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We study the structure of a stationary, equilibrium, axially symmetric relativistic beam. We find the
conditions under which the collective interaction between electrons and ions guarantees the self-
containment of the beam. We show that in the framework of the Maxwell equations and the kinetic
equations for classical perfect gases of electrons and ions a stationary equilibrium state of beams with a
finite particle density is possible only in the particular case when there is a well-defined relation between
the temperatures and the particle concentrations. In the general case, on the other hand, there exist only
solutions with a singularity at the origin. An appreciable fraction of the total number of particles can then
be condensed on the beam axis. An infinite particle density at the origin indicates that the approximation
of a classical perfect gas is inapplicable when we want to determine the beam structure. If the electron
temperature is not small, the structure of a compressed relativistic beam is determined by the quantum
properties of the electrons. Stationary equilibrium beams are in the framework of quantum statistics
realized without there being any relation between the parameters, while the region of their existence
increases when the electrons become more degenerate (when their number increases). We study the beam
structure analytically in the limiting case of strongly degenerate electrons.

PACS numbers: 05.30.F

1. INTRODUCTION

Recently relativistic electron beams have become
very popular and have been applied to very varied fields
of present-day physics. In the last forty years since the
appearance of the basic paper by Bennett 1] a vast num-
ber of papers, both theoretical and experimental, has
been published which are dealing with relativistic beams
(see, e.g., the reviews [*7°J),

However, notwithstanding the large number of papers,
the problem of the stationary structure of a relativistic
beam can not be considered to be solved. The main
achievement of the theory in that direction is the so-
called ""generalized Bennett distribution’ [*J which was
obtained for the particular case where the electron and
ion concentrations were proportional to one another,
However, its interpretation is not adequate for the prob-
lem of a relativistic beam when there are no external
fields.

The aim of the present paper is a general study of
stationary axially symmetric configurations of a non-
rotating equilibrium relativistic beam in a vacuum. The
starting point for our considerations is the Maxwell
equations together with the kinetic equations for the
electrons and the ions. We show that in the framework
of the classical statistics of perfect gases stationary con-
figurations of a beam with a finite particle density exist
only for a well-defined relation between the temperatures
and concentrations of the electrons and the ions, In the
general case the stationary solutions of the classical

_equations describe a pinched beam with particle concen-
trations which increase without bound towards the axis.
An appreciable fraction of the total number of particles
may then turn out to be condensed on the beam axis, In
the light of this, the "'generalized Bennett distribution'
with a singularity at the origin must be interpreted as a
stationary state of a pinched relativistic beam while the
current and charge on the axis which are necessary for
self-consistency must be thought of as pertaining to the
beam itself being produced by the appropriate number of
its electrons and ions, compressed into the origin.

The fact that the beam density becomes infinite
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means, however, that the original kinetic equations lose
their meaning as the plasma becomes imperfect. If the
electron temperature is not too low, the electron gas
becomes degenerate before it becomes imperfect, and
this leads to the classical Boltzmann statistics becoming
inapplicable for the description of the electrons. A de-
generate electron gas still remains perfect and it is thus
possible to study in the framework of the quantum statis-
tics of the electrons the beam structure for large densi-
ties close to the axis.

2. INITIAL EQUATIONS

We shall consider a relativistic beam in a vacuum
free from external fields over times large compared to
the times tg and t; which are needed to establish equili-
brium of the electrons and the ions separately, but small
compared to the relaxation time tgj to establish equili-
brium between electrons and ions.

In the frame of reference K’ in which the electrons as
a whole are at rest t, ~ mg*T¢*e'niA.[*) Here e, m,,
Te, and ng are the charge, mass, temperature, and con-
centration of the electrons, while A is the Coulomb
logarithm. In the laboratory frame (1.f,) relative to
which the ions as a whole are at rest, while the electrons
have an average ordered velocity V, = ¢Bo, we have

” W
te=t," (1—po?) ", temi T le'n\.

mj, Tj, and n; are the mass, temperature, and concen-
tration of the ions, and c is the light velocity. The char-
acteristic time tgj for the transfer of energy from the
electrons to the ions, i.e., practically the relaxation time
of the whole beam equals
_ memc’Vo

The electrons by themselves and the ions by them-
selves will be in equilibrium if the characteristic time
to heat the ions by an amount of the order of their tem-
perature, 7; & m;TijVo/e'ngA, is large compared to t;,
and the time to decrease the directed electron velocity
by an amount of the order of the thermal spread,
Te & meTeVo/e'njA, is large compared to tq.

tei
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The initial kinetic equations have the form

i+(vaV)fa+eu ( +% [Va.XH]) me -

b (@2.1)

f, = f,4(t, r, p) are the distribution functions, the index
a takes on the values e, i, respectively, for electrons
and ions, €,(p) = (m’c +p2c2)1 %, Vo = 8e4(p)/op are the
energy and velocity of the partlcles, and I_{f } is the
collision integral for particles of the kind @ by them-
selves.

The electric field strength E and magnetic field H
produced by the particles in the beam satisfy the
Maxwell equations

- _1od

it ¢ rotE= c ot '

while the charge density p and the current density j can
be expressed in terms of the particle distribution func-

tions
P(t7r)=z €a jfud'l'p, j(tvr)zzeuj‘ Vafa dTp,

d-rp is a volume element in momentum space.

Buneman ©®J wrote these equations in relativistically
invariant form. Since, however, to solve the equations
we must all the same change to a definite system of
reference we thought it expedient to consider everything
from the start in the laboratory frame.

div E=4np,,

2.2)

The condition that E and H are fields produced by the
particles in the beam is equivalent to boundary conditions
for the Maxwell equations. The solution we need can be
written in the form of retarded potentials ({7}, Sec. 62):

E=-Vo—(1/c)0A/8t, H=rotA,

o Fali ). ()

where R = |[r —r’|. 'Using Egs. (2.2) and (2.3) to express
the fields E and H in terms of the electron and ion dis-
tribution functions f, we can write the kinetic Eq. (2.1)
in the form

ad
e 4 (V) fHF. fo
dp

—eazeujdr Jar{-[+-"

_Ya'r o O\ L
c’ [0t +(v‘z Br)]] R’
are the forces exerted on a particle of the a~th kind by

all other particles through the electromagnetic field pro-
duced by them, while f,»=f/(t —R/c, r’, p’).

2.3)

{f\z}v q=iv €. (2.4)

where

(2.5)

a=i,e

Equation (2.4) enables us, in principle, to study not
only equilibrium stationary beam configurations, but
also to study their stability, to find the radiation by the
beam, and to follow the evolution of an arbitrarily given
initial state of the beam.

The aim of the present paper is to study the station-
ary equilibrium beam configurations and in this connec-
tion we assume that the distribution functions are time-
independent. We restrict ourselves to beams which have
axial symmetry and which are uniform along the z- and
@p-coordinates, and we shall assume that the ions are
non-relativistic in the laboratory frame: Tj < mjc®. Let
the electrons in the frame of reference comoving with
them also be non-relativistic: Te < mgc®.
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Under those assumptions the forces (2.5) are functions
of a single spatial coordinate, r. They are in the radial
direction (i.e., they are potential forces) and equal to

p,=—7=—*”" j ar' [n(r) = (U= ()] (2.6
v, 4
F.»=—-Tir—=— *:e jr dr'[n.(r')—n.(r")], (2.7)
where
na(r)=j]‘a dt, a=e,i (2.8)

are the electron and ion concentrations.

Notwithstanding the fact that both electrons and ions
are in the same collective interaction electromagnetic
field, the forces Fg and Fj are different as they depend
on the particle velocities. The force due to the collective
interaction of an electron with the other electrons con-
tains a factor (1 —B3) (the second term in the square
brackets in (2.6)) and tends to zero as Vo — c¢. This is
connected with the fact that as Vo, — c the electrostatic
repulsion between electrons is compensated by their
magnetic attraction as parallel currents. If ng > nj and
B3 sufficiently close to unity (and it is just this situation
which is of interest from the point of view of the self-
containment of a beam), both the forces acting on an
electron, Fg < 0, and the forces acting on an ion, Fj <0,
will be directed towards the axis. In that case the ions
attract the electrons and the surplus electron charge
attracts the ions, and as a whole under the action of the
collective interaction forces the beam tends to be com-
pressed.

Under our assumptions the kinetic Eq. (2.4) is satis-
fied by an equilibrium distribution function which is a
function of the additive constants of motion ([*J, Sec. 4).
In the frame of reference in which the particles as a
whole are at rest their distribution function depends
solely on the total energy. The ion equilibrium state is
described by two parameters—the number of particles Nj
per unit length of the beam and the spread in energy, i.e.,
the temperature Tj. On the other hand, the electrons as
a whole move in the L.f. with a velocity V,. Their equili-
brium distribution function depends thus on three
parameters: Ng, Tg, and Vo.

3. RELATIVISTIC BEAM IN THE CLASSICAL
PERFECT GAS APPROXIMATION

In the classical perfect gas approximation the ion
equilibrium distribution function has the form

fi=A;exp{—[p*2m:+U:(r)1/T}},

A. is a normalization constant, and Uj(r) the potential
of the force (2.7) which acts upon an ion. To determine
the form of the electron distribution function in the 1.f.
we change to the frame of reference K’ in which they
are at rest. In the frame K’ the equilibrium distribution
function for the electrons treated as a classical perfect
gas is determined by the total energy E’:

15 E ) =A.exp(—E'/T.).
Belyaev and Budker 93 have shown that the distribu-

tion function is invariant under a Lorentz transformation.
Hence in the L.f.

f=187EY,

where E’ can be expressed through the formulae of the
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Lorentz transformation in terms of E and p. The total
electron energy equals E = €o(P) + Ug(r) and the elec-
tron distribution function has the form

fo=A. exp{—[e.(p) —Vop.+U.(r) I/T.(1—ps") }. 3.1)

In the case of non-relativistic temperatures T¢ and
relativistic velocities V, the distribution function is dif-
ferent from zero only in a small vicinity near the mo-
mentum p = P, for which the index of the exponential is a
minimum, i.e.,

ve(po) =0¢.(p) /9P| p=p=Vs
(Po is the momentum of an electron moving with the
average beam velocity). In the vicinity of p =Po

(P: Do) *

e (p) —Vop:=m.c® (1—po °) " —————(1—po") " (3-2)

If we denote the transverse and longltudmal electron
temperatures in the 1.f. by T = Tg(1 — 832 and T,
=Tg(l - }30)_1/2 and the effective electron mass by
m* = mg(L — 82", we can write the distribution func-
tion (3.1) in the form

Mmec® _ (p—po)®  put2m+U.(r) )
1, 2m'T, T, )

fe=A.exp { -

The normalization constants A; and Ag are connected
with the number of particles per unit length of the beam
through the relations (d-rp =d%)

No.=2nv.exp{—m.c*/T.} (2am") ”':T,,"'TJ_AC, V= j rexp{—U.(r)/T }dr,
0

No=2av,(2am,T)) 4, \‘.-:jrexp(—[’i(r')/T;}d/‘.

After performing the integration in (2.8) we find

n.(r)y=(N/2nv.)exp{—U.(r)/T .}, (3,3)

ni(r)=(Nd2nv)exp{—U:(r)/T:}. (3.4)

As should be the case, the electron and ion equili-
brium densities are connected with the potentials of the
forces acting upon them through the Boltzmann factor.
Substituting the values of ng(r) and nj(r) into the integrals
in (2.6) and (2.7) we are led to the equations determining
the potentials Ue and Uj:

AL 2Ny )
) , . (3.5)
2 gy [ exp{ - L0}
T _dU;ir) = gf\l J:r’ e.\'p{ — ——q—;f:)—}d - g‘- j:r’ e.\'p{ —E'—%’)—}dr"
‘ ’ (3.6)

Solely for the sake of the greatest simplicity we shall
in what follows assume the electrons to be ultrarelativis-
tic (Bo — 1) and neglect the last term in (3.5) which takes
into account the incomplete compensation of the electro-
static repulsion by the magnetic attraction of the elec-
trons. We change to dimensionless functions
Ye = Ue /T, ¥i = Ui/Tj and introduce the notation

K,=e*N/T,, K.=e'N./T:, Ks=e'NJ/T.. 3.7)

After differentiation the equations for ¢, a = e, i, take
the form

1d dp

e (3.8)
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1 d

S 2K 2K

r dr dr Ve Vg

(3.9)

where

-
\‘u=I re=V=" dr,

0

a=i,e

are normalization integrals.

The parameters (3.7) have an intuitive physical mean-
ing. For instance, K, is the ratio of the energy of the
collective interaction of an electron with all ions to its
temperature.

Equations (3.8) and (3.9) are scale and gauge invariant
and at the same time the total number of electrons and
ions per unit length of the beam are fixed. We are inter-
ested in their solution which satisfies the condition that
the total number of particles Nj and Ng is finite. Far
from the beam axis, as r — « the electron and ion
densities, i.e., the right-hand sides of Eqs. (3.8) and
(3.9) must decrease sufficiently fast. We can write Egs.
(3.5) and (3.6) after integration in integral form:

Y (r)= ——jln—e““’ r’dr’,

,
2K, r .

jln — e Ve dr’
Ve r

Yi(r) = —

_ 2k ‘[ln L e~ dr’

Vi " r

If the normalization integrals v , exist, they cancel as
r — o, and the potentials increase logarithmically:

Y (r)y=2K,Inr, :(r)=2(K.—K;) Inr,

r—-oo,

(3.10)

The particle concentrations then decrease as powers:

n.(r) ~e=¥e(r ~p=2K, ny(r) ~e~ ¥ ~p=2(KemKs)

In order that the normalization integrals converge as
r — «, it is therefore necessary that the following in-
equalities hold:

K>1, K—K>1, ie., eN>T., e(N-N)>T, (3.11)

The equilibrium configurations of relativistic beams with
a given finite number of particles can thus exist only
when the energy of the collective containment of the
electrons and the ions is larger than their temperatures.

Equations (3.8) and (3.9) enable us to find a first in-
tegral
* o ody, dips 2K, ., 2K .\
-2)+ (g2 (r 717‘2) AT Ser)
(3.12)

K [ dy.
2K, ( dr

The integration constant C is determined by the be-
havior of the potentials ¥ and ¢; as r — 0. In the class
of potentials which are finite as r — 0, rd¥¢ a/clr —0as
r — 0, and C = 2K3/K; + 4. Substituting the value of C
into (3.12), letting r tend to infinity, and noting that under
the conditions (3.11) the term containing the normaliza-
tion integrals tends to zero, we get the relation”

K. K,+2(K,+K.—K,K.) =0, (3.13)

which is the necessary condition in order that solutions
exist which are finite as r — 0. The meaning of Eq.
(3.13) consists in the fact that equilibrium solutions do
not exist for all relations between the electron and ion
concentrations and their temperatures, but only for those
when the energy of the collective interaction between the
particles, compressing the beam, exactly compensates
the thermal energy spread of the particles in the trans-
verse direction. Together with the requirement that the
number of particles be finite the limitation (3.13) is even
further strengthened by the inequalities (3.11) and the
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physical condition K; > 0. We are thus led to the con-
clusion that equilibrium relativistic beams which are
uniform in z and ¢ with a finite particle density do not
exist with arbitrarily a priori given electron and ion
numbers and their temperatures. Such beams are possi-
ble only for peculiar cases when conditions (3.11) and
(3.13) are satisfied. An example of a solution which is
peculiar in that sense is the Bennett distribution

Yo (r) =2In [1+ (r/r;) *]+const, a=i, e,

which corresponds to the parameter values K; = Kz — K3
= 3, which—as one can easily check~—satisfy condition
(3.13); rois an arbitrary scale parameter.

Do stationary configurations of relativistic beams
exist for arbitrary values of K, K., and K; (of course,
satisfying conditions (3.11))? It turns out that such con-
figurations exist, if we drop the requirement that the
potentials @ o and the densities n , are finite at r = 0, Let

dp,

lim r—— = 2},
reqo  dr

a=i, e.

The particle densities as r — + = have an integrable
singularity, if 0 < a, <1, @ =1, e. The integration con-
stant C in (3.12) equals in that case

K,
=2 (20.—2)*+4(A—1) (Mi—1).
c ‘ 2K,( ) )

Substituting this value of C into (3.12) and letting r — =
we get instead of the earlier relation (3.13) between the
constants K;, Kz, and K3 the following equation:

'g% [(E—=1)"= (Re—1)*]+ (K —1) (K:—K:—1) — (he—1) (:—1)=0.(3.14)

When Ay = Ag = 0 Eq. (3.14) is the same as (3.13). Rela-
tion (3.14) and with it the balance between the energy of
the collective compression of the beam and the energy
of the thermal spread of the particles can be satisfied
for a wide range of variation in the parameters K,, K,
and K; by suitably choosing the quantities A; and A,.

We integrate Eqs. (3.8) and (3.9) from r; to r and then
let ry — 0 and let r tend to infinity, Writing

Vo= lim Ie“'a"’rdr, a=lie,

140 i
we find the potentials ¥; and zpe for large r in the form

Ve

o2 (htK ), w2 (MK K, )i, re. (3.15)
i Ve

Vi

When A, # 0 Egs. (3.15) and (3.10) do not contradict one
another and are the same provided®

. - .
MK =K, MK — Kt = K—K,,
Vi Ve Vi
whence
vilvi=1—=A/K,, V/ve=1—(KAt+K;sr:)/K,K..

The number of particles in the region r > 0 is thus
smaller than the total number of particles given earlier
by us. Physically this means that when 0 < a , < 1 there
exist stationary equilibrium beam configurations such
that only a fraction (¥, /v ) of the particles are in the
region r > 0, while the remaining fraction (1 — ’Nja /Va)
of the particles is condensed at r = 0. We emphasize that
in this situation the differential Egs. (3.8) and (3.9) have
a sense only in the range r > 0, while Egs. (3.5) and
(3.6) describe the beam for all r, that is, also for r = 0.

An example of such a configuration is the so-called
"generalized Bennett distribution":(??
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Yo (r) =2Inr[ (+/r,) "+ (rs/r)"] +const,

a=i, e,

which oceurs when K, =K; —K; =1 + 5, where 5 can be
chosen arbitrarily within the range (0, 1). In that case
Ae = Aj =1— 1. There is a fraction (1 —75)/(1 + n) of
the particles in the state which is condensed at r = 0
while the remaining fraction 277/(1 + ) is in the region

r > 0. The difficulties connected with the shortage of
particles in the region r > 0 in the ""generalized Bennett
distribution™ have in the literature [* 57 been interpreted
as due to the fact that it is inadequate to pose the prob-
lem of a relativistic beam free of external fields. The
insufficient current and charge at r = 0 must not be con-
sidered to be imposed from outside (as would be the case
in the problem of a beam around a thin wire) but as being
part of the beam itself. The condensation of an apprec-
iable current and charge (i.e., of electrons and ions) on
the beam axis is the result of its self-compression
(pinch effect) when the energy of the collective interac-
tion is not compensated by the energy of the thermal
spread of the particles.

In the present section we considered the electrons
and ions in the beam in the classical perfect gas approxi-
mation. However, when the particle density tends to
infinity this approximation loses its meaning, and the
more so as in the condensed state with an infinite den-
sity there is, generally speaking, an appreciable fraction
of the total number of particles. The classical equations
are applicable only for a description of the ""external,"
non-condensed electrons and ions. Of course, we cannot
use them to find the size of the condensation region,
which in the classical perfect gas approximation van-
ishes.

4, STRUCTURE OF RELATIVISTIC BEAMS WHEN
ELECTRON DEGENERACY IS TAKEN INTO
ACCOUNT

When the densities of the particles interacting through
the Coulomb forces n,, a =1i, e, increase the electrons
and ions cease to be perfect gases (in the frame of
reference comoving with the particles) when

nu’;na imperf = (Ta/e*)?

(see [*J, Sec. 75), while for densities

Ra~ Ny deg == (maTo/F°) "
they become degenerate ([83, Sec. 56). From these re-
lations it follows that if the electron temperature is
sufficiently large, T, > E, (E, = mge"/h* = 27.2 eV is
the unit of atomic energy), ng deg < ng imperf and with
increasing concentration the electrons become degener-
ate, while still remaining a perfect gas. This fact en-
ables us to make a detailed study of the structure of a
relativistic beam in the region where there is condensa-
tion of charge and current. In view of the fact that the ion
mass is appreciably larger than the electron mass, we
can neglect the ion degeneracy.

The equilibrium distribution function of the electrons
in the beam has in the 1.f. in quantum statistics the form

fe={1+explat(e.(p) —Vop.+Uc(r)) /T {1—B*) “1} 4.1)
while the volume element in momentum space equals
dry = 2d°p /(27h)°. The scalar a in (4.1) plays the role of
a normalization constant (Ag in the classical statistics)
and is connected with the number of particles Ng per unit
length of the beam as follows:

Ne=2n j rdr~(5%)—3 j' fodp.
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As in classical statistics we use the expansion (3.2).

For non-relativistic temperatures as before the main
contribution to the integrals (2.8) comes from the im-
mediate vicinity near the minimum of the index of the
exponential.> We introduce a dimensionless potential for
the forces acting on the electron:

¥ (r) =at+m.c*/T.A+U.(r)/T ..

After changing the integration variable,
z=(p.—po)*/2m'T,+p.*2m’T ,,

we find an expression for the electron density:

8num'T, (Zm‘T,,)"’} z"dzx
(2nh)* J 1+exp{z+i.(r)} ’

n.(r)=

If we take the quantum statistics of the electrons into ac-
count Eq. (3.9) becomes

2" dx 2K,

—r— = ¥

ro* J I+exp{zty.(r)} T (4'2)

where we have denoted the factor in front of the integral,
which has the dimensions of cm™, by 1/r3. Expressed in
terms of atomic constants

ry =———

n I(Ea)‘“T
—q? { —
T, T

4¥2

-3,

a= lﬁz/mee2 is the Bohr radius. As the integral in (4.2)
can not be evaluated analytically, we cannot, as in class-
ical statistics, write down Eq. (4.2) in such a way that it
already contains information about the a priori fixed
number of electrons Ng. ¢ (r) must therefore addition-
ally satisfy the normalization condition

zdz
__J J. t+exp{z+y.(r)} (4-3)
Equation (4.2) together with (4.3) go over into the class-
ical Eq. (3.9) when ¢4 (r) is positive and large for all
r = 0. In the opposite limiting case when §4(0) has a
large absolute magnitude, but is negative, the electrons
close to the beam axis are strongly degenerate. In con-
trast to (3.9) Eq. (4.2) is not scale invariant. This means
that the transverse dimension of the beam is of the order

) (F)

i.e., of the order of atomic dimensions when the com -
bination of dimensionless parameters is of the order of
unity. The transverse size of the beam is determined by
the balance between the energy of the collective com-
pression and the energy of the electron Fermi interac-
tion. The size of the beam is thus determined by the
quantum properties of the electrons and, hence, can not
be obtained in the framework of the classical equations.

ry=0.394-10-* ( “ [em],

Introducing the dimensionless coordinate ¢ = r/r, and
the function w ,(£) = ¥ ,(rol), @ =1, e, we can write the
equations which determine the beam structure, when we
take electron degeneracy into account, in the form

2K,

TaEtE .4

Lddw j:-————— stdz 2K, (4.5)
tdt”dg 1+exp{ztw.(t)} v

2K —I(;dt j———x%dx 4.6

T ealre. @Y ®9

where v = f gexp(—wij(¢))d¢. The same considerations
1]
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as for the classical Egs. (3.5) and (3.6) show that the
inequalities (3.11), which are the necessary conditions
for the self-containment of a relativistic beam with a
finite number of particles, follow from Eqgs. (4.4) to
(4.6).

The Fermi repulsion of the electrons prevents the
beam from compressing itself to zero size so that the
electron and ion concentrations, and also the potentials
wj and we are finite as { — 0. The potential of the forces
acting on the ions, wj, is determined apart from an arbi-
trary additive constant so that we can put w;(0) = 0. The
value of the potential wg(0) = wodetermines the degree
of degeneracy of the electrons and is uniquely determined
by giving the parameters K;, K,, and K;, i.e., by giving
the number of electrons, Ng, of ions, Nj, and their tem-
peratures Tg and T;. The expansion of the potentials
W;i(£) and wo (&) —wonear ¢ = 0 can be seen from Egs.
(4.4) and (4.5) to start with terms quadratic in ¢. The
boundary conditions for Eqs. (4.4) and (4.5) thus have the
form

wi=w;=w,=0, w.~w, when t=0.

Giving as parameters K;, K3, and w, we can after inte-
grating Eqs. (4.4) and (4.5) and using the normalization
condition (4.6) find the value of the parameter K. which
corresponds to a given value of wo.

It is convenient to perform the numerical integration
of Eqs. (4.4) and (4.5) by giving instead of the three con-
stants K,, K, and K; three other constants: wo, «,
=K, /v, and k. = K3 /v, and after the solution determine
to which K;, K., and K3 the solution we have found corre-
sponds. In accordance with the inequalities (3.11) we
can not obtain the solutions we need, which satisfy the
conditions that the number of particles is finite and that
the beam is self-contained, for arbitrary a priori given
K, and Kz, which must also be restricted to a certain
region, The value of wo can be given arbitrarily. As an
example we show in Fig. 1 the region of the allowed
values of the parameter « = k, = k, (for the case when
T; = T ) as function of wo. When the degree of degener-
acy increases (wo — — ) the region of the allowed values
of k increases, while when we go over to the region of
classical statistics for the electrons (wo — +) this reg-
ion steeply narrows and in the limit becomes a line
corresponding to the classical relation (3.13). To illus-
trate this we have shown the distribution of the potentials
We and w; and also the electron and ion concentrations
for the parameter values K, = Ks = 2.8, K2 =4 (Wo=—1,
T = T) in Fig. 2, and for the values K; = K; = 1.01,

K =8 (wo=—1, Ty =T)) in Fig. 3.

In the region of large negative w,, i.e., in the region
of strong electron degeneracy, Eqs. (4.4) and (4.5) can
be studied analytically. Using (4.4) we can write Eq.
(4.5) in the form

I(l-l( =1

FIG. 1. The region of allowed values of
the parameter k as function of the degree s
of degeneracy of the electrons; Tj = T|.

0w,
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d_d K, H z"dzx
—dA_CE[ w'.(C)+—K—‘w'(C) ] - :[ 1+exp{ztw.(§)}’
We shall assume that |wo| >> 1, wo, < 0, and that the ion

temperature Ty is much higher than effective transverse
electron temperature T It

1
< (4.7)

To>T, =T, (1—Bot) . (4.8)

Under condition (4.8) K; < K; and we can neglect the
second term in the square brackets in (4.7). As long as
the potential wg(¢) is still negative and has a large abso-
lute magnitude, the integral on the right-hand side of
(4.7) equals 73|wg(¢)[* /2" and the potential w;(¢) satisfies
the equation

1 d _dw 2

b= lw.(5) 1"

4.9
§ dg = dg 3 *.9)

—w. (%) >1.
It is sufficient for us to find the potential wy( £) only in
the region wj(¢) ~ 1 as with increasing w; the ion con-
centration decreases fast. Expanding wg(¢) in (4.9) ina
power series in ¢ and integrating Eq. (4.9) we find

wi(L) =] wo|"T*/6. (4.10)

The potential wi(¢) is of order unity when & ~ [wo| /4
<< 1 so that the remaining terms in the expansion of
we(¢) in powers of ¢ can be neglected when determining
w; (). :

Substituting the value (4.10) for w;(¢) into Eq. (4.4)
and integrating, we find the potential wg(¢):

lwof 2326

v =3|wo[* w, (L) =wo+ 2K, (I—e7)

dz

; P (4.11)
= wo + K1 (€ + In (| wo ['22/6) — Ei (— |y [ 22/6)],

where C = 0.577 ... is Euler’s constant, and Ei(x) the ex-
ponential integral. In the region ¢ ~ |wo|*/* < 1 the
potential w changes by an amount much less than |w| if
K, 2 1 so that our assumptions are justified. In the
limit of small and large ¢ we have

w,(C)—wu=K1|Wu|’/‘CZ/6, C<|w0|_5/'q

we(8) —wo=Ki In(e®|wo|"T/6), T |wo| "

When ¢ increases the ion concentration practically
vanishes even for a relatively small decrease in the

electron concentration. The characteristic size of the
region containing the ions is

(4.12)

"i"‘Tol Wo | _’/‘<Tn,

while the region occupied by the electrons increases
exponentially when |wo| increases with wo, < 0:

re~ro exp (| wo|/2K,) >r,.

In order to connect the degeneracy parameter wo with
the number of electrons Ng, i.e., with the parameter K.

njn(0)
1

0

I\‘IT(IIITI
-
3

-2

FIG. 2. The potentials (a) and the normalized electron and ion
concentrations (b) for K; =K;=2.8;K,=4 (here Ti =T}, wo=—1).
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2k
FIG. 3. The potentials (a) and the normalized electron and ion con-
centrations (b) for K, = K3 =1.01; K, = 8 (where Tj =T, wo = —1).

we substitute the potential (4.11) into the normalization
integral (4.6). The main contribution to the integral
comes from the region £ = 1 > |wo[™/* so that we can
use the asymptotic formula (4.12). As a result of the
integration we get

K. —i /K, (ﬂKtJ)‘hex f L)
T L sna/K \Twol ) PUE,

—c}, —wet (4.13)

1t follows from Eq. (4.13) that when the electron number
N, increases, the degree of degeneracy w, increases
proportional to the logarithm of Ko.

The analytical solution obtained here describes the
quantal structure of a relativistic beam which is con-
densed onto the axis.

In the theory presented here there does not appear a
direct limitation on the limiting currents. The total cur-
rent is in an ultrarelativistic beam equal to I = eNegc,
i.e., it is exclusively determined by the number of elec-
trons per unit length of the beam which can be given
arbitrarily.

The problem of the equilibrium structure of beams
with a narrow spread in energy when Tg < Ep =27.2eV
requires that imperfection is taken into account. This
problem was not considered in our paper and remains
unsolved.
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the Institute of Physical Problems, I. M. Lifshitz, S. P.
Kapitza, L. P. Pitaevskii, and A. F. Andreev for useful
discussions. We are particularly grateful to V. N.
Lyakhovitskii for his extensive help and for studying the
equations.

DWe are grateful to V. N. Lyakhovitskif for drawing our attention to
this relation.

DWhen deriving Eqgs. (3.10) we assumed that the number of particles Ne
was given, but we made no assumptions whatever about the behavior
of the densities ng,a =i.easr—> 0.

31n quantum statistics this approximation is valid for not too strong
a degeneracy of the electron gas. The appropriate condition has the
form Iwol €mec?/Te and is a weak one. The definition and meaning
of w, are given below, after Eq. (4.6).
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