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The problem of small oscillations of the magnetic moments in a 180° domain wall of the Bloch type is
solved. The intrinsic magnetic field of the oscillating moments is taken into account exactly. The problem
is reduced to a set of integral equations which can be solved exactly in the long- or short-wave limits.
Three modes of surface oscillations exist, one of which begins at the anisotropy frequency. It is shown that
reflection of intradomain spin waves from the domain wall produces co-moving surface waves along with

the reflected wave. A rigorous solution confirms the existence, against a background of a continuous
spectrum, of resonance levels corresponding to surface magnetostatic oscillations 7). The solution can be

used to calculate the damping of the oscillations.

Interest in spin-wave spectra in magnets having a
domain structure is due to a number of causes. Reso-
nance effects in the presence of domains are much
more varied than in saturated magnets. Experiment has
shown, in particular, the existence of absorption bands
consisting of sets of resonance lines!*]. The shapes and
positions of the lines depend on the domain structure
and on the applied magnetic field. It is difficult to inter-
pret such a spectrum on the basis of the available theo-
retical data.

On the other hand, it is known that many important
features of NMR in ferromagnets, as well as galvano-
magnetic and thermodynamic properties of magnets in
a nonsaturating field, also depend significantly on the
domain structure!?]. Homogeneous precession of the
magnetic moments in the presence of a domain struc-
ture was investigated theoretically in'®/. The study of
the spectra of inhomogeneous oscillations was initiated
by Winter!*!, who considered a solitary Bloch-type wall.
The main difficulty in the investigation of inhomogene-
ous oscillations is how to account correctly for the in-
trinsic magnetic field of the oscillating moments.
Winter!*! dispensed with attempts at a self-consistent
allowance for the dipole-dipole-interaction energy, and
introduced a demagnetizing-field model in which it is
assumed that

Wap=2aM}?,  he=h,=0, h,~=—4aM,

OZ is the anisotropy axis, and the OY axis is perpen-
dicular to the plane of the wall. According to!*], there
are two oscillation modes in the system. One consti-
tutes volume (intradomain) spin waves that are spatially
modulated under the influence of the wall. The other,
low-frequency mode describes surface oscillations
propagating in the plane of the wall and localized near
the wall. The magnetization oscillations in a magnet
with a periodic domain structure was investigated in
the Winter model!*! by Farztdinov and Turov!®). The
role of the external magnetic field in the same approxi-
mation was considered in!®,

The Winter model!®! yields exact results for one-
dimensional oscillations that are homogeneous in the
plane of the wall (M = M(y)). However, if the inhomo-
geneity of the oscillations in the XZ plane is small, it is
necessary to take exact account of the dipole energy. It
is therefore natural to attempt to go beyond the frame-
work of the assumptions made by Winter!*), Mints and
the present authorl” did not take into account the ex-
change interaction, and assumed the domain wall to be
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a geometrical boundary. It turned out that there exists
new surface-wave modes not observed by Winter(*],
However, those spectral modes whose formation re-
ceives an appreciable contribution from exchange inter-
action drop out of consideration in such an approach.
Janak!®! started with an exact Hamiltonian but discarded
a number of significant terms in the solution, without
any justification, so that his results are at best hypo-
thetical. We note finally, a recent article by Kurkin and
Tankeev!®?), where an attempt was made to obtain the
results of earlier studies!®"®] within the framework of
a unified calculation scheme.

Thus, in spite of numerous theoretical studies, the
problem of determining the magnetic spectrum in the
presence of a domain structure has not been rigorously
solved. In this paper, the intrinsic magnetic field of the
oscillating moments is taken into account exactly, i.e.,
the linearized Landau-Lifshitz equations and the mag-
netostatic equations are solved in a self-consistent
manner. The problem can be reduced to a system of
integral equations that admit of an analytic solution in
the limiting cases of long and short waves. In the inter-
mediate range of parameters, a numerical solution can
be obtained if necessary.

FORMULATION OF PROBLEM. DERIVATION OF
INTEGRAL EQUATIONS
Let the magnetic moments form at equilibrium a
Bloch wall (The XZ plane)
M., '=M.cosb(y), MS.=M,sinb(y), M, =0;
cos 0(y)=th (y/6); sin6(y)=ch~* (¥/6);
Mg is the saturation magnetization; § = (a/B)"? is the

thickness of the domain wall; « and g are respectively
the exchange constants and the anisotropy. We put

M=M’(y)+m(r,t), |m|<|M°|.
The magnetostatics equations and the linearized Landau-
Lifshitz equations take the form

h=—Vy, div(h+4mm)=0,

om.[ot=—x (m H."—M.'H,), 1)

om,jot=—x[M H.Am.H'—M.'H.—m.H."],
mMJo+m.M."=0.
In (1) we have put
H'=BM.+aAM.’, H=aAM.’, H.=htalAm,,
H,=h,taAm, H,=jm,th.*taAm,,

v > 0 is the gyromagnetic ratio.
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The last relation in (1) is the linearized first inte-
gral of the Landau-Lifshitz system, M? = const, and
can be naturally employed in place of one of the equa-
tions. It can be satisfied by putting

m.==xmy cos8(y), m.=Fmsin0(y).

the plus and minus signs correspond to the possibility
of two polarizations of the oscillation at a fixed fre-
quency. We choose, for the sake of argument, the upper
sign. We assume that all the quantities are proportional
to exp[i(k -p - wt)](p are the coordinates in the plane
of the wall) and confine ourselves for simplicity to the
case kx =k and kz = 0. This limitation is not funda-
mental, but simplifies the calculations greatly. Intro-
ducing the dimensionless coordinate ¢ = y/6 and putting

0. =BYM., n=k,5,
a=4nm,, Pp=0¢,

we arrive at the following initial equations:

@y=4nYM,,

b=4nm,,

iwa=0.(L~L*—n?) b—inoxethE,
iob=—w,(L~L*—n?) atox¢’, 2)
© ¢'—nPe=inbthg+a’.
The primes denote differentiation with respect to ¢.
The differential operators L* are equal to

L*=d/dE+th&, L-L*=d*/dE*—cos20(E).

‘The “‘effective local anisotropy’’ [*], which maintains
the wall in a definite equilibrium position, is not taken
into account by us, i.e., we assume the frequency of the
homogeneous wall oscillations to be equal to zero.

The system (2) depends parametrically on 5. The
case of one-dimensional oscillations n = 0, as noted in
the Introduction, is quite special. Indeed, at n = 0 we
have ¢’ =a and the first two equations yield the solu-
tions!*!
~ (th §—ik,) exp (ikoE)

3 b =Kror
¢ 2 (k1) Xpe

0> [0, (0t o) 1%, @)

a=0, b~1/2cht=y, =0,

k3> 0 is the root of the equation
o' =0 (K1) 0 (k+1)*=0.

The continuous-spectrum functions yk describe volume
oscillations. The discrete-spectrum function y, yields
in our case simply the displacement of the wall position.

We note that at n = 0 the functions yx and xf{ con-
tain only the wave incident on the domain wall. Yet even
the solution of a second-order equation should in the
general case contain both an incident and a reflected
wave. The explanation lies in the fact that the system
of functions yx and y, satisfies not only (2) but also the
simple first-order equation

Lty=e™/2n, L¥y,=0.

Thus, at n = 0 the system (2) is reduced, via the
natural physical requirement that the solutions be finite
and continuous, to a first-order equation. It is obvious
that at n = 0 this reduction is impossible and the solu-
tion becomes more complicated. What changes, in
particular, is its asymptotic behavior. We note also that
even at || « 1 the system (2) cannot be solved by
iteration by putting ¢’ = a + O(n). This procedure again
lowers the order of the system of equations, which leads
to an incorrect asymptotic behavior of the solutions and
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as a consequence yields an incorrect spectrum of the
oscillations. For a correct solution of the problem it is
necessary to separate (in our representation or another)
the asymptotic behavior of the solutions. We proceed in
the following manner:

We introduce instead of the unknown function a(¢) a
new function u(¢) =a(¢) — inb(&). We multiply the
second equation of the system (2) by in, add it to the
first, and use the resultant equation instead of the first
equation of (2). We introduce next the Green’s function
G(t - ) of the equation ¢” - n°p = 0:

__ 1 peltmgg g
G——ij=—$e olt—ul
G”—-T|2G=5 (E—M.).
We designate from now on p = | |. Determining ¢ from
the third equation of the system (2) and substituting in
the two others, we obtain

(4)

iou=0.(1+n?) (L~L*—n*) b—ine., (L~ L*—n*) u+2nob

) du(p)
+inow [ du LG d: —ou [ du L GL b (p),
i0b=—0s(L-L*—1?) u—inwa (L-L*—q?) b (5)

aG .
+torxutinos -‘.d_g L*b(u)dutniox I G(E—p)u(p)du.

The subscript ¢ or u of the operators L* identifies
the variable on which the operator acts. Here and
throughout, unless otherwise indicated, the integration
limits are —« and =,

We now expand u(¢) and b(¢) in the complete ortho-
normal system of functions yk and yo, first used by
Janak!®l:

u(E) =uoxo (€) + IuKXk (&)dk, b(E)=beyet 5 bayudke. (6)

We multiply (5) by 27(k® + 1)y%(&) and integrate with
respect to £. Using the condition for the orthogonality
of the functions yx and yo!®! we obtain

innoxk (k*+1)
2ch (kn/2)

Nk (k+1) u5dp
+ 5 f (p-’+1>sh[n(p—k>/21}’

127

7 (k) b,z—i{a(k)u,, -

io (k) by — 2 24 2 24,2 Un
W—[muk Fou(kHn) () )
o ¢ Pbsdp o [ LSR5 1ep

2 I rshla—k721 ' 2 d (P Dshin(p—k)/2]

oxS (k)

2ch (kn/2)

—inn?
Multiplying (5) by 2yo0(%) and integrating, we obtain a
second pair of equations:
i(0—n@.) ze=[2n0—n*(1+1*) @] bs,
pbrdp
TychGpre) (8)

o=10) be=[ow(1—J) +riwulut S5 f
., Ox u,8 (p)dp
' § (7T 1)ch(np/2) ’
is an integral in the sense of the principal value. In (7)
and (8) we put
a (k) = (K*+n*) —n[oxk*+o.(F+0*) (B+n*+1) ],

T (k) =wa (1+0?) (k*+7?) (k*+n*+1) tn2ex (A*+H1) 210 (K°+7?),
T | dg .
TV e g2y

k +_1f dg cth[n (g—k)/2]

kl+n2 2 qz+.nz

A

©)
S(k)=

.
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{ dg cth[n(g—k)/2]

+O (%, )],
Z+p.2 ( u

2 k
=N == |

o (k, u)-—[\p(1+——)— (1+ﬂ)] Rep>0.

¥(z) =d In I'(z)/dz is the Euler p function.

If Re 4 <0, then u is replaced by —u. In the deriva-
tion we took into account the relation

fq“r 7sh™! [T(q—k)]sh‘ [-——(p q)]

48(p—k) , N(k,n)—N(p,p)
- % ] -G (=3, u)th  th Edyds=— k’(—l:-p.’ Shin(p—K)/2]
' (10)

Finally, we determine bk and b, from the first equa-
tions of (7) and (8) and substitute them in the second
equations. Using (10), we obtain

D) u,[F(p)—F(k)1ldp _ u (11)
T " (7 +Dshln(p—k)/2]  ch(kn/2) ™

up (02 —n*0.2) +[2no—n2(1+1?) 0] - [ex (1—7)u,—Q1=0.
In (11) and (12) we used the notation

inF (k)

(12)

D (k)= (k*+1*) [ 0*— 0,0 (K*+n*+1) —@. (k*+n2+1)?],
. uF(p)dp
Q=i I—W’
J= o j dplow (pP+1)Fes(1+7?) (1+p*+9*) —2n0]
2 " T (p)ch* (np/2)

(13)

noxk
2T (k)
N'ox dq
T T ¢

F (k)= ———[(0—mox) (B+1) +2n0—ne. (k*+n2+1) (k*+n*+2) ]

th 2~ (=) [ox (g*+1) +o. (1+0?) (+g+n7) —2nol,

Formulas (11) and (12) are the basic equations of our
problem and are an exact consequence of the initial dif-
ferential equations (2). The character of the solutions
of (11) is determined by the behavior of the coefficient
D(k). D(k) = 0 is the dispersion equation of the spin
waves mmde the domain, far from the wall. If w?> w}
= wa(l +n?%)? +wawN(1 +7°), then D(k) =0 has a
positive root k? = k5> 0. In this frequency region,

. volume spin waves can propagate in the domam Then
(11) has a solution ug = const §(k + ko) + usca If
n =0, then uﬁcat =0 and u~ yg, i.e., it coincides
with Winter’s solution!*!. On the other hand, if 5 = 0,
then the integral term in (11) describes the scattering
of spin waves on going through the domain wall. The
coefficients uo, and b, are then determined by the am-
plitude of the wave incident from the domain on the wall.

At w?< w}, there are no volume oscillations in the
domain. Then (11) has only an ‘‘induced’’ solution of the
surface-oscillation type, in which uk ~ u,. In this case
(12) is the dispersion equation of the surface oscilla-
tions.

An analytic solution of (11) can be obtained only in
the limiting cases of long waves (p =|n| « 1) and
short waves (p > 1). We present here, for future use,
the expressions for T(k) and F(k) in these hmltmg
cases. Let T(k) = wa(l +1°)(k* + 83) (k® + 83), where
83 1,2 are the roots of the equation T(k®) = 0 taken w1th
the negatlve sign. For the sake of argument we put 82
> 85. Putting ¢ = signy, we have at |n| « 1

8,2~ 1+1*—210/ @,
6’~1+—+21| 0% +2n

6 z=n:62
(Zm —0.’),
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(y+6)k

F(k)=p
W= 5

+60 (k)} (14)

O (k) =0 (, 0)——cth—k——-;—
o
Yz__

Wa

207 (1+2n—).
Wq

At p > 1 we need only the value of F(k)in the region
k? <« n*

F(k)z_@.\lk(kz-*_l)/ﬁrlz- (15)

We now proceed to solve the problem.

SPECTRUM OF SURFACE OSCILLATIONS

We consider first the long-wave oscillations. The
integral equation (11), with allowance for (14), takes the
form

u, (p—k) (kp—n*6*)dp
*+1) (p*+n*6*)sh[n (p—k)/2]

up[@ (p) —@ (k) 1dp
p*+1)sh[n(p—k)/2]
_ mpm,.mu(k +1)u, )
S T oh (kn/2) [(y+68) k+6k*® (k) 1,

As seen from (16), ug is an odd function of k. In
spite of the fact that the integrals in (16) are preceded
by the parameter p <« 1, it is impossible to solve (16)
by iteration, since the integrand in the first of the inte-
grals of (16) is large at small p®~ 5 and the integra-
tion makes a contribution ~p~*. However, the behavior
of ug at small | k| « 1 can be easily obtained, inas-
much as in this case the main contribution to the inte-
grals is made by small | p| « 1. Recognizing that at
k® «< 1 we have D(k)~ (w® - w3)(k®+3?) and w}
= wy (wa + wM), we obtain

- inpAku, ~ On(0’—ad) ) )
2(0*~w0*) (K*+n?) ’

Turning to the dispersion equation (12), we note that
the integral Q which enters in it is also determined by
the values of up at |p| « 1.

D(k)u+ "(12& 0o (YF6) (k45,7 j' 7

(Daﬁ)u6

(k2 +1) (k*+n 5’)]( (16)

WF—Wa

Substituting up from (17), we obtain

0-i uF (p)dp 'pox(1+8)

p+1 4(0*—mo®) (6+1)
It is seen from (12) that the term with Q can be
neglected if p < 1, | w| « wa, and | w « wp. However,
at w~ owg we have A —, and the contribution of this
term to the dispersion equation becomes significant. To
obtain a unified dispersion equation that is suitable also
in the region w ~ owgy, it is necessary to determine the
denominator of the coefficient A with greater accuracy.
To this end, in turn, it is necessary to know the func-
tion uk in the entire range of its variation, and not only
at small k. We shall seek the solution of (16) in the
form

Au,, (18)

inp (k*+1)u,
2D (k)ch (kn/2)
Wi=Ak+BR® (k) +pf (k)+ ...
We substitute (19) in (16) and neglect pf(k) under the
integral sign, assuming that the expansion of f(k) at
small k begins with terms ~k®. We calculate the re-
maining integrals, using (10) and the relations

=

(19)

gqdg _ [ f+py k,
quf ch” q' sh *(q ch(nk/2) {k2+p‘-' +"’( 2 ) Al “)}
IJ(k,q)=I——(“ Ii) (k) (p k)sh— —(a —~p)dp
Pt
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=2 sh—ll(a_k) { (G*k) (1‘11-) + (u’—dk)
2 [ B

[ (e, p)

0 (k1) I+ (aHh) [A G ) -A G w1}, 20)

R
Ak, p)=’/,[\p(1+ "‘"‘)+¢(1+ ”“")], Re p>0.

Comparing the coefficients of k?$(k) in the principal
order in p, we express B in terms of A. Further,
gathering, after integration, all the terms that contain
the small parameter p and are proportional to k? and
to the higher powers of k at | k| « 1, we determined
f(k). Stipulating that the coefficients of the terms linear
in k vanish, we obtain A accurate to the terms linear in
p in the denominator. The corrections ~p?in the de-
nominator can be obtained by taking into account pf(k)
under the integral sign; we do not present the result be-
cause it is extremely unwieldy. We have ultimately

_ 0.0x (116)
1+6

A~0x(0°'—-00") [00—0—pwR+0(n?) |,

00+ o, a; k? k;
R=""""4(0t-0?) Y L[ 1425 '(1+—' ]
(o “’);zki[ Y )

B=~ a,A+ 0,00,

(1)

@at @ 2

¥’ = dy(z)/dz is the derivative of the Euler j function
with respect to its argument. The quantities aj; and kj
‘in (19) are determined by the expansion of [D(k)]™:
a__ & _L
(D] —WJFZ” P
a,=(0— 0 —0.0x) "'~ (0*—ao*) ™,

1
W kR (B, ) @2)

T .
S T e Zladl

kr=—k at o™’

(muz+4m2) 'I:’

Substituting Q and A in (12), we obtain the dispersion
equation for the surface waves at p « 1:
. n*ox’00(0ot+o.)
R TPy v Pe——— - T
Equation (23) determines the low-frequency (| w|
<« wa, wM) modes and one low-frequency mode. The
dispersion of the low-frequency oscillations is linear®:

(24)

—0. (23)

©*+200x00-1’0,

o1, 17 {—00 £ (0:x*+0.0x) "}

The high-frequency mode begins with the frequency
w = owgy and also has a linear dispersion on the initial
section:

om~o{otpRoxt0(n?)}. (25)

The coefficient R in (25) is of the order of unity if
wM/wa =Xo~ 1. At 2o> 1 and Ao <« 1, only the term
with a, remains in the sum and we obtain R~ 7%4 at
Ao>> 1 and R~ (Ao/2)Y%at no<«< 1.
We write out also the solutions corresponding to the
surface oscillations (24) and (25):
3 ipto ¢ (th E—ik)e™
w=ue Ot 7 ) Dy oh (k/2)

apu, (th g—ik)e™
bebine(®) + 22 {

{Ak+BI® (k) +. . }dk,

4k +2% Bro (k)

@, (26)

(k*+1)D (k) ch (kx/2)

+ _‘:)'ik=[m.,*+m,=(k=+1) I+.. } dk,
u=a—inb, u~—ip(200—pn.) b/ w.
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As seen from (26), in the low-frequency region there
are excited, in the main, oscillations in the plane of the
wall (|a] ~ p|b|). The contribution of the integral
term at | £| < 1is small. However, the integrals in (26)
contain a long-range part determined by the pole
k = +ip, to that at | ¢| > 1 the magnetization is deter-
mined by the integral term

bzin %uq%“:e"""’,

At higher frequencies (the mode wirr), the form of the
oscillation becomes more complicated, since the inte-
gral term in the region of the wall is of the same order
as the term outside the integral sign. Indeed, as seen
from (21) and (23), B = A ~ pA and A~ 2w3/7%p%
Thus,

ibwa" (th §—ik)e™

k* dk.
2n (k*+1) D (k)sh(nk/2)

b=boxo (&)—

Asymptotically at | | > 1 we have

bo(ﬂa

bm—

e—PlEl
N0

We turn now to an investigation of the short-wave sur-
face oscillations (|| > 1). Inasmuch as the right-hand
side of (11) is proportional to [cosh™'(kn/2)], it suffices
to know the kernel of Eq. (11) and the function ug itself
in the region k® <« 52 only. Using F(k) from (15) and
estimating the integral J from (13), (J = 1 -%s3?), we
transform (11) and (12) into

Ao I uplk (K1) —p (p*+1) 1dp _ inuhok (k*+1)
12 J 7 (p*H1)sh[n(p—k)/2]  12ch(kn/2)

Uy (Az—i __;-_n) = _%J‘Pup dp,

(F+AYu+

@7)

, 0N -0 Ao @
A =_ﬂ’—m.’—_+1+7’ A= o

The equation A = 0 determines the boundary of the
volume-oscillation spectrum.

If Xo << 1, then the first equation of (27) is solved by
iteration, and from the second we obtain AZ=14+2,/3
+ O(A2) or

o=x(N*0.t0./6). (28)

The result means that a small gap Aw & wa + wp /3
exists between the frequencies of the short-wave volume
and surface oscillations. This fact was already noted by
Kurkin and Tankeev!®], but is proved rigorously here
for the first time.

In the opposite limiting case Ao > 1, Eq. (27) cannot
be solved. It can only be stated that a?~ Ao, and that at
n2>> Ao the equation for the surface-oscillation frequen-
cies is analogous to (28), but with different coefficients
of wpy. The ‘‘gap’’ between the frequencies of the vol-
ume and surface oscillations is of the same order as
between the different surface-oscillation modes. We
note finally that at 112 ~ 1 all the terms of (12), includ-
ing the integral Q, are of the same order. The oscilla-
tion spectrum in the region || ~ 1 can therefore be
obtained only by numerically integrating (11) and (12).

We now compare our results with those of(®°], we
neglect in (8) the integral terms and equate to zero the
determinant of the remaining system of equations for
uo and by. The expression obtained in this manner for
wsur coincides with formula (24) of(®), provided we put
in the latter kz = 0 and wg = 0, and recognize that
2(1 - Jo) =J2 (wg is the frequency of the effective local
anisotropy,”” and J: is an integral introduced in(%°),
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Of course, this procedure for finding the surface-
oscillation spectrum is incorrect in the general case. In
particular, at |n| 2 1 all the terms of (8) are of the
same order, so that there is not sufficient justification
for the conclusions drawn in(®°! concerning the charac-
ter of the spectrum in this region of . At || «'1 and
w < wg, wM, however, the integral terms in (8) make a
small contribution, and the corresponding expansion
given in(®®] for wgyy coincides with our formula (24)
(the mode wi). The results of these papers for the sur-
face oscillations are correct, as already noted, also in
the region nz >> 1, provided that wM <« wgy. At the same
time, the high-frequency oscillation mode wyjy, the de-
cisive contribution to which is made by the dipole inter-
action, cannot be obtained at all without taking the inte-
gral terms into account.

In concluding this section, we return to formulas (23)
—(25), which describe the oscillation spectrum in the
long-wave region, and discuss the symmetry of this
spectrum. It is known!*) that in the presence of an ex-
ternal magnetic field (the role of which is assumed in
our problem by the static magnetization M°), the time-
reversal operation does not leave the equations invari-
ant. The invariance of the equations (and accordingly
the transformation of the spectrum into itself) takes
place under the simultaneous substitutions t — -t and
Ho — -Ho (or w — —w and M° — —-M°), On the other
hand, if the distribution of the magnetization does not
change, then simultaneously with the time reversal it is
necessary to carry out a corresponding coordinate
transformation. In our case the spectrum is not al-
tered by a simultaneous substitution w — -w and
17 — =n, in agreement with the principles of magnetic
symmetryl],

At the same time, the surface-oscillation spectrum
(23) is not even in 1 (w(n) # w(-n). The lack of sym-
metry of w(n) can produce magnon energy and momen-
tum flow along the wall following thermal excitation of
the low-frequency states. But there should be no such
states in the equilibrium state. The paradox in the re-
sultant situation was pointed out to the author by M. I.
Kaganov.

A discussion of this interesting and not quite clear
question is beyond the scope of the present article. We
note, however, the following circumstance: Assume
that we have a system of alternating domains separated
by walls. The question for the oscillation spectrum of
such a system, in the wavelength region for which we
can neglect the wall interaction (§ « A « d, where x
is the wavelength and d is the dimension of the domain),
is simply the product of equations describing the oscil-
lations of the moments in each wall. Since these equa-
tions differ only in the substitution Mg — —Mg, their
product is even in w and 7, and there should be no net
transport in the system. A similar situation takes place
in real domain structures. Thus, the spectrum of the
surface-oscillation frequencies in the domain structure,
in the wavelength range § <« A <« d, takes the form (24),
(25) with a factor +o instead of o. In the short-wave
region |n| > 1, the described difficulties, naturally, do
not arise. A schematic form of the spectrum at ||
«< 1 and || > 1 and w > 0 is shown in the figure.

VOLUME OSCILLATIONS. QUASISTATIONARY
STATE IN CONTINUOUS SPECTRUM

We proceed to a study of the reflection and scatter-
ing of intradomain spin waves. Volume oscillations
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Oscillation spectrum of a sys- \ /,
tem of “‘noninteracting” domain \\ : //
walls. kz =0, kxd =7. Dashed— No W wy

boundary of the volume-wave spec-
trum. At w = wja + wM we have a

state-density singularity correspond- \{
ing to a quasistationary surface oscil-
lation.
i |
=1 7 1 1

ex1st in the frequency region w?> wi = wa (1+9n 2)2

%wM( 1 +79?). At these frequencles the equation

D(k =0 has a root k? = k3 > 0. The quantity n/(k2
)1 /2 = sin 6, determines the incidence angle of the

“modulated” spin wave yk, on the wall, with = 0 cor-

responding to normal incidence. We confine ourselves

to the case || «< 1 and k3 >> 1% i.e., to almost normal

“incidence of the wave.

The 1n1t1a1 equation is (16). The solution of (16) at
w? > w5 consists of an induced part proportional to u,
in the form (19), and the solution of the homogeneous

" equation. The latter takes the form

u=Cod (k£ ) +Aus; (29)

Augi describes the reflection and scattering of the intra-
domain wave yg Wwith amplitude C,. We assume for the
sake of argument that ko, > 0 and that the incident wave
propagates in the direction of positive y; we seek Auk
in the form

Au,= —@%ﬂ —(ku B {Che+Coto(k)+...)

Copw,0abk* (k*+1) (30)

2(ko*+1) D (k) shz (k—Fk) /2]

[ (k) —@ (k) ].

The expansion of ¢ (k) at |k| — 0 begms with terms
~k?. In all the integrals containing [D(k)]™, the corre-
sponding poles at k = +k, should be ehmmated by add-
ing to ko a small imaginary part (ko — ko + ia, a > 0),
which is set equal to zero in the final result. This
circling rule corresponds to separation of wave scat-
tered by the domain wall and diverging from it. We
substitute (29) in the homogeneous equation (16), neglect
the integral of ¢(k), which makes a small contribution,
and carry out integration by using formulas (10) and
(20). Comparing, in the principal order in p, terms
containing k raised to the zeroth, first, and higher
powers, we obtain
~_ Cp (l)u((l) ‘l)az)

T (00— 0 ko (ki)

W (0) _‘Daz) [O)U—O)a— ((l)o—(Da) ko @ (ko) ] .
ko (ko*t1) (06—.) (00— w—0x)

C

C, 3 [ Qo
e (3)

(1+8) . 1 G1)
o 2@a0 (Y .
T e (176) C‘k{ (k) ; (K Fam?) (k,+am?)

- 1
_k 2 ———
° 2 4m? (k' +4m?) }

The constant u,, determined by substituting (19) and
(29) in (12), turns out to be of the order of 5C,.

Formulas (30) and (31) solve the problem of the in-
cidence of a spin wave on the domain wall. In particular,
the wave reflection coefficient is determined by the
pole of Aug at the point k = —ko. At ~¢ > 1 we have

e 22 ) A
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The amplitude of the reflection coefficient is propor-
tional to the small parameter p.

The poles of Auk at the points k = +ip determine the
amplitude of the co-moving surface wave produced when
the intradomain-magnon is incident on the wall. Closing
the integral with respect to k in the expansion (6) of
u(¢), we obtainat |¢| » 1

ipC o —oltl

[0FV{

4 (00—.) (k2+1)sh(mk,/2)

The co-moving wave propagates along the domain wall
and decreases exponentially as it moves farther away
from it. A wave of this type is not a natural oscillation
of the system and is produced only in the presence of a
source (incident magnon!).

(32)

U com &

We note for comparison that in the problem of the
incidence of a spin wave on the interface between a
magnet and vacuum (this problem was solved in a some-
what different formulation by Bulaevskii ['!]), to co-
moving surface waves are produced upon reflection.
One corresponds to (32), and the other is determined by
the pole k = i | k;|. The modulus of the reflection coef-
ficient is equal in this case to unity, and the phase dif-
fers from zero, i.e., total internal reflection takes
place.

In our problem, owing to the smearing of the bound-
ary, the corresponding part of the solution has a more
complicated form, and therefore the second exponential
co-moving wave is not formed.

We call further attention to the fact that at wpeg
~ 0(wg + wM) we have Co— =, According to the re-
sults of") in the model of the geometric wall, it is pre-
cisely at this frequency that a surface oscillation of the
Dimon-Eschbach magnetostatic wave exists. Our solu-
tion (30) and (31) becomes incorrect in a small vicinity
of wres. Estimates show that as w — wyreg the coef-
ficients C, and C; increase, and with them also the
amplitude of the reflected wave, while the amplitude of
the transmitted wave decreases. This phenomenon can
be naturally called the capture of a magnon into a bound
state that exists at w ~ wreg. We shall not investigate
the capture here, since the corresponding calculations
are exceedingly cumbersome. We confine ourselves
only to proving the existence at w =~ wyreg Of a quasi-
stationary state of the type of Dimon-Eschbach waves;
we obtain the solution corresponding to this state and
the level width that determines the decay time of the
surface magnon.

To this end, we turn to Eq. (16), put uo = 0, and
seek for this equation a solution even in k in the form .

(k*+1) k
uk=pC—D(—k)—-‘-sh(T[2)—{1+0(p)+...}. (33)

Substituting (33) in (16) and calculating the integrals
with the aid of (10) and (20), we verify that (16) will be
satisfied in principal order in p if we put

0=0(w.+ox)+0(p) +...—il,

, T O0u (@t @) [¥/270 cth (sko/2) +ho~! (1 0u/ 04) "]
4 od0ut4(0at )]k, sh®(nk,/2)

(34)

Tep

At w < 0 it is necessary to replace the momentum k,
in I by -ko.
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Thus, the damping of the quasistationary state at
p < 1 is proportional to the cube of a small parameter.
It is easy to verify that the solution (33) indeed defines
a surface magnon. In the coordinate representation we
have

oC ¢ k(thE—ik)e™ dk c du
= | —————=——L" —ole—
B(® 2n J D(k)sh(nk/2) =T Jch,u{exp( plE—nl)

p ip (35)
+—|—,ﬁ—|exp(—|k1||§—u|)+Tnexpiko|§—u|}.
At | £| » 1 we have

u(g)zCsign§{exp(—pl§|)+p(ika—1) n

WGXP(iko|§|)}. (36)

The first term in (36) corresponds to the previously ob-
tained surface wavel”l. The second describes a volume
wave that diverges from the domain wall, i.e., the decay
of a surface magnon, causing broadening of the level I'.
We note in conclusion that a generalization of the calcu-
lations for waves that propagate at an arbitrary angle
to the anisotropy axis does not raise fundamental diffi-
culties but the results turn out to be quite cumbersome.

The author is grateful to M. I. Kagnov for stimulat-
ing criticism, to R. G. Mints and V. L. Pokrovskii and
to the members of the Theoretical Physics Laboratory
of our institute for useful discussions.

DSome of the results were reported at the International Conference on
Magnetism (Moscow, 22-28 August 1973).

DWithin the framework of classical oscillation theory, there are no
grounds for discarding the negative frequencies, if only because the
Fourier expansion of the solution of the initial-condition problem
contains both positive and negative frequencies.
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