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In an ultra-quantizing magnetic field, when almost all electrons are in the lowest Landau level, the rate of
redistribution of energy between the electrons in binary collisions is negligible. In these conditions the
energy redistribution occurs in more complicated processes than binary collisions (in three-body collisions
of electrons and in binary collisions in the field of an impurity). The collision integral associated with
electron-electron scattering in the field of charged impurities is calculated. In the limit of strong magnetic
fields the characteristic time of the energy redistribution between the electrons does not depend on the
magnetic field and is equal in order of magnitude to 7..(H) =~7..(0)(n/N,)(x T/ n'"e?)*?, where 7..(0) is the
energy-redistribution time in the absence of a magnetic field, and n and N; are the concentrations of
electrons and charged impurities. An estimate of 7..(H) for n-InSb at liquid-helium temperatures shows
that 7..(H) is considerably shorter than the time for scattering of energy by phonons. This agrees with the
experimentally observed fact that in n—InSb electrons situated in a quantizing magnetic field and a
“warming” electric field has an effective temperature, and removes the previous contradiction between

theory and experiment.

PACS numbers: 71.85.

1. INTRODUCTION

It is well-known (cf., e.g., [*7) that if the electron-
electron collision time 74 is shorter than the time 7¢
for scattering of energy by the lattice vibrations, the
energy distribution function fo(€) of electrons in a strong
electric field is close, to within terms of order 7¢¢ /Te,
to an equilibrium (Maxwellian or Fermi) function with a
certain effective temperature T. On the form of fo(e),
i.e., on whether or not the electron-temperature approxi-
mation is valid, depends, in particular, the onset of the
superheating instability {733,

To estimate the rate of redistribution of energy in an
electron gas as a result of the electron-electron inter-
action it is usually sufficient to calculate the collision
integral in the approximation of binary collisions between
free electrons. In an ultra-quantizing magnetic field,
however, in this approximation there is practically no
exchange of energy between the electrons, since, owing
to the energy and momentum conservation laws, the
collision integral for collisions between electrons situa-
ted in the lowest Landau level vanishes identically. If
the electron temperature is not equal to zero, energy
exchange between electrons in binary collisions turns
out to be possible only in collisions of electrons situated
in different Landau levels N; in this case, however, the
collision integral for binary collisions in an ultra-
quantizing magnetic field is proportional to the concen-
tration of electrons in the level N = 1, i.e., contains an
exponentially small factor exp(—ﬁwH / T) < 1, where Wy
is the cyclotron frequency[“’s]. This means that to
estimate the rate of energy redistribution in such an
electron gas it is necessary to calculate the collision
integral with an accuracy greater than that provided by
the ordinary binary-collision approximation.

As is well-known, refinement of the collision integral
leads to the successive consideration of scattering
processes of higher and higher order: three-particle
collisions, four-particle collisions, etc. It is easy to
convince oneself that in a strong magnetic field the con-
servation laws permit redistribution of energy between
electrons with the same N, e.g., in the collision of three
electrons or in the simultaneous scattering of electrons
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by each other and by a charged impurity center. In addi-
tion, scattering processes which make no contribution to
the energy exchange in the free-electron approximation
turn out to be important if we take into account the quasi-
particle character of the excitations in the electron gas.
Below it will be shown that when the damping is taken
into account binary collisions of quasi-particles and
scattering of quasi-particles by impurities play as im-
portant a role as three-particle collisions in the energy
redistribution.

In Sec. 2 we obtain the collision integral for electron-
electron collisions in an ultra-quantizing magnetic field
with allowance for the interaction of the electrons with
charged impurities (i.e., with three particles taking
part), and in the last Section the characteristic time of
the redistribution of energy between the electrons is
calculated. As regards triple collisions between elec-
trons, it follows from simple physical considerations
that, firstly, for equal concentrations of electrons (n) and
charged impurities (N;) their contribution to the rate of
energy redistribution is of the same order as that of the
processes considered. Secondly, for strong compensa-
tion (N; > n) the contribution of triple collisions should
be smaller.

At the present time, experimental facts are known tel
on the basis of which we can conclude that in n-InSb at
liquid-helium temperatures and in magnetic fields
~10 kOe, when exp(—fwy/T) ~ 107'% an effective elec-
tron temperature is established in the electron gas with
concentration n ~ 10**e¢m™. This means that the time of
the redistribution of energy between the electrons in
these conditions is considerably shorter than the time
Te ~ 108—10"" sec for scattering of energy by the
phonons, although the time calculated from the formulas
of Zlobin and Zyryanov (4 js Tee ~ 1 sec. Below it will
be shown that Tee calculated with three-particle colli-
sions taken into account is indeed shorter than 74, and
this enables us to explain the experimental data.

We note that an electron gas in an ultra-quantizing
magnetic field is apparently the only real system for
which scattering processes with three bodies taking part
determine the gas kinetics.
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2. DERIVATION OF THE COLLISION INTEGRAL

We shall consider a spatially-uniform gas of elec-
trons, interacting with each other (with interaction en-
ergy vee(r)) and with charged impurities (with interaction
energy vq;(r)), situated in an ultra-quantizing magnetic
field. To derive the collision integral we shall make use
of the method of matrix Green functions, which was de-
veloped in its clearest form by Keldysh i (see also the
review by DuBois [B]) The idea of Keldysh’s method con~
sists in the feature that the second-quantization opera-
tors in the Green functions are ordered on a double time
contour consisting of two axes: one goes from — to +,
and the second from +w to —«, The time on the second
axis is considered to be greater (in the sense of the
ordering of the operators) than any time on the first
axis, and the operators on the second axis are arranged
in anti-chronological order (i.e., the operator with the
smallest time, closest to —«, is positioned to the left).
In accordance with the fact that the times of each of the
two operators in the Green function can be either on the
first or on the second axis of the contour, four functions
are possible, forming the matrix:

Gy =i~ Tp (1) v+ (1)),

where 1 and 1’ denote the set of spatial coordinates and
the time, 1 = (1, t) (the spin is fixed by the magnetic
field), and i and k are the indices of the time axes. The
angular brackets denote averaging with a density matrix
taken at the time t, at which the Heisenberg operators
coincide with the Schrdodinger operators, and also denote
averaging over the positions of the impurity centers. We
shall assume that the impurities are positioned in the
crystal in an uncorrelated manner (randomly), with con-
centration Nj.

For the Green function the equation ™

(0:) 4G~ (1) G* (11) =29 (12) G*(21") =848 (1—1"), 1)

is valid, where the operator Gg'(1) = i8/6t, — Ho(1), Ho(1)
is the one-electron Hamiltonian, 0, is the Pauli matrix,
and £1(12) is the mass operator, wh1ch like the Green
function, is a matrix.

We shall denote the eigenfunctions of Hy in the Landau
gauge, normalized to unity in the finite volume V, by
®Np,p (r) and suppose that the system under considera-

zvy

tion possesses axial symmetry about the magnetic-field
direction. Then the Green functions in the (N, p,, py)
representation are chagonal in all the quantum numbers
and do not depend on py 1, The distribution function is
equal to

Vo) =it [t [d2us 0, (Dows», (226 (12:22). @)
In the following we shall be concerned only with states in
the lowest Landau level N = 0 and shall denote £(0, p,, t)

by (b, t).

The kinetic equation for the distribution function in
the semi-classical limit was derived by Keldysh from
Egs. (1) for the Green functions. Proceeding analogously,
we find that in an ultra-quantizing magnetic field the
collision integral in the equation for @, t) is equal to

S(ps)= jdr[G“(p,, LTI (P t,—1) =G (pot, —D) 2 (p. 1, D . (3)
In this expression we have made a change of variables
from t, and t; to t=(t, +t2) /2, T =t; —t, in the functions
GE(titz) and T (tyt,).

687 Sov. Phys.-JETP, Vol. 41, No. 4

In order to obtain the relation between the matrices
Z and G for the case when the electrons interact with
each other and with impurities, proceeding in the spirit
of Kadanoff and Baym ™°) and DuBois [*? we turn to the
functional-derivative equations for the Green functions
averaged over the positions of the impurities. The aver-
aging method used in the derivation (see the Appendix)
is due to Suris [

G, (121U)G(21'|U) —N; J'd”R v (IR) G (11°10)

8G(11)
8U(3)

+i jdav,,(13)c,G(33)G(11'H jda Ve (13)
N[ @R, (1R)a,[exp ( [d3 0 (BR) = 6U(3 ) 1]G(11’) @

+i J'd3 Ve (13) lim {exp [ jd‘R [e\p ( j' d4 U"([‘R)GV(/;) ) 1 ]

[exp ( [ d5 v.(5R),

6U())) 1]]fl}U,G(SSIV)G(11'IU)=IB(1—1’).
The Green function in this equation is a functional of the
classical field U, which depends on the coordinates and
time and also on the time-axis index (in the final form-
ulas we must put V = U = 0), The other symbols in (4)
have the form

G (12 | U)=0.6(1-2)G,"*(1)—g © (12; 3) U(3),
T i (12;3) = (0.) 505 (1-2)8(2-3),
[Vua(13)]m‘z=Uee(1—'3)5(t1—ts)6¢,i., I,'j:ij.

We shall consider a nondegenerate gas of low density.
We shall iterate (4) successively, assuming vee and vej
to be small, and thus obtain an expression for T in the
form of an expansion in powers of the interactions. With
each term in Z we can associate a diagram. Those dia-
grams in ©** and ©* that we shall need (see below) are
depicted in the figure. Each solid line is associated, as

B
ssl¥ialia
S¥uclin

usual, with an exact Green function, each triangular ver-
tex is associated with an elementary vertex 7%, each
wavy line corresponds to ivee and the dashed lines with
a blob correspond to the integral

N, j' @R v..(1R) v.: (2R)

(here, as in (4), a summation over the types of impurity
is performed). It must be borne in mind that repeated
internal variables are not only integrated over, but also
summed over (over the indices of the time axes).
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The figure does not include diagrams corresponding
to exchange processes and three-electron collisions. It
can be shown that, in the problem under consideration,
the former give a small contribution as compared with
the graphs which we do not take into account, we do not
calculate the latter in the present paper.

The diagrams for Z can be divided into two types. The
graphs a and b (see the figure), which correspond to
binary collisions of quasi-particles, give a contribution
to the collision integral (3) only when the quasi-particle
damping due to interaction with other electrons or im-
purities is taken into account. The corresponding cor-
rections to the functions G'*®*" appearing in '*®" in
Figs. a and b will be found in the approximation linear in
the damping by solving the equation for G'**"(p_, t, 7) as
functions of the time difference 7 =t, —t;. This equatlon

is obtamed by subtracting from (1) the equation conjugate
to it (cf )

(1= 0 )€ (pu 1) — - [ 4V [ ) +24 (1-1) 16%(2)
(91: e(D: Dt T 7—2— T it T \T (5)

1
- J' dv'S (1—1') [GR(v)) +GA (7)) ].

Here €(p,) = 2/2m m is the effective mass, the p, and
t dependence of all the quantities is wrltten out only in
the first term, and the functions GR(A) and TR(A) are
related to elements of the matrices G and Z by the
equalities L7711

GRD =GN G120 =

_G22+Gzl(i:)’

(6)

SR T2 T2z g

The equation for G* has a form analogous to the expres-
sion (5) (with the replacement 12 = 21). We write the
equation for GR(A) a

(ia—i —e(p.) ) G" ) (1) — jdr' ZRA (1—1") G* (17) =8(1).

We denote by E(p,) the root of the equation
z—e(p.) —'2[Z%(p., t, 2) +2*(ps, 8, 2)]1=0,

where ER(A)(z) is the Fourier transform of Z:R(A)(T). In
the first approximation, E(p,) is real, and if we discard
the right-hand side in (5), then, as a function of 7,
Glz(pz, p, 7) oscillates with frequency E(p;) without
damping:

G (ps t, 1) =G**(ps, t, 0)exp[—iE(p.) 1], (7

where G‘z(pz, t, 0) is related directly to the distribution
function f(p,, t) by the equality (2).

If in the collision integral (3) we approximate Z by
the graphs of Figs. a and b and substitute all Green func-
tions in the approximation (7), we obtain in the collision
integral terms describing, respectively, binary collisions
between free electrons and ordinary scattering of elec-
trons by impurities. The first term, as was stated above,
vanishes in an ultra-quantizing magnetic field [+ , while
the second does not affect the redistribution of energy
between the electrons.

We write out the expression for G*(r) to first order
in the quantity on the right-hand side of (5):

G'*(1)=G"(0)exp[—iE (p.) 1]

(8)

P $o .
+i jdt’ exp[—iE(p,) (1—1")] f dv” 2% (v —1") (G*+G*) - Z(p.),
0 -0

where
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—'0(Z+24) /00 at w=E(p.).

In the approximation we are considering for £'%, in the
right-hand side of (8) it is sufficient to take the diagrams
of Figs. a and b with Green functions given by the ex-
pression (7), and put Z equal to unity and E(p ) & €(Py)

The Fourier component of the Green function (8) is equal
to

G*(p.t, 0) =27 (p:, )8 (0—& (p.))
8(0—0")—8(0—e(p.))
(0'—e(p.)) *+n?

In (9) we have used the zeroth-approximation functions

GR(A):

+ lim J‘du) 2% (p, t,0") (9)

-0

G"V(p,, t, ) =[o—e(p.)£in]~', n—+0.

In the frequency integral in (9) the principal contribution
is made by the region near w’ &~ ¢( Pz), and therefore the
correction sought to G**(p,, t, w) is equal to

dd(w—e(p.)) ,
7o f do

3 (p,t, @)
o'—e(p;)

Here we have neglected the weak variation of E‘z(w) in
the region of w ~ €(p,).

10

We proceed now to analyze the terms arising in the
collision integral, with =***" taken from Figs. a and b,
when the exact (broadened) Green functions G** and G*
are taken into account. In the linear approximation in the
broadening, each Green function must be replaced in
turn by the corresponding correction (10). The broaden-
ing of the Green functions must be taken into account
only in ='* and 2!, The corrections to the Green func-
tions which appear explicitly in the collision integral (3)
cancel each other (from the incoming and outgoing
terms). Therefore, 3 + 1 = 4 terms with corrections to
G* and G** (in each of the incoming and outgoing terms)
make a contribution to the collision integral sought.

The graphs for T of the second type (see Figs. c—k)
describe triple collisions of quasi-particles and give a
nonvanishing contribution to the collision integral when
the Green functions of the noninteracting particles are
substituted into (3). After ordering the time indices we
obtain from these graphs 9 x 4 = 36 terms in each of the
incoming and outgoing terms. A contribution to the re-
quired collision integral for electron-electron collisions
in the field of an impurity is given by only 12 graphs,
satisfying the following requirements: 1) the ends of the
dashed impurity line lie on different time axes; this is a
necessary condition for the collision to occur with trans-
fer of momentum to the impurity; 2) two G* functions
and one G?' should be explicitly present in £'?, and two
G*! and one G* in %, this ensures (after T is multiplied
by G) that the statistical factors in the collision integral
(two functions f and two 1 —f) are correct.

It is necessary to bear in mind that the product G*'G*
appears in the expressions for ='* and Z?'. In order to
obtain the contribution from this product to the required
collision integral, we must replace G*! by GR and G* by

(or vice versa, but in the same manner in all terms;
cf. (6)). The remaining terms that arise after the re-
placement of G''G?? using formulas (6) give corrections
of two types: 1) to the probability of scattering by an
impurity (on account of the electron-electron interac-
tion), and 2) to the probability of binary collisions (on
account of scattering by the impurity). These correc-
tions, and also the remaining terms in the collision in-
tegral with functions Z that are taken from the diagrams
(cf. Figs. c—k) and do not satisfy the three-particle scat-
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tering criteria, make the probabilities of collisions with
impurities and of binary collisicns of free electrons
more precise, and therefore give no contribution to the
redistribution of energy between the electrons.

Thus, in the required collision integral, 4 + 12 = 16
terms appear in the incoming and outgoing terms. Each
of these diverges at small momentum transfers, because
of the Coulomb character of the interaction. As usual,
we must take the screening into account by summing the
most divergent diagrams in each order, which corre-
spond to the same momentum transfer. The interaction
potential vge(q) is thereby replaced by Vee @, )
=Vee(@)€ @, w), and Vg @) bY V@) =v @€ @ 0),
where €(q, w) is the longitudinal dielectric permittivity
of the electron gas, which depends on the momentum
transfer and frequency. Below we only estimate the
electron-electron collision time, and for this it is suffi-
cient to approximate the dynamical screening by the static
screening, as is usually done.

The collision integral for electron-electron collisions
in the field of impurities for a nondegenerate gas, in the
case when the quantum magnetic length Ay = (ﬁ/me)1/2
is small compared with the thermal de Broglie wave-
length Ap = ﬁ(ZmT)'l/ % can be represented in the form

d'q
S(p)= Wj j(m j(z )alf(p+q)f(p +¢') =10 ()] a1

XM (P, 0’5 9,9") 8(0p4qT 04— 05—y

where the "amplitude"”

M(p, P's €, @) =Ves(qH Q) {Fee(
F(0p—q—0p'4¢") T [HFee (@) [ (@pg— Op1g) ™

is given by
[(“’p rqrg = @p) 7

H{(0psqre—05) ).

Here, to simplify the notation, we have omitted the sub-
scripts in the momenta pz and pz, and also in the mo-
menta g, and qz, in quantltles which depend only on these
components of ¢ and q’.

(12)

In the expression for M3 there are 16 terms, of which
12 (the cross terms obtained when M; is squared) corre-
spond to substituting the expressions for = and = **
corresponding to the graphs c—k (see the Figure) into
the collision integral. The energy denominators appear-
ing in these expressions must be integrated in the prin-
cipal-value sense. The remaining 4 terms in the colli-
sion integral are obtained when the corrections (10) to
the Green functions are taken into account in the ex-
pressions for £ and =% corresponding to the diagrams
a and b, The squared energy denominators (of the form
(w" — €,)?% in these terms must, in accordance with (10),
be integrated with the remaining part of the integrand in
(11) as the functions

d [ 1 J= im (0"—e(p))*—m

de{p) o' —e(pl oo [(0'—e(p))*+n’]

(13)
Inasmuch as small |q|, |q'| < )‘H are important in
the integrand of (11) €, 0) = K(l + qD/q ), which is
independent of Ay t*) (where g}, = 4mne”kT), appears in
the matrix element of the effective mteractlon potential.
The distribution function f(p,) in the Landau band with
N = 0 is normalized as follows:

Zf(p)—

Py, Pz
From this it can be seen that the characteristic relaxa-
tion time of the electrons in the limiting case of strong
magnetic fields does not depend on the magnetic field.

jdp 1) =nV. (14)

The integrand in S(p) is especially large in the region
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of small momentum transfers q, 9’ ~ ap Lpp = A,’I{,
and therefore, as is done in the case of an ordinary
plasma, we shall make use of the diffusion approx1ma-
tion [**J, expanding the integrand in small qz and qz
ooy ¢ 9
b‘(po-—a—pl—[z)(p,)m—f w)1].
Here the momentum-space electron diffusion coefficient
D(p) and the dynamical-frictional force F(p,) depend
on the particle distribution function f(p,). In particular,

s "

9a NoZ.} n'e* ne
Dp)=—7 e E—Tpr a» ( »T ) mn T
1(p") 7
— | dp’ Vdq \d*q’
x fpf fara i (g0 L@ yitar (19)
q q } N
e e +-— ; 8(patp'a’y,
{ (*+g5°) (p"—gq*/4)  (q°+qo°) (p*—q"*/4)

where Z e is the charge on an impurity of type a. It
must be remembered that in formula (15) functions of

the form (p’ +q/2)™" are integrated in the principal-value
sense, and functions (@’ +q)° and (p’ + q/2)? are inte-
grated over the momenta as indicated in (13).

3. ENERGY REDISTRIBUTION TIME

The reciprocal of the time in which an electron beam
that is originally monoenergetic spreads out in energy by
an amount of the order of T is equal to

. (H) ~D(p:) Ip+*.

For p > pp the diffusion coefficient, as follows from

(15), is equal to
(o) m(25).

n NieZa®\ pr°
o= (X )o-
Hence it follows that, for p = p,
NewZl ,  net  yn®e*\ = [ 4p.?
D(p)= — pt— [ —— =
o) ; PR '/.Zm'“T"’:( ’ZT) ln(qu )
BearmgJ in-mind that, in the absence of a magnetic
field F*
4p,?
ln(—-——-qDZ ),

we find that the reciprocal time for redistribution of en-
ergy between electrons in an ultra-quantizing magnetic
field is equal to

@

net

wimT -

ne*

T (0) = i

(1)

in order of magnitude.

Conditions in which almost all the electrons are in
the lowest Landau level are easily realized in n~-type
indium antimonide. In the experiments of Miyazawa (%]
the minimum electron concentration in the n-InSb sam-
ples was 10'*em™. For such a concentration and at
temperature 4.2 K the parameter n'%e?/kT ~ 1. Above,
confining ourselves to triple collisions, we assumed that

n%e?/kT < 1. We must expect, however, that the esti-
mate (16) that we have obtamed also gives the correct
order of magnitude of T (H) in the case when the gas
parameter is of order umty But this means that in the
experlments (c£.[°3) 7o (H) is not much smaller than
Tee (0). Consequently, in n-InSh at liquid-helium tem-
peratures, owing to triple collisions of electrons and
binary electron collisions with the participation of
charged impurities, an effective electron temperature is
established even in an ultra-quantizing magnetic field.
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The authors are grateful to R. A. Suris for valuable
discussions and for acquainting them with the unpublished
results that are used in the Appendix.

APPENDIX

Derivation of Eq. (4)

The functional derivative equation for the Green func-

tions with only the electron-electron interaction taken
into account has the form (cf.[**J)

(0.)uGo™ (L) GH(12I10) +i(0.) j d3v..(13)G.*(331U)G.(121U)

i [@3 00 (13) - G5 (1211) =5,6 (1-2). (a.1)

8
8U(3)
Allowance for the interaction with the impurity centers
reduces to adding a term Z¢ a(f)vej(1f) to the variational
potential U(1) in Gg'(1|u), where a(f) = 1 or 0 depending
on whether or not the lattice site f is occupied by a
charged impurity. The Green function averaged over the
positions of the impurities is equal to

G"(12|l/>=sp[pm(12|U+Ea(ﬁ”"*)] ’

where p is the density matrix of the impurity centers.
When these are randomly positioned over the lattice sites
(in the case of one type of impurity),

p:exp[uz a(f) ]{Sp[exP(uX; a(f) )]}—l,

where the "chemical potential" u is related to the atomic
concentration of impurity centers: ¢ = (1 + e_l-‘)—l.

Using the operator identity

G.I(121U+0) =exp [ j'd3t7(3) ]G:fuzw),

8U(3)
we obtain that, in the case of low impurity concentration
c K1,

G‘j(12IU)=exp{W (%)} G.'(121U),

5
R

W (-3[7)=c2[upj d3 v.; (3f)6U(3) l].
In the case when there are impurities of several types
(it is convenient to denote them by the index «), the
operator W is a sum over all types of impurities (the
concentration of each is ¢,). When the summation over
the sites is transformed to an integration over the whole

volume of the crystal, W takes the form

W(M/) Z[\/.,IdR[e\p( fa3v.(3R) w(a)) 1].
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We apply the operator eW term-by-term to all terms
in Eq. (A.1). We take into account that

evGM(33|U) =G (33| V),
UG —e"UeG = (U + L)
5(6/60)

_Uc+21vmjdnv (1R)exp (jd3v (3R)—

" G.(331U) e G (121U) =
~‘1’1-{]36\p[ZN de(exp{jd4v,.(4R)6V( )'} 1)

x (exp{ [ 45 0. GR) w(o) }-1)]e@simenzin).
We then arrive at Eq. (4).

DAn analogous expression for the triple-collision integral is obtained by
Bezzerides and DuBois [!3] for a gas of weakly interacting particles in
the absence of a magnetic field.
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