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The behavior of nematic liquid crystals in a rotating magnetic field of arbitrary intensity is investigated 
within the framework of the swarm theory. The two-dimensional model of liquid crystals permits one, at 
least qualitatively, to explain the experimental results. 

PACS numbers: 61.30. 

Investigations of the behavior of nematic liquid crys­
tals in a rotating magnetic field permits a study of their 
magnetic and hydrodynamic properties. 

In Tsvetkov's first works /1 ,2] devoted to the 
magnetohydrodynamic effect, it was observed that 
when the magnetic field is rotated relative to the 
sample the liquid-crystal medium rotates together with 
the field in such a way that the angle between the 
sample optical axis and the direction of the rotating 
magnetic field H remains constant in time. With in­
creasing rotation frequency w, the angle QI increases 
in such a way that the values of sin 2Q1 are proportional 
to w, whereas the summary moment M of the forces 
exerted by the magnetic field on the sample increases 
in direct proportion to w (see the experimental plots 
in Fig. 1). At sufficiently high rotation frequencies, the 
moment of the forces reaches a maximum and then 
decreases with further increase of the frequency. In this 
case the liquid-crystal medium ceases to rotate uni­
formly with the field. 

The theory proposed by Tsvetkov[l] for the effect is 
based on the swarm model, according to which the 
liquid-crystal medium constitutes an aggregate of 
mutually oriented molecules that are gathert;)d into 
rather large group (swarms) by the intermolecular 
interaction. Anisotropic interactions between swarms 
are neglected. The swarms are axially symmetrical 
and are characterized, in particular, by an axially­
symmetrical diamagnetic- susceptibility tensor. A con­
stant magnetic field acting on the liquid-crystal 
sample orients the swarms in space, and in suffici­
ently strong (saturating) magnetic fields the sample 
becomes uniformly oriented. An investigation of the 
behavior of such a uniformly oriented sample in a 
rotating magnetic field, carried out by Tsvetkov /1] has 
shown that the sample can have a rotation that is 
stationary in time only at frequencies w lower 
than a certain critical value 

(1) 

Here v is the volume of the swarm, XII - Xl is the differ­
ence between the principal values of the diamagnetic 
susceptibilities, and h is a friction coefficient and de­
pends on the shape and dimensions of the swarm, and 
also on the viscosity of the medium. The values of 
sin 2Q1 and M are determined in this case by the 
relations 

sin2a="'/"'cr, M=I/2V(XII-Xl.)H'~. (2) 
"'cr 

If w = w cr' then sin 2Q1 and M reach their maximum 
values 
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At w > wcr, the rotation should cease to be uniform 
and, as shown in [3], the time-averaged moment (M) of 
the forces should decrease with increasing rotating­
field frequency like 

(M>=M_/ [~+ V 00
2

2 _ 1). 
(i)cr (Ocr 

(4) 

At sufficiently low rotation frequencies, relations 
(2) previously derived in [1] make it possible to ex­
plain the experimental dependences of sin 2Q1 and M on 
w, but at frequencies corresponding to the maximum 
value of the moment, relations (2) and (3) do not ac­
count for the experimental results (see Fig. 1). 

Up to now, the disparity between theory and ex­
periment was attributed to the dependence of the con­
stants in (2) on the rotation frequency. This, however, 
cannot explain the disordering of the sample at QI < 45°, 
which was observed in [4] and was subsequently fully 
confirmed in [5,6]. The premature violation of the 
homogeneity of the sample can be attributed to the ac­
tion of an unsaturated magnetic field on the liquid­
crystal sample. In an unsaturated magnetic field, the 
ordering of the sample depends on the action of the 
projection of the rotating magnetic field on the swarm 
orientation axis. During the rotation, the angle between 
the swarm axis and the field direction increases, and 
this leads to a decrease of the projection of the mag­
netic field on the optical axis of the swarm and to 
additional disorientation of the sam pIe. 

The purpose of the present study was to investigate 
the behavior of a nematic liquid crystal in rotating 
magnetic fields of arbitrary intensity, within the 
framework of the swarm theory.1) 

For simplicity, we confine the analysis to the model 
of a two-dimensional crystal, in which it is assumed 
that all the optical axes of the swarms of the liquid 
crystal lie in the same plane. The orientation of 
these axes in the sample is characterized by a dis-

sLn2C1t 

FIG. I. Dependence of sin 201 (Fig. a) and of M/Mmax (Fig. b) on 
w/wcr at various values of the parameter A: I, 5) A = I, 2, 6) A = 3; 
3, 7) A = 10; 4, 8) A = 100; 0) experimental data from [4,5]: a) for 
para-azoxyphenetole at H = 3350 Oe; b) for para-azoxyanisole at H 
= 2950 Oe. 
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tribution function W( 0). The function W( 0, t) is given 
by the diffusion equation that describes the rotation of 
the swarm in an external field. In a rotating coordinate 
system tied to the field, the equation takes the form(7) 

aW(S,t) a [ aW(S,t) (M(S) )W( ] (5) -a-'t--=Ji) D--J -S-- -h-+ w S,t) , 

Here M( 0) " - 1/2v(XII - Xl )H2 sin 20 is the moment of the 
forces exerted on the swarm by the rotating magnetic 
field, h is a friction coefficient and depends on the shape 
and dimensions of the swarm and on the viscosity of the 
medium, w is the magnetic-field rotation frequency, 
and D is the coefficient of rotational diffusion of the 
swarm. 

Assuming the existence of a stationary distribution 
function W(O) and taking its periodicity into account, we 
find that 

W(o)=C,exP(-f(S)){ (e-"CA_1) [Sexp(J(S))d8] -', 
, 

x j expU(t) )<11+ 1 }, 

(6) 

o 

where 
I(S) =2A (sin' O-CS), C=w/~AD. 

A='/.H'v (z.,-z,,-)lDh, 

and the constant C1 is determined from the normalization 
condition 

" 
SW(O)d8 = 1. 
o 

It follows from (1) that C" w/wcr ' 

Expression (6) is the sought solution of the problem. 
The mean value of the moment of the forces exerted 
in this case by the magnetic field on the swarm is given 
by 

" 
<M>= S :If(O)W(O)d8 (7) 

and can be obtained with the aid of expression (6) for the 
function W( 0). 

We begin the analysis of the solution (6) with the case 
of saturating magnetic fields, corresponding to A - 00. 
Asymptotic estimates of the function W( 0), obtained by 
the Laplace method as A - 00 and at C :s; 1, lead to the 
form w(e) " 0(0 - a), where a " (l/2)sin-1 C. This solu­
tion, as expected, agrees fully with the earlier results[l) 
and with those represented by relation (2). At A - 00 and 
C > 1 we have W(O) " C ,C/(sin20 + C), which yields for 
(M), by virtue of (7), the expression (4) that follows from 
the theories proposed in [1,3). 

At finite values of the parameter A, the orientation 
of the swarms differs significantly from that predicted 
by the theory[l) (see Fig. 2). It is seen from the figure 
that in this range of fields, as w/wcr increases from 
zero to unity, the value of the angle a corresponding to 
the maximally probable swarm orientation differs 
more and more from the values of the angle a given 
by (2). This is accompanied by an additional broaden­
ing of the distribution function W( 0). This behavior of 
the function W(O) agrees qualitatively with the sample 
disorientation process observed in the experiment of [4). 

For a comparison with the experimental results, we 
have analyzed here the dependence of sin 2a on w/wcr at 
various values of the parameter A (see Fig. 1a). It is 
seen from Fig. 1a that when the parameter A changes 
from zero to ten the plot of sin2a against w/wcr differs 
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FIG. 2. Distribution function of the optical axes of the swarms 
relative to the direction of the magnetic field W(e) at C .;;; 1 (Fig. a) and 
C> I (Fig. b): at A" 10 (solid line) and as A -> 00 (dashed line). In 
Fig. a, curves I and I' pertain to C = 0, 2 and 2' to C = 0.2, 3 and 3' to 
C = 0.4 and 4 and 4' to C = 0.8; in Fig. b the curves pertain to C = 2. 
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FIG. 3. Plots of wo/wo (H -> 00) (Fig. a) and of MalMo (H -> 00) (Fig. 
b) against A; o-experimental plots from [5) for para-azoxyanisole, with 
H changing from 2350 to 4100 Oe. 

from the plot of relation (2), but it practically coincides 
with the latter when A is on the order of 100 (the dashed 
line shows that Elot of sin 2a vs. w/wcr which follows 
from the theory 1)). At the same time, agreement with 
the data of [4) is observed already at A = 10. 

A similar regularity is observed also, for the sum­
mary moment calculated with the aid of (7). Here the 
M(w) curves, just as in the experiments [1,5), are bell­
shaped (Fig. 1b). The proximity M(w) to its limiting 
value can be characterized by the ratios of Mo and of 
the corresponding value of Wo at a given field H to their 
maximum values Mo(H - 00) and wo(H - 00) at a value of 
H corresponding to saturation (Fig. 3). It is seen 
from Fig. 3 that the experimental values of Mo/Mo(H-OO) 
and wo/wo(H - 00) obtained from the data of (5) are in­
deed smaller than unity, as follows from the present 
theory. However, whereas the theory calls for these 
ratios to tend to unity with increasing H, this tendency 
is not observed under the experimental conditions. The 
discrepancy can be explained by assuming that in this 
case other factors, particularly perhaps also those 
noted in [1), playa role in this case in addition to the 
effect of incomplete saturation. In the experiments 
analyzed above they used magnetic fields of intensity 
from 1700 to 4650 Oe. These fields are usually re­
garded as strongly saturating. [8-10) An increased role 
of the incomplete saturation should be observed in 
weaker fields. 

To obtain more accurate quantitative estimates 
we must consider a three-dimensional model of the 
liquid crystal. The two-dimensional model proposed in 
this paper allows us to describe the behavior of a 
three-dimensional liquid crystal if the swarms are suf­
ficiently long cylinders with their long axes perpen­
dicular to the plane of rotation of the magnetic field. 
Tsvetkov[l) has shown that at sufficiently low rotation 
frequencies w the swarms can be regarded as spheri­
cal, and at frequencies close to wcr they should assume 
a cylindrical shape, so that at critical frequencies 
our theory can be regarded as more appropriate for the 
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experimental situation; this is all the more so, since at 
large rotation frequencies of the magnetic field the two­
dimensional model explains the uniform distribution, 
observed in [6 J, of the swarm orientation in the plane 
of the magnetic field. 

The authors are sincerely grateful to N. N. Korst 
for a number of useful discussions and for interest in the 
work. 

I)This model does not make it possible to investigate the spatial struc­
ture of a liquid-crystal sample, which was investigated in [11] for the 
case of a rotating magnetic field within the framework of the continual 
theory. 
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