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A semiphenomenological theory of rapid and steep-gradient processes in media with a microstructure is 
considered. The equations of motion for the major macroscopic quantities can be obtained on the basis of a 
general kinetic description of the n-particie structural elements of the medium by means of the projection 
method. The transfer kernels or nonequilibrium kinetic coefficients (NKC), which determine the relations 
between the fluxes and forces are specified by using certain general principles, exact relationships 
(dissipation-fluctuation and moment), model considerations, and also experimental and numerical data. The 
theory with a single quantity (rapid diffusion) is considered. It yields the asymptotic form of the relaxation 
NKC for the case of an appreciable time dispersion, as well as the diffusion NKC. Diffusion waves are 
discussed and neutron transfer in small assemblies is analyzed. The hydrodynamics of rapid process is 
considered and relations are given for hydrodynamic NKC in the case of longitudinal motion. They are 
specified in a more concrete form for a simple fluid (gas) by employing data on radiation scattering and 
numerical data. Shear waves in a simple fluid (argon) are studied. 

1. INTRODUCTION 

In recent years, appreciable deviaticns from the re
sults prescribed by the thermodynamics of irreversible 
processes ("disequilibrium effects") are Observed in 
increasing numbers in studies of nonequilibrium pro
cesses in various media. In addition to those noted inLll, 
these include zero sound, the non-exponential decrease 
of a neutron pulse in small assemblies, the Scott effect, 
damping of the type exp (-tG') with a < 1, spin echo in 
polymers, and others. Deviations occur for processes 
whose space-time scales are comparable with the in
ternal characteristic times and lifetimes of the struc
ture elements of the medium (molecules or clusters of 
various types). 

At the present time, it is possible to derive general 
relations for a large class of rapid and steep-gradient 
(RS) processes of low amplitude, microscopic equations 
of motion of general form have been formulated, and the 
main quantities contained in them, namely the transport 
kernels or the nonequilibrium kinetic coefficients (NKC) 
that are contained in these quantities, have been con
sidered. Such a program was realized for general 
Boltzmann systems[l,21. Generalized hydrodynamics of 
simple liquids was proposed by Richards (1960) and 
Mori[31, and was developed most completely in an article 
by Akcasu and Daniels[41. The theory of rapid thermal 
conductivity was formulated by Guyer and Krumhansl[51. 
The macroscopic description of highly non-equilibrium 
processes in an electron gas was discussed by a number 
of authors. A great influence on the formation of the 
theory of rapid processes was exerted by the phenomen
olOgical theory of Leontovich and Mandel'shtam[61. 

In this paper, on the basis of a general kinetic de
scription, we consider the macroscopic theory of RS 
processes that are linear in the deviation from a sta
tionary, translationally invariant state. In the main 
part of the paper we give equations for the major 
macroscopic quantities (MMQ) of general form, and 
study the main problem of the RS processes, namely 
the determination of the form of the NKC. In compari
son with the Mori formalism [3], the equations of Sec. 2 
take into account the disequilibrium of the stationary 
state under the influence of external forces, take a form 
characteristic of nonequilibrium thermodynamics, and 
contain, in particular, diagonal relaxation terms that do 

473 SOY. Phys.-JETP, Vol. 41, No.3 

not vanish in homogeneous systems. The absence of the 
latter from Mori's equations is due to the reversible 
character of the Liouville operator. 

The main (macroscopic) problem of the theory of RS 
processes, namely the determination of the form of the 
NKC, has still not been satisfactorily solved, although 
definite progress was made in this direction. In this 
paper we present a general method of obtaining rela
tions for the NKC-the functions of the Laplace parame
ter, the wave vector, and the field. The method is based 
on exact moment expressions for the NKC, which are 
derived in analogy with the Leontovich-Mandel'shtam 
method[61. We use also the asymptotic forms of the 
NKC for small and large gradients and velocities, the 
general principles of nonequilibrium thermodynamics, 
model conSiderations, and experimental data obtained 
in the intermediate range of the arguments of the NKC. 

In Sec. 3 we consider a theory of rapid diffUSion, 
which contains one major macroscopic quantity. We ob
tain here an asymptotic expression for the relaxation 
NKC in homogeneous systems "with vanishing fre
quency." A semiphenomenological relation is also given 
for the diffusion NKC; the values of its parameters are 
indicated for the case of neutron diffusion (in graphite 
and in water). The Simple variant of the diffusion NKC 
is analogous in form to the thermal-conductivity NKC 
used in the analysis of second sound[51, and also the 
shear-viscosity NKC given in[7]. With the aid of the 
expression obtained for the diffusion NKC we discussed 
"diffusion" waves (density, thermal, shear). The 
theory points to their existence; the question of their 
observability depends on the character of the system. 

Section 4 is devoted to the hydrodynamics of fast 
processes (HFP) in a molecular fluid (gas). For a sim
ple gas it was proposed by the present author in[2], but 
here it is presented in constructive form. In the case 
of longitudinal motion of a simple liquid, relations are 
gi ven for the hydrodynamic NKC, both diagonal and 
crossing; the results of a number of studies[l,',8] are 
made much more precise. The choice is discussed of 
the values of the parameters from experiments on light 
scattering and neutron scattering and on the propaga
tion of hypersound. Also investigated is rapid shear in 
a simple fluid, and the limit of appearance of shear 
waves, which indicates the possibility of their observa-
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tion, is obtained with the aid of the assumed dependence 
of the shear-viscosity NKC. 

2. GENERAL THEORY 

Let the dynamics of a many-particle system be de
scribed by a kinetic equation of general form (or by a 
system of such equations) for the distribution function 
(vector) of n particles: f = {f? (pmtx)}; here the mo
mentum p, the internal angular momentum m, the 
index l of the internal state, and x are all n-dimen
sional vectors. For a small perturbation <I> = {~l} of 
the stationary distribution fs = {fsl }, f = fs (1 + <1», the 
general kinetic equation (system) takes the form 

(1) 

where 

(2 ) 

is the flux (matrix) operator and J is the collision 
(matrix) operator, Fpm( pmHE) are force operators, 
and q is a term corresponding to the source. The op
erator !fd describes the fluxes in phase space rn and 
has a reversible character, i.e., tfd - _tfd under time 
reversal. The operator J determines the irreversible 
interaction of the group of n particles with the remain
ing N - n particles. Owing to the homogeneity and 
stationarity of the unperturbed system, the evolution 
operator tf is translationally-invariant in x and in t. 

Inasmuch as the entropy perturbation is given in the 
first nonvanishing approximation by 

6S(t)=- ~ .E J dr.<pI·<p.j" ... -kB<~' ~>H, (3) 
r , 

it is natural to use the Hilbert spaces of the vectors <I> 
in r n and the "densities" <I>(xd in rn(xd with re
specti ve scalar products (1{1, <1» Hand ( 1{1, <1», where 

<'I', ~>H= ~ J dx,<'I', ~>. 
We note that the mean values and their densities are 
expressed by these scalar products. 

. We assume that the collision operator also has the 
following general properties: 

1) it is dissipati ve: 

(4) 

2) it has a finite number of collision invariants 1{Im 
(m ~ 0): 

(5) 

Obviously, outside the subspace {1{Im} the operator 
J is negative, i.e., Re J < O. The first property denotes 
that stable systems are considered, and the second re
flects the presence of conservation laws. 

The flux operator, owing to the reversible character, 
is generally speaking anti-Hermitian and has a zero 
trace 

(6) 

The properties (4)-(6) can hold also for a density space, 
Le., 

<~, (1+/+) ~><>;O, (~, t!fd~)=O, (6' ) 

as, for example, in the case of BoltZmann systems. 

We are next interested in the linear deviations of the 
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major macroscopic quantities (MMQ) from the station
ary value 

c. (tx,) =< '1'., ~ (tx,» (7) 

(we assume henceforth Xl = r). The microscopic at
tributes of the MMQ 1{Ia(pm, Xi - Xj) can be regarded 
as orthogonal; in addition, it is convenient ot use in the 
general analysis the normalized quantities 

c.'=<'I'.', ~), 'I'.'='I'./n., <'1'.', 'I'~')=6.p 

(we shall henceforth omit the primes). 

Using the Zwanzig-Mori projection scheme, we 
represent <I> in the form <I> = P<I> + <1>, P<I> = 1{Ia(1{Ia, <1» 

and obtain in analogy with(l], under the condition <l>t=O 
= 0, closed equations for the MMQ; 

(8) 

Here 

Y.p"'('I'., yqrp), r.pa.(a, (F p,op+Fm .o.)~) 

are tensor operators; the asterisk denotes a tensor
argument (t, r) contraction, and a dot denotes a tensor 
contraction. According to (6'), the diagonal matrix ele
ments Vaa and Y aa are equal to zero. 

The "dissipation" MMQ ca is singled out in the 
right-hand sides of (8). It is expressed in terms of the 
thermodynamic forces x&. = 'YCa ' Xa = Ca and thle ex
ternal forces Xq = OFe(t) (in analogy with (1.10) I): 

-c. (tr) =V' ·K.pg*Xp·-K.p·'*x~·-K.p'*Xp+K.F*6F,; (9) 

K&j3 = -Ja j3 - Kgj3' We have separated here the gradi
ent, the gradient-relaxation, the relaxation, and the 
force terms. These relations establish the operator 
connection between the fluxes and the forces, and are 
generalizations of the well-known relations of non
equilibrium thermodynamics to include the case of 
linear RS processes. The dissipation obviously can be 
expressed in terms of the MMQ in the form (Mori) 

(10) 

The operator fi) = [0aj3] determines the rate of qissipa
tion of the MMQ Re fi) and the dispersion 1m fi), fll 
= [at - (1 - p)tfrl • 

The Fourier- Laplace transforms of the transfer 
kernels in (9)-the nonequilibrium kinetic (NK) tensors 
KAB(skF )-are expressed in terms of the correlation 
functions (1{1, R<I» = Rit<l>( skF) by general dissipation
fluctuation relations similar to (1.13). They are ob
tained from the solution of the system of equations for 
the quantities Cal = ca + Jafjcfj 

(11) 

(a takes on values at which Cal'" 0). These relations 
take the following form'); for gradient NKC 

At~ 

K'~.JIl(skF) = T <'Y, i1l,V;i1lG1P ), (12) 

for relaxation and force NKC 

(13) 

for gradient-relaxation NKC 

(14) 

Here t.. = II fllyO II and t..YO is the cofactor of the element 
RyO' 

G. E. Skvortsov 474 



(15) 

Relations (12)-(14), unlike the similar formulas ofU), 
are suitable for the case when the MMQ include noncon
served quantities, Le., such that CF>Ita .., O. (It is easily 
seen that expressions (1.13) for these MMQ become in
finite as k - 0 and s - 0). If lJia are the zeros of the 
operator ,rF,8lFlJia = >Ita/s, then formulas (12)-(14) 
coincide with (1.13). By virtue of (15), we are left here 
only with gr:ldient and force NKC. We note that the dis
sipation-fluduation relations (12)-(14), together with 
the possibility of experimentally determining the NKC, 
enable us to establish their properties and to obtain ap
proximate expressions for the NKC on the basis of ex
pressions for the correlation functions. According to 
(11), the!} matrix is represented in terms of the cor
relation functions in the form 

6.1~ -
d..~(skF)=v.~--(1,89W'~>, v.~""'--/~~ (16) 

sA 

(the second term does not appear if cal = 0). 

The spectrum of Eqs. (8) and (9) is determined by a 
dispersion function whose zeros are the eigenvalues 
s(kF)or k(sF); 

(17 ) 

The expression of D in terms of the correlation func
tion is given by formula (1.14). As is well known[l), in 
addition to the discrete (collective) spectrum, the dis
cussed theory admits, as a rule, also of a continuous 
part of the spectrum. 

The general causes of the (r, t) nonlocality of the 
fundamental relations (9), as is well known (see I), are 
the abbreviated description and the comparability of the 
scales of the processes with the internal ones. The in
ternal scales are determined by the times and lengths 
TI and II of the structural elements of the medium3 ) 

(the latter have internal degrees of freedom (energy, 
orientational, structural, and there is a set of similar 
characteristics). For example, in associated liquids, 
the structural elements of the medium are complexes 
combining about 103 molecules, and the (t, r) disper
sion comes into play at frequencies w ~ lOll sec-1 and 
wave numbers k ~ 107 cm-1; near the liquid-vapor 
transition, 1I is of the order of the average dimension 
of the density fluctuation, namely 10-5 cm; in the case 
of a turbulent medium, the internal scale is connected 
with the range and with the lifetime of the vortex, etc. 

On the basis of Eqs. (8), together with the closed 
relations (9) and (10), we proceed to construct a semi
phenomenological theory of RS processes. Let us dis
cuss the production of entropy. In the lowest order in 
the amplitude, for the investigated dissipative systems, 
according to (3) and (4), we have (q = 0) 

(18) 

The production of entropy is expressed in terms of the 
MMQ via formulas (9) and (1.7). However, only the first 
term (in the parentheses) is expressed in terms of op
erators with transfer kernels and in terms of the re
laxation frequencies that are contained in (9). (It is pre
cisely this term which is considered in nonequlibrium 
thermodynamics.) Since, in addition, the second term 
is absent if the MMQ are conserved and is small if the 
number of MMQ is large4 ), we confine ourselves to the 
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first term. We assume the entropy principle in the 
form 

68(t)- J drc.·(:"=~S dk' XA(k-k',t)·KAB(k't)·XB(k')+c.c.~O. 
2 . (19) 

For the investigated systems, it is expedient to 
formulate a dissipation principle as applied to Eqs. (8) 
and (9). It consists of the condition that the real part of 
the operator of the evolution of the medium (given by 
the system (8) and (9) be negative. Recognizing that the 
flux operator of the equations for the MMQ (a) is anti
Hermitian, the dissipation principle in the sand k 
representation takes the form 

(20) 

This means that the real part of the !) matrix is posi
tive. In an actual analysis it is useful to use the princi
ple in the form of the condition that the spectrum of (8) 
and (9) be located in the left half -plane. In the case of 
small gradients and velocities, the criteria (19) and (20) 
coincide. 

Let us dwell on the NKC symmetry properties. We 
use their representation in the Mori form(1) 

(21) 

The known (index) symmetry of the kinetic Onsager co
efficients and the (tensor) Curie symmetry in the case 
of RS processes take a more complicated form. The NK 
tensors will have the Onsager symmetry KAB = KBA 
under the condition 

#l+ (skF) =#l' (skF) , (22) 
which is quite restrictive. For Boltzmann systems 
without a field, Eq. (22) is satisfied and KAB = KBA(1). 
It should be indicated that this result differs from the 
general Mori result(2) KAB(iw, k) = EAEBKBA(iw, k), 
if EAEB = -1. The NKC tensor symmetry is determined 
by the symmetry of the system and of the external 
forces. Thus, for example, for isotropic systems the 
fourth-rank NK tensor has 12 nonzero components and 
5 independent ones. It is useful to regard the symmetry 
of the complex conjugation of the NKC. For Boltzmann 
systems without forces, it takes the form (1.37)2. This 
symmetry, jointly with the Onsager symmetry, is con
nected with the invariance of the complete description 
with respect to time reversal. 

The discussion of the properties of the NKC and the 
derivation of apprOximate relations for them in a wide 
range of arguments is conveniently carried out by using 
the "exact moment form" of the NKC. It is obtained in 
the following manner. We supplement the MMQ set ca 
with the quantities c y, the attributes of which >Ity are 
formed, in accordance with the equation, with the aid of 
the formulas (15), 

(We assume that the >It')' are orthogonalized.) Equations 
(8) and (10) for the quantities ca and c')' take the form 

sc.-8.,c,-c.(k) = (8./-ik· v •. v)c" (23h 
sCv+ lik· v"'+~v.+d.,.lc.= (8V,F_ik· v •• ) c,; (23)2 

{3 and II run respectively through the same values as a 
and y. We have assumed here q = 0 and have taken for 
c homogeneous initial conditions. Determining the 
quantities Cy from (23) in terms of ca and substituting 
them in (23)1, we obtain exact moment expressions for 
the NK tensors, namely for the gradient tensors 
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K, •. j~(skF) = V ... (k) V,. .. (k) d,oj d, (24) 

for the relaxation-gradient tensors 

K.,~= [V.,,$ .,,'+8 •• Fv.,~fd·"j d (25) 

and for the relaxation tensors 

(26) 

where 

(27) 

and a YO is the cofactor5 ), The obtained expressions 
make it possible to establish in a manner simpler, than 
(12)-(14) a number of properties of NKC, for example, 
to reveal symmetries, They are quite convenient for 
the construction of a semiphenomenological theory, The 
factors VaiO( k) Vyj/3(k), which can be called "structure. 
factors" of the gradient NKC, do not depend on k in the 
case of a simple gas, and can be easily calculated; for 
a simple liquid they are obtained from Schofield's cal
cUlations l9l (their values coincide with the "gas" values 
as k - 00), It must be assumed that the anomalous be
havior of the NKC near the phase-transition points is 
due to the singularities of the structure factors 6) , 

In the derivation of suitable relations for the NKC in 
a wide range of the arguments, it is expedient to use the 
basic principles of non-equilibrium thermodynamics, 
modified with allowance for the high rates and the 
'gradients, as well as relations that follow from the 
exact expressions, Let us make their content more pre
cise. 

1. Dissipativeness. This principle is closely con
nected with the stability criterion, and it is conveniently 
used in the form of a condition that the real part of the 
eigenvalues of Eqs. (8) and (9), which are the roots of 
the dispersion equation (17) be negative. These criteria 
can be applied also to the denominator of the NKC-to 
the function a(sk· F) (27), which is more convenient in 
applications. 

2. Symmetry. We discuss symmetry using as an ex
ample an isotropic system such as a simple liquid. The 
kinetic theory specifies the symmetries (crossing and 
complex-conjugation) in the form 

KAS(sk)=KBA(sk), kAS'(sk) =eAesKAS(s'k) , (28) 

which is analogous to the Boltzmann case[ll, From the 
second formula, recognizing that KAB( sk) = KAB( s·, 
-k), it follows that the diagonal NKC are even functions 
of k, while the NKC which connects quantities of differ
ent parity are odd functions of k. For isotropic sys
tems, the NK tensors have high tensor symmetry (see, 
e.g.,llOl). In particular, the NK tensor of second order 
has a structure 

k,kj (k'kj) Ku(sk)=7 KL (s,lkl)+ B,j-7 K.l.(s,lkl). (29) 

3. Asymptotic form. Weakly non-equilibrium case: 

At zero values of the arguments, the NK tensors take on 
a well-known formllll. Perturbation theory for small 
values of the arguments with ordering in powers of the 
gradients, is analogous to the well-known Chapman
Enskog method[1l; ordering in powers of at leads to a 
"temporal" variant of perturbation theory, which is 
intended for the study of the stationary regime (for ex
ample, problems in sound). 
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Weak-gradient rapid regimes: k' « 1, s' ~ 1. These 
regimes are described by a relaxation theory obtained 
by confining oneself in the fundamental relations (9) to 
terms of second order in the gradients. Perturbation 
theory for this case was discussed in[ll. The relaxation 
approximation is satisfactory when the transport time 
is much smaller than the "maximal" lifetime of the 
structure elements of the medium. For simple liquids 
(and gases), these times are of the same order, but this 
approximation can be used to describe the "tail" of the 
light-scattering spectrum. In the relaxation approxima
tion, no account is taken of the structure of the media, 
since values of NKC at k = 0 and KAB( sOF) are used. 

Ultrafast processes with large gradients: s'» 1, 
k' ~ 1. The principal term of the asymptotic form, 
s - QQ, is calculated directly from formulas (12)-(14) 
and (16). We then obtain 

(30) 
1 

d,.skF) ""v", - -[ik·<G. +, G.> ·ik-ik· «G, +, H.>+<H,+, G.» +<H,+, H.>] 
• 

(31) 

(II and Il can take on the values of Q from (11)-(16), 
and values of Y from (23)2). Formula (30) indicates the 
principal term of the asymptotic form; it vanishes for 
the off-diagonal gradient NKC, while the next term 
~S2 can be obtained by using (31) in the exact moment 
expressions for the NKC. 

Steep-gradient regime: k" » 1. The correlation func
tions in terms of which the NKC are expressed are cal
culated with the aid of the expansions 

se .... (skF) = ('I', 'kf + ~ [ (8,+ik·V) +'k1 ] "4lI), (32) 
S+I ·v v.i..J s 1 ·V+V .-. 

se!~ =('1', [s+ik·v+V]-'4lI>, ... ; (32h 

the positive quantity II has been introduced for conven
ience in the analysis of the cases s = -1, O. It is as
sumed here that as k - "" the system becomes "gas
like.,,7) Let us discuss the form of the NKC in the ap
proximation (32h, for which the correlation function 
takes the form 

",,(I) f J ('I', 4lIB.> d . s+v. 
.n;y.z,==-- U, Z$$l--, 

ikvT u-z kVT 
(33) 

where Ou = O(u - v;) and u = U3/VT. Using (33) with 
s = -iw and with real k, and assuming the well-known 
regularization, we obtain in accordance with (12) for 
gradient NKC, in the case of longitudinal motion, the 
expressions 

(34) 

where aa,a/3 are constants that can be calculated. 

4. Structure and connections between the NKC. The 
exact expressions (12)-(14) and (24)-(26) given above 
for the NKC reveal their structure. It is obvious that 
the NKC take the form of ratios with a common de
nominator. The algebraic form of the denominator (27) 
shows that its lowest degree in s should be not less 
than the number of "internal" relaxation processes in 
the system. Thus, in the case of the hydrodynamics of 
a simple liquid there are two internal relaxation proces
ses for longitudinal motion-thermal flux and longitudi
nal viscous stress, and the lowest degree of the denom
inator is 2. Using expressions (24)-(27), we can indi
cate the connections between the NKC. 

5. Sum rules. These rules and the relations for the 
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temporal moments were used in the discussion of the 
form of the correlation function in a number of 
papers[12-14). The results can be used to determine the 
form of the NKC directly with the aid of formulas (12)
(14). 

The principles and considerations indicated above, 
as well as the use of the exact moment form for the 
NKC, make it possible to choose for these coefficients 
suitable relations with experimentally-determined 
parameters. Direct measurement of the NKC is diffi
cult, and information concerning these coefficients 
must be extracted from various tasks. The most con
venient are data on sound propagation and the scatter
ing of radiation or neutrons (in a maximal range of fre
quencies and scattering angles). These data compliment 
each other and are sufficient for the determination of 
the hydrodynamic NKC in the one-dimensional case. In 
an acoustic experiment, one usually measures the 
propagation constant k( w) = kr + iki, with which the 
acoustic root of Eq. (17) is connected. The thermal 
branch is determined from the Rayleigh part of the 
density-density correlation function n( -k) n (w, k), 
where wand k are proportional to the change of the 
energy and momentum upon scattering. 

3. CONCERNING THE THEORY OF 
RAPID DIFFUSION 

Let us consider a theory in which one MMQ is in
vestigated, namely the theory of rapid diffusion (TRD). 
Such an MMQ can be the density, the energy, the trans
verse component of the velocity, or the angular (spin) 
momentum. Separation of one MMQ presupposes that 
its relaxation time is largest or that it is precisely this 
quantity which is observed in the experiment. 

Various problems that fit naturally within the frame
work of the TRD have been discussed earlier (general
ized Ohms law, diffusion of resonant radiation(15), low
temperature thermal conductivity(5), diffusion of neu
trons in small assemblies(1,2), etc). Here we present a 
general formulation of the TRD, discuss the relations 
for the NKC, and also indicate the characteristic 
physical consequences of this theory. 

The general equation of the TRD, according to (8) 
and (9), takes the form 

ij,c-q"=-V'/)j,-K,*c+K,*/)F,, 

/)j,=-KY' *Vc+K..,*c+K~" */)F •. 

(35h 
(35)2 

These equations contain the operators BI K:i l , Kr , KF,l, 
Kdr, and KF, which represent diffusion, relaxation, 
"conductivity," diffusion-relaxation, and force, respec
tively. (The operators Kdr and KF are apparently 
small as a rule; they vanish if + is an eigenfunction of 
6"F.) In the case of a conserved MMQ, only the first, 
current-dependent term remains in the right-hand side 
of (35)1, and only the diffusion and force contributions 
remain in the current of (35h. In this case the dissipa
tion-fluctuation relation (12) for the NK diffusion tensor 
takes the form 

K (" (kF) <jv+,.9I!j ... > VA (k)ut 
d s s<'¥, .91!,¥)' jv" or. (36) 

The correlation functions of the quantity + and of its 
current i+ can be determined from experiment or from 
a numerical analysis. 

There are a number of known effects in which the 

477 Sov. Phys.·JETP, Vol. 41, No.3 

transport coefficients K{j( skF) and K~ are not at 
equilibrium for large values of the arguments. These 
manifest themselves most clearly in anomalous situa
tions, when the disequilibrium is essential at small 
arguments. For small' k, such an effect was observed 
in the case of diffusion of resonant radiation (Biberman 
(1947)[15)), for small s this situation was indicated by 
the author[2,16] in the case of systems with vanishing 
frequency, and the disequilibrium of the conductivity in 
weak fields was observed for these systems in(17)91. 

The TRD spectrum is determined by the dispersion 
equation 

DRD(skF) =S-ik,K!" ·ik+ik'K...+K.=O. (37) 

According to (37), at small k the diffusion mode (in the 
regular case) takes the form 

8, (kF) =-v (F)-ik'K,,(-vOF) -k,K,(') (-vOF) ,k+ ... , (38) 

v( F) = Kr (-vOF), (In the case of diffusion of resonant 
radiation(15) we have S1 (k) "" -y I kl m, 0 < m < 1.) 

We consider next isotropic systems without a field. 
Formulas (24)-(26) then simplify and the diffusion and 
relaxation NKC take the form 

fl'! fl" 
K,;'(sk)=V""Vij"-, K·(sk)=v.,-v .. ,v ... -, 

!l fl 
(39) 

where ~ = II ~y1) II is given by (27), and y, 1) = 1, ... ,4; 

V."j=/),j('¥, V,'¥;>; '¥j=V,'l'!nj, '¥.=i'¥!n •. 

In the regular case, the quantities v4+ are small; the 
terms containing them can be neglected and only the 
diffusion NKC need be used. 

Let us dwell on the case of systems with a collision 
frequency that vanishes at certain energies (the gradi
ents are small). From the results and formulas of[IS,2] 
it is obvious that k?l (sO) and Kr (sO) are analytic func
tions if 1m s ;" 0; at s = -;\ ± iO (A real) they are equal 
to Kd,r( -;\ ± iO) '" K~,r (-;\) 'f iKp,r( -A). The quanti
ties Kd,r( -A) in the case v(p) "" 1I'1'(PT/P)Y at P/PT 
» 1 behave as A ~ 0 the following manner: Kr( 0) ;" 0 
and 

(40) 

rp(A) is a slowly varying factor. In cases when the col
lision frequency vanishes at finite energies lOI (p~/2m), 
for example v(p) "" v.l (p - Po)/poll! near po, where 
Y < 1, the quantities Ki take the form 

n ( p ') (V ) i-I/T 
K,(-1.)""y-K.'(O)exp - P:' +. (41) 

Relations (40) and (41) determine the distribution (spec
trum) of the long relaxation times. Expression (41) at 
k = 0 yields a damping law lll in the form t-1/y. 

Let us consider the steep-gradient regime. The main 
contribution is made in this case by the diffusion term. 
According to (39), the diffusion NKC for one-dimensional 
motion is of the form 

K.(sk)=~ (42) 
s+d,(sk) 

(it is assumed that + is an almost intrinsic attribute, 
Le., +4 ~ 0). The structure factor X(k) depends 
noticeably on k only at k ~ a -1 (a is the interaction 
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radius) also in the vicinity of the phase transition; as 
k - "" it becomes equal to the gas value XG 
= ( +vf+)2/n~. 

The most interesting is the dynamic part d1( sk) of 
the NKC. Within the framework of the semiphenomeno
logical theory, on the basis of the result of Sec. 2, we 
can assume for this quantity the following interpolation 
expression: 

[ .. -1+I,'k' ] 
d,(sk)=v, (1+a)+a s't.+(1+I.'k') 'I. (43) 

with five positive parameters, where a < 1. Obviously, 
the model (43) corresponds to two internal space-time 
scales 11,2 and T 1,2. The frequency v 1 is connected with 
the equilibrium value of the diffusion NKC: Kd( -vO) 
= ;(o/(lli - II). The value of the complex vl1~a/h is ob
tained from the steep-gradient limit of the NKC (34): 

(44) 

The remaining parameters are determined from the 
experimental data in the intermediate region. We shall 
assume henceforth for the sake of simplicity that 
a = Y2 and, as a rule, will use the simple model T2 = 0 
and 11 = l2' We note that formula (43) ensures satisfac
tion of the dissipation condition (without limitations on 
the parameters). . 

Let us discuss the roots of the dispersion equation 

s+v+k'K.(sk) =0. 

In the approximation d1"" d1( Ok) ;: v 1( k)121 we obtain 
two trajectories: 

v+v,(k) [(V+V,(k»)' ]'" s,.z(k)----2-± --2- -(k'X+vv, (k» . 

Obviously, Sl( k) shifts to the left with increasing k. 
Starting with a certain value of k, it is possible to 
satisfy the inequality 

(v+v,(k) )'<4[k'x(k)+w,(k) 1. 

which denotes the presence of three "diffusion" 
waves 131 • The criterion (47) is verified simply as 

(45) 

(46) 

(47) 

k _JO, when the gas model can be used, and takes the 
form 

(47') 

The use of (43) reduces (45) to a cubic equation in s 
with real coefficients at 1m k = O. Criteria similar to 
(47) and (47') are quite difficult to formulate for it. As 
k - 00, it takes the form 

A'XGI,+A'(XG't,+v,l,'a) +A/,+'t,=O, A-kls: (48) 

Obviously, its roots, s(k) or k(s), have an acoustic 
character, Le., Sn = klAn. 

Thus, if Eq. (45) has complex roots s(k) (k is real) 
for "moderate" k, then free "diffusion" waves of the 
density, thermal, shear, and spin type can be observed. 
Their presence is revealed by the form of the correla
tion function: Re R++(sk) = Re c(sk)/co(k). Thus, ac
cording to the TRD equation, in the approximation 
d1"" II d k), the correlation function has the pole form 

(49) 

Sl,2 (k) are given by formula (46), which reveals the 
presence of 1m Sl,2. Diffusion waves other than density 
waves were discussed earlier, but an analysis of these 
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essentially non-equilibrium phenomena calls for more 
perfect models, similar to those used in the present 
paper. 

More amenable to observation are generated waves 
of frequency w. They are described by a propagation 
constant, by the root k( w) of Eq. (45) with the smallest 
value of I 1m k I; this constant can be used also to deter
mine whether free waves are present. Within the frame
work of a simple model with X = const, this constant is 
given by 

k'(oo) "'-A (1+ (1-B/A') 'J,], 

s+v s 
A= - [28+v,-v,'I'(s+v)/4x], B= -(s+v,) (8+V)', 

2x .. ' 

(50) 

s = -iw. From this we obtain at w » VI 

~ v~ 
k'(oo) "" -[1-v,'+v, (v,'-4)'I'j, V,- -'-

2x 4x (50' ) 

which is a relation of the acoustic type. The damping is 
obviously determined by the quantity 1m (V~l2 - 16x)1/2 
(see (47'». 

Let us apply the TRD to the analysis of the (density) 
diffusion of neutrons. Experiment on the damping of the 
neutron momentum in assemblies of thickness h is 
usually described by the fall-off coefficient a = -sdk), 
k;: B(h). The evolution of the momentum follows an 
e-at law. The mode with the smallest damping at small 
k is expressed in terms of the parameters of the theory 
that uses the model (43) in the following manner: 

s,(k) =-v-k'X./(v,-v) + ... (51) 

The coefficients of absorption, diffusion, and diffusion 
cooling (the coefficient of k') were determined for 
various media [20,21]; these coefficients yield the three 
parameters of the theory. For density diffusion we have 
ad = 1/..fiT and XG = v~/2, while relation (44) yields the 
value of the fourth parameter. 

The parameters are best determined by using for 
sdk) an expression that is suitable in a wide range. 
Within the framework of the simple model, we obtain 
from the experimental a(k) relation and from (44) for 
water[22] the following parameter values: II = 4770 
sec-\ X = XG = v~/2, vT(27"C) = 2.24 .. 105 cm/sec, VI 

= 6.8 X 105 sec-\ and l = ..fiTVT/lll' The value of k 
(= kc) starting with which (47) holds true is kc = 2.5 
cm-1. Thus, for assemblies of thickness hc < 0.7 cm, 
the evolution of the momentum will follow the nonexpo
nentiallaw exp ( -art) cos Oit. It is clear that such a 
law with at ~ 0 points to the presence of free neutron 
waves. A similar analysis for graphite using the experi
mental data[23] makes it possible to represent satisfac
torily the function a (k) by assuming vT = VT(k). How
ever, the resultant value kc "" 0.3 cm-1 is larger than 
the experimental kc "" 0.09 cm-1. 

4. HYDRODYNAMICS OF FAST PROCESSES 

Let us discuss the theory of fast processes of small 
amplitudes in molecular liquids and gases; in this 
theory, the MMQ are the density p ~ co, the velocity 
ui - ci, the internal energy per unit mass ~ ~ C" and 
the internal angular momentum Mi ~ ci+4' These quan
tities are "conserved," with the exception of the last 
one, which is part of the total (conserved) angular mo
mentum. In addition to the rotational (quasiclassical) 
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degrees of freedom of the molecules, there can be ex
cited in these systems also vibrational and other de
grees of freedom. A constructive theory of the hydro
dynamic type, which covers also steep-gradient re
gimes, had its initial development in[2,4,7,11. Its original 
formalism was presented by Richardson (1960) and by 
Mori[3]. 

The equations of the hydrodynamics of fast proces
ses (HFP), according to (8) and the tensor concepts, 
are the following: 

where 

O,p«+ik· v«,p~-q«=-p«, 0:=0, i, 4, 

o,M,+fT,;Mj-q .. ,=-At, 

The closing relations (9) in the case of homogeneous 
fields take the form 

(52)1 
(52)z 

• (") (2) (3) (") (2) (3) 3) 
-u=ik·{Kuu ·X, +Kuo ·X,+KUM ·X, -KUM ·M}, (5 1 

where Xf) =: {ikiUj}, X2 = ik~, X~) = {ikiMj}, and M 
are the forces. The following nonequilibrium-coef
ficient tensors are involved here: the viscosity; the 
"thermal conducti vity" K(2)· the gyroviscosity J«4) • 

~t1' MM' 
the viscous thermal conductivity KJ~; the gyro-shear 
viscosity K~M; the gyrorelaxation viscosity K~; and 
the relaxation coefficient Kle1r; the thermal viscosity 
K~J; the viscous thermal conductivity KJh; the gyro
shear viscosity K~M; the gyro relaxation viscosity K~M; 

and the relaxation shear gyroviscosity KMu; the gyro-

The relations (53) greatly modify the known pheno
menological laws[24,25] and point to many hitherto not 
considered contributions. In the viscous-stress tensor 
a(2 ) defined by -u = V' a(2), and in the heat flux q de
fined by .1 = V q, the contributions from the thermal 
viscosity and viscous thermal conductivity were previ
ously regarded on a par with the Barnett coefficients. 
The description of Scott's gyrothermal effect, which 
manifests itself in a sufficiently rarefied gas, calls for 
allowance for the thermal viscosity and for a discussion 
of its dependence on k and on the field. At large gradi
ents, the off-diagonal terms are just as significant as 
the diagonal ones. The last terms in (53h,2 lead to the 
appearance of stresses and of a heat flow even if u and 
" are homogeneous, since the angular momentum is in
homogeneous. In the phenomenological-theory[24,2S] 
expression (53h for M, use was made of eqUilibrium 
values of the third, fifth, and seventh terms; it was as
sumed there that 

where E:ijk is the Levi-Civita symbol. The nonequili
brium character of relation (53h is significant if the 
angular momentum relaxation time greatly exceeds the 
relaxation time of the stress tensor. We note that when 
(53)3 is used, it is necessary to take into account the 
conservation of the total angular momentum (in the ab
sence of the field) 

0, S dr(M+[r, X u])=O. (54) 
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The latter imposes a limitation on the form of the cor
responding tensors in the semiphenomenological ap
proach. 

Let us refine the bE)havior of the off-diagonal NKC 
as functions of k. Using the representation of the NK 
tensors in the form (21) and the resolvent identity (see 
footnote 2), we obtain 

(55) 

Inasmuch (at least in the case of weak fields) by virtue 
of the tensor symmetry we have ( <1>)', ~ F<I>B) = 0, if 
A ;0< B, the off-diagonal NKC vanish as k - 0 and it is 
expedient to deal with the NK tensors KABV (of higher 
rank), which differ from zero at k = O. (It is precisely 
for these that we should use the names given above.) 

Let us consider in greater detail the HFP of an iso
tropic liquid (gas) in which the vibrational degrees of 
freedom are excited but the rotational ones are imma
terial. In this case, what is stationary is the equili
brium distribution fo = {noexp(-Et!.1o)/n}, and the 
attributes of the MMQ are as follows: 

'1'0= {Po}, '1',= {i>,.lm}, 

11' .• ={ ,EE,,-<E>,} / m, n'==UT, n,~tiT. 
, 

The momentum and energy transport equations (52) 
(without sources) take the form 

where UL(k) = V330 (k) and uW(k) = V334(k) are the 
isothermal and thermal longitudinal velOcities, respec
ti vely. The viscous-pressure tensor and the heat flux 
are expressed in terms of the MMQ in the following 
manner: 

(57h 

(57)2 

We have used here the symmetry of the crossing NK 
tensors (28). The tensor symmetry of the NKC is per
fectly analogous to that for a simple liquid[41. The iden
tification of Va j3(k) with the generalized thermody
namic quantities is realized in the same manner as 
. [4] 
in . 

We start the derivation of suitable relations for the 
NK tensors by using the exact moment expressions that 
follow from the minimally expanded (according to the 
equation) macroscopic description. It reduces to sup
plementation of Eqs. (56) with equations similar to 
(23)2 for 1Tij and Qt. Inasmuch as (56) contains only the 
divergences of the fluxes ikj1Tij and ikiQt, the number 
of additional equations decreases to four. Solving them 
relative to the divergences, we arrive at relations ana
logous to (24). In the one-dimensional case of longitudi
nal motion (along z) the expanded system of attributes 
includes -¥s = G33 and >¥6 = G34 . For this case the NKC 
1/3333= ilL (longitudinal viscosity), A33 = A, and X3333 
=: X take the form 
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where 

1]L (sk) =PoX,(k) [s+d.]/~, 

)'(sk) =poX.(k) [s+d.]lLl, 

X (sk) =poX" (k) WI i\, 

Ll (sk) =[s+d,] [s+d.l+k'W', W(sk) ... V,,(k) +d"lik, 

a., ... a.,..(sk) , Xa""Va, a+2Va+2,a, X,,(k) = (x,x.)"·· 

(58) 
(59) 
(60) 

The quantities Va{3 and the structure factors do not 
depend on k in the case of a gas; they were discussed 
in[tl for a simple liquid. 

At small k and s, the NKC (58)-(60) reduce to their 
equilibrium values, and whereas the quantities Tf 10 

= xao/dso and XO = X40/d80 are well known for many 
liquids, the thermal viscosity xo was calculated only 
for a simple gas and will serve as an additional weak
gradient parameter. Its value can be obtained from 
data on ultrasound or on the scattering of radiation. 

In the case of steep gradients kVT» w, in accord 
with (34) and with allowance for expressions (58)-(60), 
we obtain the relations 

1']L" (k)/po=x,Gd,"1 Ll··=a,v,1 1 k I, 
)..' (k) /po=x.Gd,·'/Ll··=a.Vr!l k I. 

x·' (k)/po=X,.GW··1 N'=-a"v,/1 k I. 
(61) 

Here aa = f1i (0.2/..f6 + 1/3), at == 1.2/ f1i, and aa4 
== 0.2 f3; the quantities xG are calculated in accord
ance with the gas model. From (61) it follows that 
d~,~(k) = ds,6i ki and Was = const. The obvious relations 

x,~. d"./(d,d,+W •• ') =a",v" -x,/W •• I ( ... ) =a,.v, (62) 

enable us to determine the three parameters. 

Let us determine more concretely the form of the 
NKC by using model relations that connect their asymp
totic values. First, we can take for ds,6 (sk) an ex
pression of the form (43). However, to decrease the 
number of parameters, it is expedient to choose 
ds,6 ( sk) ~ Va,t (k);va,4 (k) can be interpolated by the 
very simple relation va,t (k) = va,t( 1 + l~,4 k2 )1/2, where 
Va,t are the relaxation frequencies of the viscous 
stresses and of the heat flux. The quantity W2( sk) can 
be interpolated by a rational-fraction function of the 
type 

W' (sk) =wo' (1 +w,s+w,k'+w,s') I (1 +w,k'+w,s+w,s'). (63) 

where the parameters wo, W2/Wt, and Wa/W6 are de
termined in accordance with the asymptotic relation in 
terms of the quantities xo, V~ .. and W(oo, k). If we as
sume the structure factors to be known, we obtain a 
theory with 11 parameters; six of them are determined 
by the limiting values (three are calculated at k - 00). 
As a simple model we can assume W1,a,s,6 = 0 and l3 
= It; the use of this model does not require any experi
mental data in the intermediate region. 

To determine the parameters in the expressions for 
the NKC, it is convenient to use experiments on the 
propagation of ultrasound and on the scattering of radia
tion or neutrons. In the latter, one customarily investi
gates the spectral density-density correlation function, 
which can be obtained by solving the one-dimensional 
equations (56) and (57): 

(ik)' [k' ] S(wk)=2S(k)u,u,Re-.-- s+'--x(sk) , s=-iw. 
s'D(sk) po 

(64) 

k' k' k' [' k']' 
D(sk)= [S+-UL+-1']L] rs+-).] +k' ULO--X ; 

s po Po po 
(65) 
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S( k) is a structure factor. The function S( wk) was 
measured and calculated for various media. For a 
simple gas it was determined from the scattering of 
light[261 and was calculated from the Boltzmann equa
tion[271; the values considered there were w' ~ 1 and 
k' ~ 1, for which ordinary hydrodynamics is not suit
able. For liquids, the function S( wk) was calculated by 
the molecular-dynamics method[ 281 and was determined 
from coherent neutron scattering(29) up to values 
w ~ Vo, k ~ vTvo, Vo ~ 1013 sec-1 (vo is the "collision 
frequency" in the liquid). Data on hypersound, suitable 
for the determination of the parameters, are available 
only for gases[a01; frequencies w' ~ 10 were attained in 
them. Similar regimE'S, k' ;s 10 and w' ~ to, can be 
described within the framework of the HFP. We note 
that the HFP based on radiation-scattering data makes 
it possible, in the case of liquid, to analyze hypersound 
in a region that is not accessible to modern experiment. 

When choosing the values of the parameters, account 
must be taken of the restrictions imposed on them by 
the dissipation condition. In the assumed model (63), 
this condition as applied to the denominator of the NKC 
(60) is equivalent to the Routh-Hurwitz criterion for the 
polynomial 

w,s'+b,s'+b,s'+b,s+b" b,=ll:,+ (VI (k) +v,(k» W o, ... 

and leads to the system of inequalities 

w,>O, 10,>0, w,>-I,IJwo', lc,<u·,w,lwo,... (66) 

Let us specify more concretely the values of the 
NKC parameters (58)-(60) for a monatomic gas within 
the framework of the simple model. The equilibrium 
values of the NKC are known[ 311: 

x' 4 l.o=PoX'=~. Xo=Pox .. Wo=~,1]o'. (67) 
1]LO=~P6=31], v. c, v,v. p, 

Here Tf is the shear viscosity, AT is the thermal con
ductivity, V4;" 2va/3, Wa"'" 2.7, Wo = -2VT/ill 
+ (ds6/ik)0 = 2w3VT/3 ill. The steep-gradient asymp
totic expression (62) yields the values of the parameters 
la,4 and W2/W4' To choose the latter parameter W2 we 
need one experimental point from the region of the mean 
values of k. To this end we can use the calculated 
values of S( wk) [271; for example, we can take the point 
w = 0 and k' = 1. The value of w~ obtained thereby will 
be suitable for all monatomic gases in a wide range of 
temperatures and pressures. It must be recognized 
that at rather high frequencies, w' > 1, it becomes ap
parently necessary to use expression (63) for W( sk); 
the additional parameters are best determined from an 
acoustic experiment[ao1. 

In conclusion, let us consider the shear flow of a 
simple liquid (gas). The velocity U1( tz) is determined 
by the expression 

I 

a,ul(tz)=a,S dz' S dt'1].L(t-t',z-z')a,'u,(t'z') (68) 
o 

and by the corresponding boundary conditions. (In the 
simplest case U1(tO) = cp(t), where cp(t) is determined 
by the law of motion of an infinite plane; for a pulsed 
regime cp(t) = O(t) and for a stationary regime cp(t) 
~ cos wt.) Just as in the problem of free shear, it is 
convenient here to use the (semi-spatial) Laplace
Fourier representation 
SUI (sk) =-k'1'].L(sk) u,-ik(1].L * UI)'~O(S)-(1].L * u,);~o(s)+u,(t=O,k). 

(69) 
The shear-viscosity NKC assumes in accordance with 
(42) the form 
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'l.L(sk)=PoX.L(k) / [S+d,(Rk) 1. (70) 

with POXl(k) = C44(k)l9,4]; ddsk) can be taken in the 
form (43). 

We confine ourselves to the first stage of the dis
cussed problem-the determination of the zeroes of the 
dispersion equation (the solution of the stationary prob
lem consists of finding the roots k = k( w». Using the 
approximation d l "" IIl( k) and assuming for /ll( k) the 
interpolation dependence (3.20) of l4 ], we obtain the 
zeroes of sl,dk) in accordance with formula (46) at 
II = O. Let us discuss the question of the shear waves 
with the aid of this relation. According to the condition 
(47), the criterion for the appearance of free waves 
takes at II = 0 the form 

v,' (k) =2k'X.L (k) +[ v,,'-2k' (x.c (k) -L'o') ] (1 +k' / ko') -1=ik'Z.L(k). 

From the character of the behavior of x.dk)l4J it is 
clear that this equation has a unique root; for liquid 
argon, its value, according to the data ofl4 ], is kc 

(71) 

"" 1.9 X 107 cm- l . Thus, the shear waves in liquid argon 
can be regarded as observable. 

In concluding the discussion of the theory of RS 
processes, which was proposed in this paper, it should 
be noted that it can be used as a basis for the construc
tion of a general phenomenological theory of linear 
processes in very complicated media, whose structure 
elements are conglomerates of more than 106 molecules. 

I)We use this notation for the fonnulas of [I]. 
2)!n the derivation of these formulas and in other places we used the 

operator identity (A - B)-I - A-I = A-'B(A - Br' = (A - Br l BA-' . 
From this identity follows the formula iil- [1+92P8]-'92, which is 
indicated in [I) in distorted form. 

3)They can be particles and quasiparticles, clusters, domains, turbons, 
and other formations. 

4)This, of course, does not mean that it is small in the general case. 
S)The employed scheme can be regarded as a generalization and verifi

cation of the Leontovich-Mandel'shtam construction of the relaxation 
theory [6); the c-y play the role of the internal parameters. 

6)The anomalous behavior of the NKC as a result of the singularity of 
the quantities dcxj3 is usually connected with the "kinetic" singulari
ties of the systems. 

7)This hypothesis was used earlier in the study of liquids [12,7,4). 
S)Of course, their meanings and designations are determined by the con

sidered MMQ. 
9) An appreciable time dispersion of the relaxation coefficient was 

demonstrated by a recent experiment on spin-echo damping [IS). 
lO)For example, in the case of Ramsauer transport of electrons in a gas. 
II)This damping can be slower than the spatial damping t-n/2 [16). 
12)This means that the relaxation time of the first internal process is 

much larger than that of the second one. 
13)ln the kinetic diffusion picture in a gas they correspond to a con- . 

tinuous spectrum of s off the real axis; the appearance of the imagin
ary part is connected with the fact that the trajectory reaches the con
tinuum at k = klim [2,16,19). 
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