows from the
figure, the line shape depends substantially on the final
state of the system. This permits information to be ob-
tained on the distribution of electron density not only in
the molecule but in the ion formed.*

}dmz do, do.. (44)

We are grateful to V. G. Gorshkov for helpful dis-
cussion and for sending a preprint, and also to A. V.
Kireeva, who carried out the numerical calculations by
computer.

APPENDIX

CALCULATION OF APPELL FUNCTIONS
For the Appell hypergeometric function

F(Y) ' -1 T-x~1 - -B*
mgdu (1—t) 1= (1—tz) ~* (1—ty) -*

the following expansion "7 is valid:

"F(a;p,p'sYs2,y)=

Fi(@i$,b'i%i%, y)—Z,(“) =)y zyp atm, bty m 2,

" 45)
where (a)y, =T'(a + m)/T(a), T'(a) is the Euler gamma
function. In the particular case x =y the function F,
reduces to the ordinary hypergeometric function by
means of the relation

Fi(a; 3, Bs v 7, 2) =F (o, B+8; 1; 2). (46)

We will be interested in the expression for the func-
tion F, when the values of |x| and |y| are close to unity,
in the so-called logarithmic case—for the condition that
B+pB —y +a=p > 0is an integer. Using the analytic
representations for the hypergeometric functions oc-
curring in the right-hand side of Eq. (45), we obtain with
accuracy to order p —1in |1 —x| and |1 —y| the follow-
ing expansion:

(1T (p—n)

Fi(;B,0;7; 5, 9)~ Z( D (—z) 7" T

r=0

(a7)

(=B (1= oF (B8 Famy-n, B B ).

If the parameter |z| = |y —x|/|1 —x| here is small or
large, the functions in the right-hand side are calculated
by direct expansion in z or, with use of analytic continua-
tions, in z7*

In the special case 8 = 8’ we use for the function F in
the right-hand side of (47) the relation

Fesmom(i-3) P25 b ()

From Eq. (47) we then obtain
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FIG. 4. Compton lines in the case
of scattering of a photon with energy
w =30keV at an angle 6 = 120° by
an H, molecule. The ratio of the ordi-
nate scales for the cross section with
formation of Hj in the ground state to
the cross section with formation of
H3 in the excited state is ~82.2.

Hy (exc.)

Y

2 28wy keV

) ) _ I 2-z—y\ P [2—z—y\"
Filoi B Bivs 2, y) = r(a)r(zp)( 2 ) Z -1 ( 2 )
T'(p—n) (Y—2B)n (Y—)n
. = .
2p+a—y—n 28+a—y—nt+1 1. y—x \*
F( 2 ! 2 ’B+2Y (Z—I—y))' (48)
If the parameter B is an integer, then after a number of
transformations with use of recurrence relations for
the ordinary hypergeometric functions, all F in the
right-hand side of (48) can be reduced to elementary
functions.

For example, with accuracy to fourth order in |1 —x|
and |1 —y| we have

Fi(a; 3,3; at1; z, y) ='/sad~*C {(1—A%) ~*[54°—-3+3B (1—-4%)*]
—C(a—5) (1—A4*) ~'[3—24*-3B(1—A4%) 1+'/:(a—5) (a—4)C*[3B—3—A*]
—!/s(a—5) (a—4) (a—3)C*[3—24*—3B (1—A4?%) ]

+'/..(a—5) (a—4) (a—3) (a—2)C*[54*—3+3B(1—4%)%]}, (49)
where
Y-z 1 1+4 _ 2—z—y
A=o oy B=ggh i ‘== —

DThe same agreement exists also in the relativistic energy region. Thus,
the dependence of the half-width of the Compton line on the scatter-
ing parameters, as obtained from Eq. (5), is in good agreement with
the Compton lines calculated by Gorshkov, Mikhailov, and Sherman
[*] forZ=1,13,26 and w =412keV.

IFor the H, molecule, as has been shown by the precision calculations
of Kolos and Vol’nevich [?"], the accuracy of the adiabatic approxima-
tion is ~1073%.

In this connection we note that the method of constructing Compton
profiles [!8:3%35] which has been widely used in recent years permits
analysis of the distribution of electron density only in the initial
state of the system.

LA. I. Akhiezer and V. B. Berestetskii, Kvantovaya

élektrodinamika (Quantum Electrodynamics), Fizmat-
giz, 1969.

2V, G. Gorshkov, A. I. Mikhailov, V. S. Polikanov, and
S. G. Sherman, Phys. Lett. 30A, 455 (1969).

%V. G. Gorshkov, A. I. Mikhailov, and S. G. Sherman,
Zh. Eksp. Teor. Fiz. 64, 1128 (1973) [Sov. Phys.-JETP
37, 572 (1973)].

*V. G. Gorshkov, A. I. Mikhailov, S. G. Sherman, Zh.
Eksp. Teor. Fiz. 66, 2020 (1974) [Sov. Phys.-JETP 39,
995 (1974)].

°L. Hostler, J. Math. Phys. 5, 591 (1964),

®J. Schwinger, J. Math. Phys. 5, 1606 (1964).

"M. Gavrila, Phys. Rev. 163, 147 (1967).

8S. I. Vetchinkin and S. V. Khristenko, Opt. Spektrosk.
25, 650 (1968) [Optics and Spectroscopy].

°B. A. Zon, N. L. Manakov, and L. P. Rapoport, Zh.
Eksp. Teor. Fiz. 55, 924 (1968) [Sov. Phys.-JETP 28,
480 (1969)] .

I. G. Kaplan and G. L. Yudin 9



®Ya. I. Granovskil, Zh. Eksp. Teor. Fiz. 56, 605 (1969)
(Sov. Phys.-JETP 29, 333 (1969)].

M. Gavrila, Phys. Rev. A8, 1360 (1972).

2C, Fronsdal, Phys. Rev. 179, 1513 (1969).

13y, G. Gorshkov and V. S. Polikanov, ZhETF Pis. Red.
9, 464 (1969) [JETP Lett. 9, 279 (1969)].

'S, Klarsfeld, Nuovo Cimento Letters 1, 682 (1969).

M. Gavrila and A. Costescu, Phys. Rev. A2, 1752
(1970).

M. Gavrila, Phys. Rev. A6, 1348 (1972).

1P, Appell and J. Kampé de Fériet, Fonctions Hyper-
geometriques et Hypersphériques, Paris, 1926,

18p, Eisenberger and P. M. Platzman, Phys. Rev. A2,
415 (1970).

19F, Schnaidt, Ann. Physik 21, 89 (1934).

20 p, Bloch, Phys. Rev. 46, 674 (1934),

21y, G. Gorshkov, A. I. Mikhailov, and S. G. Sherman,
Preprint LIYaF (Leningrad Institute of Nuclear Phys-
ics) No. 119, 1974,

2w, Heitler, The Quantum Theory of Radiation, Oxford,
Clarendon Press, 1954 (Trans. IIL, 1958).

3 G. Wentzel, Z. Phys. 48, 779 (1927); 68, 348 (1929).

247  Sujkowski and B. Nagel, Arkiv. Fysik 20, 323 (1961).

257, W. Motz and G. Missoni, Phys. Rev. 124, 1458

10 Sov. Phys.-JETP, Vol. 42, No. 1

(1961).

%6 g, Shimizu, Y. Nakayama, and T. Mukoyama, Phys.
Rev. 140A, 806 (1965).

*'W. Kolos, Adv. Quant. Chem. 5, 99 (1970).

287, G. Kaplan and A. P. Markin, Zh. Eksp. Teor. Fiz.
64, 424 (1973) {Sov. Phys.-JETP 34, 216 (1973)].

M. N. Adamov and V. P. Bul’chev, Teor. Exp. Khim.
2, 685 (1966) [ Theoretical and Experimental Chem-
istry].

30B, N. Finkelstein and G. E. Horowitz, Z. Phys. 48, 118
(1928).

31y, Guillemin and C. Zener, Proc. Nat. Acad. Sci.
(N.Y.) 15, 314 (1929).

32\, J. Feinberg, K. Ruedenberg, and E. L. Mehler,
Adv. Quant. Chem. B, 28 (1970).

3R, Currat, P. D. DeCicco, and R. J. Weiss, Phys. Rev.
B4, 4256 (1971).

*41, R. Epstein, Phys. Rev. A8, 160 (1973).

35 g, J. Bloch and L. B. Mendelsohn, Phys. Rev. A9, 129
(1974).

Translated by C. S. Robinson
2

I. G. Kaplan and G. L. Yudin 10



