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The effect of a static deformation of the helium surface on the localization energy of surface electrons
forming a two-dimensional Wigner crystal is investigated. It is shown that the action of an alternating
electric field, normal to the helium surface, on the periodic electron lattice leads to the excitation of
standing capillary waves. For certain frequencies, uniquely related to the lattice constant, this excitation has
a resonance character. The shape of the resonance lines is calculated in different temperature intervals. It is
noted that mechanical action on the helium surface can lead to resonant excitation of standing waves of

surface second sound.

PACS numbers: 73.20.C

INTRODUCTION

One of the interesting phenomena that may occur
when free electrons are localized on the surface of
helium is the formation by the electrons of a periodic
structure, known, in problems with Coulomb interaction,
as a Wigner crystal. The situation with surface electrons
is not entirely standard, since we are concerned with a
system of particles of like charge, whereas, in its usual
formulation, the problem of the formation of a Wigner
crystal requires the presence of a compensating back-
ground. The way out of this situation was found by
Crandall and Williams ), who suggested using metallic
plates positioned close to the charged surface of the
helium and parallel to it, in order to neutralize the gas
of surface electrons, i.e., to obtain as a result a uniform
electron density over the helium surface. The uniformity
of the mean electron density over the helium surface in
this case is a consequence of the uniformity of the fields
and surface charges in systems of the plane-parallel
capacitor type. The corresponding experiments ] con-
firm the possibility of producing a uniformly charged
helium surface, and this is a reliable base for further
theoretical work on the problem of the crystallization of
the surface electrons.

By now, a number of concrete results have been ob-
tained in the theory of two-dimensional electron crystals
on a helium surface: the ""melting'" temperature has
been estimated and under certain conditions, by the
estimates of Crandall and Williams Ez], reaches values
Tm ~ 1 K; the collective modes of the Wigner crystal
and the magnitude of the mean-s%uare displacements
have been calculated (Crandall s ), and different aspects
of the problem of the stability of a charged surface have
been investigated (Gor’kov and Chernikoval%!).

It must be noted that the possibility of a deformation
of the helium surface in the vicinity of a localized elec-
tron has not been taken into account in any of the papers
mentioned. Moreover, such a deformation should occur,
and in sufficiently strong clamping fields E | and for not
very high concentrations of surface electrons, its pres-
ence substantially affects the localization energy of the
electrons in the lattice. In the limit in which the elec-
tron concentration tends to zero the deformation mechan-
ism of electron localization, as shown in a paper by the
authors [5], becomes the main mechanism. In this case,
the total energy W associated with the formation of the
complex (electron plus deformation of the helium sur-
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face) and the electron localization length L are deter-
mined by the following relations:
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where « is the capillary constant of helium, p and a are
the density and surface tension of helium, and g is the
acceleration due to gravity. According to (1), the forma-
tion of bound complexes is energetically favorable under
the conditions kL. < 1. The capillary length «™ appears
in (1) because of the fact that, in the one-particle prob-
lem, the perturbation of the shape of the helium surface
induced by the pressure of a localized electron on the
surface vanishes only at distances greater than the
capillary length k™%,

We shall assume now that the density ng of surface
electrons is finite, and r} = ng' < « °. In these condi-
tions it is natural to expect that the role of the cutoff
factor at large distances in the problem of the deforma-
tion of the helium surface by a localized electron will be
played by the length rg. The gain in energy as a result
of localization of an electron in the region of the self-
consistent deformation of the helium surface should then
be of the order of

, (eE.)? Ty
W= In

4aa L
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It is worth stressing that the condition

r/L>1, (2)

ensuring the efficacy of the deformation mechanism of
localization of the surface electrons, coincides with one
of the conditions necessary for the existence of a Wigner
crystal in general. For this reason, allowance for the
deformation of the helium surface is evidently an in-
tegral part of the theory of a Wigner crystal of surface
electrons in helium.

In the present work calculations are performed of the
deformational localization of surface electrons forming
a two-dimensional periodic lattice, in an external elec-
tric field E,|. The basic purpose of these calculations is
to generalize the results of 5J to the case of a finite
density of surface electrons. In addition, the question of
the resonant excitation of capillary waves in liquid hel-
ium by the periodic lattice of surface electrons is inves-
tigated in detail in the paper. The discovery of such
resonances, the existence of which was predicted by one
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of the authors [} and can occur only in the presence of
well-defined periodicity in the distribution of the elec-
trons over the surface, will serve as a direct proof of

the onset of crystallization of the surface-electron gas.

SELF-CONSISTENT CALCULATION OF THE
LOCALIZATION ENERGY OF SURFACE ELECTRONS
IN APERIODIC LATTICE

The surface electrons, being in a strong clamping
electric field E |, exert a pressure pg)(r) = eE n(r) on
the helium surface. Here, e is the electron charge and
n(r) is the surface density of the electrons, which is a
function of the two-dimensional position vector r. There-
fore, the deviation £ (r) of the shape of the surface from
that of a plane will be determined by an equilibrium
equation of the following form:

aAi=cE_[n(r)—n,], 3)

where ng is the mean surface density of the electrons.

Let the surface electrons form a two-dimensional
periodic lattice. In this case, their density n(r) can be
expanded in a series in the reciprocal-lattice vectors:

n(r)= E 1qe'"",

1 .
ne=-o j.n (r)e='ar d?r. (4)
Here q are the vectors of the two-dimensional reciprocal
lattice and S is the area of the helium surface occupied
by the electrons. When (4) is taken into account, the
solution of Eq. (3) is written as:

i_z LI
% q*

qw0

Hn=— (3a)
If the electron density is chosen in the form n(r)
= 216 (r —1), where 1 is the position vector of a lattice
site, then ny = Sg* (S, is the area of a unit cell) and,
consequently, the series (3a) will diverge logarithmically
at r = 1. This divergence is easily removed if we take
into account that an electron at a lattice site is slightly
smeared-out. Regarding an individual electron at a site
as a two-dimensional oscillator, we can write the density
of electrons in the crystal in the following form:

1 [1—r}?
nn =X e (=),

where L is the characteristic electron localization
length, which will be determined self-consistently below.
It is legitimate to use the approximation (5) so long as
the condition L < a is fulfilled (a is the lattice constant).

©)

On the basis of (5) we find an expression for ng:

na=S8,"'exp (—¢°L*/4), (5a)

which must be substituted into (3a). The sums over q
appearing in (3a) will be calculated for a square lattice,
since in this case the calculations are considerably
simplified. It is clear, however, that the specific choice
of the type of lattice cannot have a strong effect on the
character of the solution of the electron part of the prob-
lem near the sites.

Proceeding to the concrete calculations, we shall find
the displacement of the helium surface near a certain
site 1. To this end, putting r =1 +u and u K a, we ex-
pand the exponential in the right-hand side of the expres-
sion (3a) in a series in u to order u®. As a result, with

from (5a) taken into account, the solution £ (r) takes
the form
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where 6 = 7L/a < 1, and n and m run over integer values
from — o« to «. Calculating the resulting sums over n and
m by means of Poisson’s formula, we can bring the ex-
pression (6) to the following form:

13 (l-I-u) ~E(l) teE u*/snal?,

2 {fu-sr e 227)

(6a)

where &(x) is the error function. Taking into account
that as x — 0 the function &(x) — 0, we have, with logar-
ithmic accuracy,

j[1 q)(x)]—zlni—

for 6§ << 1. Therefore, the maximum depression of the
helium surface for a > L is approximately equal to
eE, a

In—. (6b)

E~ - 2 L

The potential energy of an electron above the de-
formed surface is determined by the equality tsd

U:(r)=eE §(r).

Therefore, when we take into account (6a), (6b) and the
expression obtained in*] for the potential energy Ug of
one electron in the field of the others, the total potential
energy of the electron near the lattice-site 1 will look
like:

U (1) =U, (-+u) +U, (1+u) =eE, & (1) +U. (1) -+ [ (E*)
(7

with £ (1) given by (6b).

According to (7), the wave equation for an electron at
a given lattice site has, in the region of small quantum
numbers, an oscillatory form, and this justifies the
choice of the expression (5) for the electron density.
The quantity L appearing in the definition (5) of n(r)
should be found from the solution of an oscillatory equa-
tion with a potential energy (7) that depends, in turn, on
L. As a result, there arises a quadratic equation for L3
of which the solution is

L=l =+ (L= L)

®
where

Li=2nh'a/m(eE)?, L.'=h*a’/5.4me*, .

and m is the free-electron mass. We note that L, coin-
cides with the characteristic surface-anion localization
length obtained in'®J, The quantity L, is the characteris-
tic length of the region in which the wavefunction of an
electron at a lattice site is smeared out in the absence
of depressions in the helium surface. Estimates show
that for E; ~ 10 esuand a ~ 10 * cm, the two lengths L,
and L are of the same order. In stronger fields E, or
for large a, the characteristic electron localization
length L will coincide with L,. For smaller E | or a, the
quantity L = L.

As noted in the Introduction, the presence of depres-
sions inthe surface leads to a certain gain in energy. In
fact, the difference between the total energies of a sys-
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tem of localized electrons above a deformed surface
and above a planar surface is equal to

AW=eE, [§(n(e)dr+3-[ (V9 dreN (L1, (9)

where N is the total number of electrons. Substituting
n(r) from (5) and £ (r) from (6) into (9), we find, after
calculations analogous to (6) and (6a),

( eEL) Lol

{j[i o)1+ 2

Here §’' = \/2—nL/a and L is given by (8). In the case
6’ < 1, the same arguments as in the analysis of (6a)
enable us to write, with logarithmic accuracy,

(eE,)? n _a
4nie L’

In wrltmg the formula (11) we have neglected the differ-

ence Ni*(L™? — Lz%)/m, inasmuch as it is at least logar-

ithmically small compared with the term retained.

h:

AW=— ( L—L,"%),

} +N (10)

AW=~—N

(11)

The result (10), (11) quantitatively characterizes the
energy gain AW due to the self-consistent surface-
deformation accompanying the crystallization of the
electrons. The fact that this result is obtained confirms
the correctness of the estimate (1a) cited in the Intro-
duction.

To end the discussion of the conditions facilitating
localization of the electrons, it must be noted that it is
possible to use a magnetic field H normal to the helium
surface for this purpose. In conditions when the magnetic
length Ly = (2hic/eH)"? of the electron becomes compar-
able with L from (8), the magnetic field begins to effec-
tively increase the ratio a/L > 1, and this favors
localization of the electrons. Quantitatively, the presence
of a magnetic field only changes the definition of the
parameter L:

L=='/,L,;=*+ (/ Ly *+ L, +Ly~*) "
RESONANT EXCITATION OF STANDING SURFACE
WAVES BY A PERIODIC SYSTEM OF CHARGES ON
A HELIUM SURFACE

It was shown earlier [®) that the existence of a periodic
lattice of electrons on a free helium surface can be used
for the resonant excitation of capillary waves of com-
paratively short wavelength. Below we carry out a de-
tailed calculation of the shape of the resonance lines in
two limiting cases. In the first of these we shall assume
that the temperature is not too low, in order that we can
make use of volume two-fluid hydrodynamics. In the
second case the temperature is assumed to be so low
that the dissipative phenomena describable by the sur-
face hydrodynamics of Andreev and Kompaneets ["J begin
to play the main role in the estimate of the width of the
resonance lines.

At the end of this section, estimates of the effect of
the thermal motion of the localized electrons on the line-
shapes are given.

A. Case of Volume Hydrodynamics

The linearized equations of two-fluid volume hydro-
dynamics with neglect of the compressibility have the
following form [®]

Ap=0, divv,=0,

(12)

p'=ptp.0¢/dt,
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where ¢ is the hydrodynamic potential of the superfluid
flow of the liquid; v, is the velocity of the normal flow;
pg and p, are the superfluid and normal helium densi-
ties; p is the pressure of the liquid; 7 is the helium
viscosity coefficient.

Let an alternating electric field E Le_lwt, normal to
the helium surface, be switched on in addition to the
constant clamping field E . In the presence of this per-
turbation the boundary conditions at the liquid surface
will have the following form:

V=0, =0%/0t,

OV, OUny 7.
U= ( o T > =0, G:xzn(
y  Jz

13)

Ve
=),
vz 9z

OVn: )
0.,=—p+27 Pl alAg+eE e~ (n—n,),

where o), are the components of the viscous-stress
tensor, £ is the deviation of the shape of the surface
from the equilibrium shape, and the z axis is directed
perpendicular to the liquid boundary, such that z < 0
corresponds to the liquid phase and r = (x, y).

Taking into account the explicit form of n(r) from (4),
we shall seek the solution of the problem under consid-
eration in the form

:(r) Z, Eq eitar-ut,
p (‘. z)_zp eqz+ (gr— ml)

va(r2)= " Liafy ) +wq (z) Je o=,

¢(r,z)= v PaetHiiar—ut

(14)

where K is the unit vector along the z axis. Substituting
formulas (14) into Eq. (12), solving the resulting system
of ordinary differential equations and satisfying the
boundary conditions (13) gives the following results:

_ eE_,_ iong _
Pq o Aq ) Eq o Pq,
P =—n(g*+Ae*) @, M=}';M —idaq,
o_[¢ T4 0pa\ "1 __ @pa
Ae —{2_T[4 +( 21])] } ! iiqﬁ?.}»‘q’”n
Avmo'—otho g — TP Loy,
' O V) R T
(15)
. @ Nt (e )43
Wy =—4q Yq=2»—q - —
0 0 ('.“‘ ") 3¢
ap, ("’ql— e er 2qt
We(2)=g— | ——— ———— LV,
«(2) Mg\ g—Aq g-+Aq g .}
B (A g o)
z) = — o eqhge 9 |,
fa(@) 2nghg . g —1q T
2¢* qthq
Co = _
T(gTh) (@A) @A
p=p:tpn g=lql.

Having the solution (14), (15) at our disposal, we shall
compute the amount of energy dissipated per unit time;
for this, we make use of the well-known definition [*;

& dva’ ds+'2j [v,.xm,.]ndS}. (16)
n -

_'dT="{ Jorav-{

Here w, = curl v, and n is the unit vector of the normal
to the helium surface, directed into the liquid.

Taking formulas (14) and (15) into account, we can
obtain for the components of w/, the following expres-
sions:
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Dnx= E i9,Qq(2) €970,
4

®n:=0,

Wpy=— Z iquq (Z) eitar—ob
q

Qq(2) =2q@q exp (Aqz).

Calculating d#/dt (16) with allowance for the concrete
form of the expressions for Vi and w, obtained above,
and averaging the result over the time, we obtain

B s (L) o | [
P

|

L) vy
(Fa' )*—q*+Bq* q] a7

(o Ee 2

It follows from formulas (15) and (17) that Pq and
d #/dt contain a resonance denominator Aq- For w — wq

where q is one of the reciprocal-lattice vectors, the
amplitude of the surface vibrations and the mean energy
dissipated per unit time become resonantly large, if

<K w,.
Yq ™ “q

Thus, the position of the resonance frequencies is de-
termined by the condition
(18)

O=0q.
For a square lattice this condition can be written out in
the form [°

2
o’ = z ( i ) (n*+m?)"s,
p \a

where n and m are integers. If we are dealing with a
triangular lattice, then

(18a)

(18b)

4ot \?
»? ‘—( ) (r*+m*+nm)":
p ‘a¥3

The smearing-out of the resonances is proportional
to yq. In the limit p, > 2nq*/w,

Ya=2ng*/p. (18¢c)
In the opposite limiting case p, < 219w, we have
Ta~ng*/p. (18d)

Thus, with increasing |q| the linewidth grows like q?

B. Case of Surface Hydrodynamics

According to Andreev and Kompaneets [, at suffi-
ciently low temperatures the influence of the "volume"
normal component on the surface phenomena can be
neglected and we can assume that there is only a sur-
face normal density, due to the capillary waves and sur-
face impurity excitations. The boundary conditions for
the equation

Ag=0

(¢ is the hydrodynamic potential of the superfluid flow)
are, in the case under consideration, a system of sur-
face hydrodynamic equations (7], After linearization,
these equations can be written as:

. 3 0 Ung 0%y
V= (U= Vss) = =—— — 15 — & — =0,
at oz, Jzy vy Ozy 0y
7]
7L‘,”)7Q)L,,‘p—§, a\e+p=eE.e ' (n—n,), (19)
P
o Jv, ov vy,
—t =, — v ——t =,
ot Jdxy at (91;,

where v, is the velocity of the normal surface flow;

Vg = Vg; vy is the normal surface density; ng and ¢g
are the first and second surface-viscosity coefficients;

v and o are the impurity mass and entropy per unit area
of the surface; the indices B, y take the values x and y;
summation over repeated indices is assumed. A term
associated with the electron pressure on the helium sur-
face has been added to the third equation in (19).
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By analogy with case A, we shall seek the solution of
(19) in the following form:

Unp= 2 igpfee’ .
- .
The functions ¢ and £ have the same structure as in

(14). Substituting these expressions into (19) and elim-
inating the nonequilibrium corrections to o and v, we

obtain
Wizo I
fq{1 — Z +i = }*‘qu’()y
. [0}

’V.\q

a—tpa)s

[0
Gt =
mf'g,,'fimpq.‘ﬂol LR,
q
t= (),
2v

where U is the velocity of the surface sound and y. is its
attenuation coefficient. It follows from this that Pq> fq

and Sq, expressed in terms of ng, are equal to

eF, imng / eE, , ing
- — 2 , = — @ 3
Ga PR a o N
q 4 q
eE n, ( w* 1)
= \ae )
ag A .

AP =@t —itq*+2i0Y,,

v..q[lf
(o)—uq) +iw™y.

Vaq 0

(20)

0’ (0*—a*q*")

(1) ’ 9
Ay =00t -

] +2ioy,,

V1= TR IE R PR
! o (0'—T'¢*) tho™y.*

i

In the case under consideration, according to L73 the
surface dissipative function R has the following form:

I

R=—1p—j;

Oz,
T (OUM 0U"p b 01/,.1) e Uun,_ g 723
ap MNs /)Ip 31‘0‘ apa i} ap H 10 uﬂa 6

Assuming that BE/BXB <1 (Le., 79 K Tgg), We can
write the expression for the energy dissipated per unit

time as:
a& OVna

20
i j"" oz,

Substituting into this the expression obtained above for
Vne 2nd averaging the result over the time, we obtain

)zm‘; q‘lﬁ!z. (21)

It follows from formula (21) that the energy dissipated
per unit time can increase resonantly for two reasons.
First, as w — wg the quantity A'" decreases sharply.

This is connected with the fact &mt in this case, accord-
ing to (20), a standing capillary wave with wave-vector
equal to a certain reciprocal-lattice vector is resonantly
excited. The positions of the resonance frequencies in
this case are determined as before by formula (18). As
regards the widths of the resonance lines, they have a
structure that differs from (18c, d):

Y= (0 L) alq/2p°a"

d’r.

715_ ek,
—dt——(nd'C.)S( -

Secondly, as w — qU the quantity A'¥ decreases, and this
corresponds to resonant excitation of a standing wave of
surface second sound. In this case the energy dissipated
(21) increases by a factor of (iq/y2)°, and the width of
the resonance is proportional to y.. It is necessary,
however, to note that the areas of the maxima in the
curve of d& (w)/dt at w ~ Uq are smaller by a factor of
vpa/p than at w = wg-
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For the existence of resonances it is necessary that
the sum, over the reciprocal-lattice vectors, of the non-
resonance terms in the right-hand side of the expression
(21) be much smaller than the resonance term. When
w = wq this question does not arise, since the series (21)
converges well even when n_ = S;! = const. But in the
case w = Uq > wy the series in the right-hand side of
the expression (21) is equivalent to the series 2q|nq|2,
which diverges for n, = const. If we take into account
that ng has the form (5), the sum of this series will be
proportional to the square of the parameter 6’ = v27L/a
< 1. Therefore, for a resonance to exist it is necessary
that the condition

(27./8q) <277 L/ a®,
be fulfilled. For a/L =~ 10, the right-hand side of the
inequality (22) is found to be of the order of 10!, There-
fore, the condition (22) will be well-fulfilled even for
2y:/0q ~ 107,
C. Allowance for Vibrations of the Electrons in
the Lattice

In the derivation of the formulas for the energy dissi-
pated per unit time, the vibrations of the electrons in the
lattice were not taken into account. To take these into
account, we proceed as follows. Let W be the displace-
ment of an electron from its equilibrium position at the
lattice site 1. In the case under consideration, the elec-
tron density can be expanded as before in the series (2),
with n having the following form:

q
g = LSE exp {—ig(1+w)}.

(22)

(23)

Here the set of vectors q is determined not by the struc-
ture of the lattice, as was the case in (2), but by the area
of the surface occupied by electrons. The value of [n,|?

appearing in the expression for d &/dt, with ng from (23),

must be averaged over all u. The corresponding calcula-
tion are analogous to those encountered in the theory of
neutron scattering and lead to the result that, in formulas
(17) and (21), in which, as before, the summation is taken
over the vectors of the reciprocal lattice, there appears
a factor

Xa=exp (—!/2¢*¢u®).
multiplying |nq|2, with the ng for an ideal lattice. Here

(u?) is the mean-square displacement of the electron as
a result of thermal and zero-point vibrations. The factor
Xq is essentially the Debye-Waller factor for a two-

dimensional crystal.

The result obtained shows that the presence of dis-
placements u; does not affect the width of the absorption
maxima, but only reduces their height. For the first
few resonances, the factor y, = 1, since (u?) < a® The
conditions for which the latter inequality is fulfilled were
investigated in detail in (3,

CONCLUSION

We shall do some summing-up. In the paper we have
investigated the group of phenomena due to the deforma-
tion of the free surface of liquid helium under the action
of a system of surface electrons arranged in a two-
dimensional lattice and ''clamped' to the surface by an
external electric field.

In the static variant of the problem the self-consistent
deformation of the helium surface in the vicinity of each
localized electron leads to a certain additional (compared
with the analogous problem on a planar helium surface)
localization of the electron, and this, in the final analy-
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sis, should increase the stability of the crystalline phase
of the surface electrons. The nature of the deformational
localization of the electrons and the scale of the expected’
effects were discussed in detail in the Introduction. The
subsequent calculations carried out in the first part of
the article completely confirm the validity of the pre-
liminary qualitative estimates.

The introduction into the problem of an additional
alternating electric field normal to the helium surface
leads to the excitation, by the system of surface elec-
trons, of standing capillary waves in the liquid. Owing to
the assumed periodicity of the surface charge density,
under certain conditions this excitation has a resonance
character. The main part of the paper is devoted to a
detailed description of the structure of these resonances.

In the region of not very low temperatures (T <1 K)
the second viscosity of helium exerts the decisive influ-
ence on the shape of the resonance lines. The position of
the resonances in this case is determined by the form-
ulas (18a), (18b), and the width of these lines follows
from (15), (18c) and (18d). The main practical interest
here is in the very fact of the existence of resonance ab-
sorption of an alternating field normal to the helium
surface, and the detection of this will be a convincing
proof of the presence of periodicity in the distribution of
electrons.

Much more interesting is the situation in the region
of low temperatures, when the hydrodynamic part of the
problem begins to be described by the Andreev-
Kompaneets equations. In the framework of these equa-
tions, mechanical excitation of surface vibrations leads
to resonance phenomena not only at the frequencies (18a)
and (18b) corresponding to ordinary capillary waves, but
also at frequencies « = Uq as a result of the appearance
of standing waves of surface second sound. The results
of subsection B have a fairly general character and
show that any forced vibrations of the helium surface
with an arbitrary given wave-vector q resonantly excite
surface second-sound waves as w — Eq, and this leads to
a sharp increase in the energy losses in the system sup-
porting these vibrations. In addition, the width of the
resonances caused by the excitation both of capillary
waves and of surface second-sound waves are propor-
tional, in the given case, to the surface dissipative co-
efficients ng and ¢g, on which there is practically no
experimental information at the present time.

The authors are grateful to A, F. Andreev for dis-
cussing the results of the paper.
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