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The operator diagram technique for the analysis of processes in a homogeneous (constant with respect to
space and time) external electromagnetic field, developed by the authors earlier, " is extended to the case
of charged-particle loops. The contribution of a loop with n-photon lines is represented as an n-fold
integral of an expression that contains no operators. Explicit representations of the contributions to the
photon polarization operator of scalar and spinor particles are obtained and analyzed. It is shown that
particle-pair production by a field can be described simply within the framework of the given approach.

1. INTRODUCTION

In an earlier paper ™’ (henceforth cited as I) we for-
mulated an operator diagram technique for the analysis
of processes in a homogeneous external electromag-
netic field (F Ly = const), and obtained the mass oper-
ators of scalar and spinor particles, i.e., we consid-
ered diagrams in which the external lines are charged
particles. In this paper we study another class of dia-
grams, the external lines of which are photons. In Sec.
2 we present a general representation of an electron
loop with n photon ends, and in Sec. 3 we obtain an ex-
plicit expression for the contribution of the scalar and
spinor particles to the polarization operator of the pho-
ton and discuss this expression. In Sec. 4 we describe
particle pair production by a field (photonless electron
loops) within the framework of the presented approach.

2. ELECTRON LOOPS WITH n PHOTONS

In I we presented an operator form for writing down
the amplitude of photon scattering by an external field
(electron loop with two photon lines), expressed in terms
of the polarization tensor H“V(kl, k,) (formulas (1.15)-
(1.17) of I). We can write down analogously an operator
expression for the tensor I, . , (ky, . . , kp), in
terms of which are expressed the amplitudes for the
transformation of one number of photons into another
number (see the figure): T = i(2n)*elt...eHnlly 4.
These amplitudes describe such processes as the split-
ting of a photon into two photons or the coalescence of
two photons into one, the scattering of light by light,
etc. The form assumed by the contribution of the dia-
gram shown in the figure is the same as for free parti-
cles (it is necessary to add to the contribution of this
diagram also the contribution of the diagrams with all
the permutations of the photon lines); for spin-1/2 par-

ticles we have
a0 lIIP, o).

Muow (kyens )= (2.1)

-1 m+ze

where

Pimidy—eds, L= Y ln, Li—l=0.
me=1
Within the framework of the developed approach, the
main problem is to calculate the mean value over the
states x = 0: (0| . . . |0), which contains in it an aggre-
gate of non-commuting operators Py. It is convenient
to parametrize the electron propagator:
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1 L -
——=—i(P=l;-,*+m) jds,- explis;[ (P—1,_,)*+/,ecF —m?]},
P—I;_,—m+ie .

(2.2)

where oF = ¢#VF,,,. It will be useful in what follows to
shift all the exponential factor to the right. We use here
the relations

Pu (s) Eg"*’"P“e"'-‘P’: (e_zeF.;P) w

,YM(S)Eervul“x/z,‘{ye-teol"s“: (,Yezen)m (2.3)

() = (e77°K),.

The first two of these relations were derived in I (see
(2.9) and (3.4) in that reference), while the third is the
definition of k u(s); it appears if we consider an expres-
sion of the type

ei(P=h (Pu_ku) e—((p_tm‘=Pll (s) —k,. (s), (2.4)

where k, is a c-number. Commutation of a typical pair
of operators yields, with allowance for (2.3),
exp {i(P — L) s (P — b) = [P — Ly — Ky, (s) exp (i (P — 10 sp)

=[P — T — K (— ) vl exp lis (P — L)) (2.5)
Substituting the representation (2.2) in (2.1) and repeat-
ing in succession the operation (2.5) with allowance for

(2.3), we obtain
Moo, (s e ) = (2) (e (I_[;[ds,)
! (2.6)
xsp{<0! [] B-htmiv, ) 010>explit, eat /2~ mz)]}
where
te=Y sy b =Z Y"(”—Z"” ()Y
2.7)

2] =H explis:(P—1,_,)*].

=1

In (2.6), the mean values of the operators which we must
calculate are aggregates of expressions
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Ny =<0|P,P,,...P, 610 (2.8)

together with the quantity

N™=<0|8|0>. (2.9)
We consider the operator® of the coordinates:
X(s)=0X0-", e-'=H expl—is;(P—1-)?].  (2.10)

To find (2.10) it is necessary to calculate the quantity
(2.11)

Differentiating (2.11) with respect to sy,, we obtain,
taking (2.3) into account,

X (sn)=explisn (P—ln-1)%]X exp[—ism (P—l,-1)%].

dX (sm)

o ==2[P(sn) =Ln-1(s) | =—2e=*m" (P=Ly_,).

(2.12)
The solution of this equation with the boundary condition
X(0)=Xis

X (sm) =U(sn) (P=ln-) +X, (2.13)

where
Ulsn) = e (eseront). (2.14)
eF

Using in succession expressions of the type (2.13), we
can calculate X(s) in (2.10):

X(s)= ZU(s.,.)P(t,,._‘)— 2 Z U(sa) bi(tmer—t) +X. (2.15)

Transforming this expression, we obtain
X(s)=UP—K+X, (2.16)

where
U=UG), K=K()=Y Ult—t)k. (2.17)
i
We consider now the commutator

O] [ Xy [Xuwr + -y [Xumi €] ... 11]0>=0, (2.18)

since Xk |0) = 0. According to the definition (2.10) we

have the commutator
[X.. 8] =(X.—X.(s))8=[-UP+K],8. (2.19)
Since
[X,, P.]=—ig, (2.20)

all the commutators in (2.18) can be calculated directly.
At m = 1 we have

0| (~UP+K)8|0>=0, (2.21)
and at m = 2

0| [(—UP+K),{~UP+K),,+iU,,.,]10|0>=0. (2.22)

Continuing these operations, we easily verify that for
odd m we get the equation

20—1

o ] ~up+K).,0109=0, (2.23)
and for even m -
<ol [III<—UP+K>MA—<—i)‘ Y I[IUu;p,.]e|o>=o, (2.24)

where the summation is carried out over all the commu-
tations i < j. The last two equations can be transformed
into

<ol [H(—p+o)ph]®|0>=o,
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<ol [f[(—Pﬂ'-O)uk—(-iw ZH (U“):,,.]e|0>=0, (2.25)

i<i

where we have for the vector Q = UK. It follows there-
fore that the mean values (0| . .. ©]|0) which contain in
them the operators P, can be expressed in terms of the
mean values of the operator ©. In particular, for I =1
we have
Ni=<01P,,0105=0,<01810>=Q, N,
(2.26)
Ni=<01P,P,,010>=[QrQs,—i (U~*) s, IN™.

We present the convolution of the two operators PM and

Py,

Py Py=—i(U) (2.27)

We can now formulate a statement that is analogous in a
certain sense to the Wick theorem.

The mean value N‘T:uz_ ..ip (2.8) is a sum of terms

in which the operators P, are replaced by Q) with all
the possible convolutions (2.27):

N, =[0uQus- - Qu, +PoPuQ,.... Qu + .. IN™.  (2.28)

For m = 1 and m = 2 this theorem is obvious (see (2.26)).
For arbitrary m, the theorem can be proved without dif-
ficulty by starting from (2.25) and using mathematical
induction.

The result (2.28) reduces to calculation of expres-
sions (2.8) to the problem of finding N™ =(0]|© |0), to
which we now proceed. We introduce the quantity
N®™(q), in which all sj — asj and N® = N™(1), and
differentiate this quantity with respect to a:

AN™ (@) /dot=i<0 Zsm(m—lm_,)ze(a) 0>,  (2.29)
where
B(a)= Hexp(ias,-(P—l,-_‘)z),
and the operator
Bl 1=P(Clm—1) — ks (0 (tm-s—t:) ) —F2 (A (bmos—t2) ) — . . . —Kms
(2.30)

has appeared when the exponential factors were shifted
to the right in accordance with the relations (2.3)-(2.5).
Taking the same relations into account, we have

m—1

(P.,.—~l,._,)’=P‘—-2PE Fu(—ct)+ 2 ke

s = = (2.31)
+2 2 Eok (oty—auty) =P*—2PI+ M.,
Substituting this expression into (2.29) we obtain
dN™ (@) [da=i<0| (P*t,—2PI+M) 6 (a) | 0). (2.32)

Here

n

1= Zs,..l,,. = i ki(—at) (ta—t), M= ismM,.. (2.33)

me=1 1=1 me=t

The terms with P? and P which enter in the right-hand
side, can be reduced with the aid of (2.26) to expres-
sions that do not contain an operator in front of ©(«):

dN™ (a)/da=iB(a) N (a), (2.34)
where
B(a)=t,Q*(a) —2Q (@) I+M—it, Sp[U~*(at.)].  (2.35)
Solving the differential equation (2.34), we have
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N (@) =C’ exp[ifB(a)doc] . (2.36)

The integral of the last term (2.35) can be taken in ex-
plicit form and we then obtain

N™ (@) =C{det[—*/.U (ata) ]}~" exp [i jB(a)da] s (2.37)

where
B(a) =t.Q*(a) —2Q(a) I+M. (2.38)

The constant C can be obtained for the limiting case
Fyp —0and @ — 0. As o — 0, formula (2.37) yields

(2.39)

On the other hand, as F;py — 0 we can go over in (2.9)
(where sj — asJ') to the momentum representation and
use the completeness theorem

N (@) =Cla?t,z

<z|R(p) |>= Id‘p <zlR(p) Ip><plz>= jd‘pR(p), (2.40)

where R is an arbitrary operator. Then formula (2.9)
reduces as a — 0 to an integral of the type of (2.31) of
I. As a result we have

C=—in®

(2.41)

Substituting this expression in (2.37) and putting o = 1,
we obtain the sought quantity N™ = N®™ (1). The factor
in front of the exponential in (2.37) is universal and does
not depend on the number of the external photon lines.
Its explicit form can be determined with the aid of the
procedure described in I (see the Appendix there). It
must be borne in mind that det [— U (t,)] has an infinite
number of zeros, so that it is necessary to see to it that
the branches of the pre-exponential factor are correctly
chosen. The final result takes the form

NW=N" (1) =—in*® (t,.)exp[ijB(a)da] s (2.42)
where E,H=[(#2 +92)"2 + #]'/?; #,and ¢ are field in-
variants:

e’EH

@ ()= sin(lelHt)sthreilE—t)'

(2.43)
Knowing the explicit form of N™ and substituting it in
(2.38), we obtain the aggregate of the expression
(

) : . :
Nyii,. . .y the use of which yields the matrix element

(2.6), which is an n-fold integral (with respect to s, s,,

., sp) that contains no operators. From the point of
view of the y-matrix structure, it takes the form (with
(2.3) taken into account)

.{h ,the-‘mm,,/z

(2.44)

When calculating the traces of expressions of this type,
it is convenient to use the formula (see the Appendix)
yre'eor 2 =iy*[ e sin (eF*s) y]*+[e™* cos (el s) ¥ 1%,
Fis —easnF™/2,

which reduces the problem to a determination of the
traces of an ordinary aggregate of y matrices.

(2.45)

The solution of the considered problem in scalar
electrodynamics is perfectly analogous, since the prob-
lem reduces there to a consideration of expressions
(2.8) and (2.9).

The obtained formulas enable us to obtain the ex-
plicit form of expressions for any given n. The case n
= 2 (polarization operator) will be considered in detail
in the next section. We therefore consider here, by way
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of illustration, the quantity N [Eq. (2.42)] for n = 3
(splitting of a photon in an external field). In this case
we have

Qo) =U~*(ats) [U(ats—ats) kit U (ats—ats) k2],
I= (t;—t,)ez‘”"kﬁ- (t;—tz)ez""""k:,
M=2(t;—ts) koe=2F o o+ (t,—1,) kP + (ta—ta) K.

(2.46)

The matrix expressions contained here can be expanded
with the aid of the technique described in the Appendix
of I, as a result of which we obtain the explicit form of
B(a) [Eq. (2.38)]. The integral with respect to @, which
is of interest to us, can then be evaluated directlyz’

j B(a)da = {(k,C?k,) [ch (eEts) —ch (eE (t,—2t:) ) ]

1
2eE sh(eEt,)
+(k,C*k,) [ch(eEt;) —ch (eE (t:—2t,) ) ] + (k,C?k,) [ch (eEts)
+ch (eE (2t.—2t,—1;) ) —ch (eE (t,—2t.) ) —ch (eE (t£,—2¢,)) 1
+ (k,Ck.) [sh(eEt,) +sh (eE (2t,—2t,—t;) ) +sh (eE (t;—2t,) )
—sh(eE (t,—2t,)) 1}
+ terms in which E—iH, Cc--iB.

The expression obtained for the phase in (2.42)
agrees with the expressions obtained in particular
cases by Adler® for E = 0 and k? = k3 = kZ = 0 and by
Papanyan and Ritus ®' for #= 9 =0.

3. POLARIZATION OPERATOR

If n = 2, then the quantity Myu,isa polarization op-
erator. In this case

_ Ulat—at,)
Q(a)= T

where k = k,. Substituting these expressions in (2.38)
and (2.42) we obtain

1\7(2)=_in2a) (S) ei(¢+m’s)'

k, I=(t,—t,)e* "k, M=(t—t)k> (3.1)

(3.2)

where ®(s) is given by formula (2.43),
__i[kB’k kC*k

7 T C‘]_sm"’

_ ch(eEs)—ch(eEvs)
N sh (eEs)
We have changed over here to the variables

_ 2t,—t, 5
Tt sits:
Knowing N®| we obtain from (2.26) the values of N;f:
and Ni}) ), , where Q; = Qy(1)). These expressions can

be used to describe both electron loops and scalar-
particle loops.

(3.3)

t = cos(gHs) —cos (eHvs)
' sin(eHs)

L] 1

(3.4)

s=t,=s;+s;,, v

Let us calculate the contributions of the scalar par-
biels to the polarization operator of the photon. It is
necessary here to consider two diagrams (see Fig. 2
of I). The contribution of the first will be represented
in the form

[ﬁfﬂ’:i—ezu lm ) p _
i (zn)éafds Djds <01 (2P,,—k,) .9
X(2(e=*FP) ,,—k,,) e" " exp[is, (P—k)?]|0>exp[ —i (s, +s:) m*],
where a parametrization of the type (2.2) was carried out
and relations (2.3) was used. To find the explicit form of
Iy, u, it is necessary to use the expressions given above
for N, N{P’, and Nj7, . The calculation then reduces
to a number of algebraic operations. The result is

g . 2 Opu
O, = ldvl}.d“a’(sl{(pk)..(pk)v—(kk),.(hk)v+-s~-———6‘: Lo,
(3.6)
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where we have changed over to the variables s and v
[Eq. (3.4)], ¢ is given by formula (3.3), and we have in-
troduced the tensors
Puv=Cuv2c:_Buv2Ch
sh(eEvs)

b= heEs) ' T

Mwv=Cl1—Byy : 25 .
¢ (3.7)

sin (eHvs)
sin(eHs)

Integrating the last term with respect to v by parts, we
obtain

ey =—8°; [ v [ ds s® () ((pk) (pk) s —p (kpk) — (1K) (1K) oS
T . (3.8)
io —
+Eguv!‘ds(l)(s)e .

The contribution of the second diagram H(b) [(1.17) of 1]
is the mean value of the propagator. We can calculate it
by using formula (3.2) with v =1 (or as k — 0):

H::) = ——iiguvj ds@(s)e—um‘. (3.9)
T e

The sum of (3.8) and (3.9)

OY = +11% (3.10)

gives the total contribution of the scalar particles to the
polarization operator of the photon. In this sum, the
terms containing igh? cancel each other, after which we
are left with a gauge-invariant expression (the first
term of (3.8)). The polarization operator Hﬁ,’, should be
renormalized. To this end, we represent it in the form

(3.11)

The first term vanishes at a field F = 0, while the second
term (which does not depend on the field) should be re-
normalized in standard fashion. As a result we have a
final expression for the renormalized polarization op-
erator:

OW=[14 — 1S (F=0) | +I1Y (F=0).

I = dv mds sO(s) [(pk). (pk)+
o Jaswtl (3.12)

—pu (kpk) — (M) u (MK) ] ¥+ (g k> —k Ky ) Q1

where

Q® =%j dv l;“”{ f-i—sexp{ —is[mz—k—;(l—-vz) ]}
- ’ (3.13)

TO=y2,

+ln[ 1 —Tlfnz—z.(i_w) ]}

The obtained expression (3.12) enables us to analyze
a large number of problems. The imaginary part of the
polarization operator determines the probability of the
production of a pair of scalar particles by a photon hav-
ing a definite polarization:
e*e* Im 113 (k),

no b
W= (3.14)

where k, is the photon frequency.

Substituting Hﬂ”R (3.12) in the Dyson eqaation
(k* — I1)D = 1, we obtain the propagator of the photon
in the external field. The eigenvalues Kl( correspond-
ing to the elgenvectors b(((l’; of the tensor (3. 12) play
here the role of the square of the photon mass in the
field;

(OR , (0)y (°) ()
Huv b(-) - b(-w

(3.15)

Solving this equatlon , we obtain four mutually orthogo-
nal vectors b(l)u

(i=1,2,3,4).

D= (C*1) w (KB) — (B*)  (KCR),
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b= (Bk),+ __(wm) QL (Ck)y,

. o © (3.16)
b= (ck),,——\?(kcw)sa, Bk, bi=k,.
For the eigenvalues k{” we have
= QU+ )k, =1 A=A 24,
(3.17)

0. 0 ) 0) e (
1 =AY A" 24, w =0,

In formulas (3.16) and (3.17) we have introduced the no-
tation

AL — (kB R, AL =(kCk)QL”,
AL =4(kCE) (kBk) ()2,
A=A A + A7 TA” ) A" ]

1 o
) 3.18
Qf“ =-— %Ildv:‘f ds s(D(s)e”‘mf”; ( )
0 0=—0t  0f =t Lkt G

| S I

where we used the quantities ¢ introduced in (3.3), (3.7),
and (3.13).

The obtained expressions enable us to represent the
polarization operator in diagonal form:

0, (0)
(‘7)n b(-wbmv (‘7)
M, E

0
‘1): ’ =8sli

(0]
(OR) )—

(3.19)

wrz

which is convenient for apphcatlons. Using the repre-
sentation (3.19), we can write the photon Green’s func-
tion in the field in the form

), (0)
D= bembiny 1
w b2 kt—y ™’
i

i (i)

(3.20)

so that the properties of the functions k{” determine the
character of the propagation of the electromagnetic
waves® (with definite polarization) in the external field.

The analytic properties of the functions x{* are de-
termined by the specifics of the interaction of the photon
with the charged particles in the field, and differ signif-
icantly from the properties of the same functions in vac-
uum, In particular, they represent the spectrum of the
states of a scalar particle in a field. Let us illustrate

the last circumstance using as an example the function
(0)

K, in a purely mag'netic field (E = 0)
QK+ m jdu j nd {—rv bk
sinz sinx
(3.21)
+q [( si.n vz )2»+ ( cos x.—cos vz )’]} v
sinx sinzx
here
1 COS T—COS VT
=20 ( )-sta—rt1-)],
w2 () = g 09
2 2__ .2 . D2 2
z=|e|Hs, u—ﬁ r=—ka= ko k’, _ Bk _ k.
n’ 4m? 4m? 4m? 4m?

(the field H is directed along the 3 axis, and k| = k3 +kj).
We shall show that the function k;® has singularities
at the points

= (—————-—gm ORLAMY ); %[1+(z+z'+1)u

2 (3.23)
4 ) P — (=) 2p ],
where “()=vi+@I+1)p;!I, 1'=0,1,..., corre-

sponding to the quantum cha.racter of the transverse mo-
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tion of the scalar particles in the field. When consider-
ing this question, we can leave out of x{” the terms that
do not depend on the field, and bear in mind the fact that
the singularities are produced by the region of large
values of the variable x. We confine ourselves to calcu-
lation of the term

¢ d
2;.;1”12 Jldv i»sinxz

q exp{i [u(cos z—Ccos vz)—%(i—-r(i—vz)) 1} ,

(3.24)

where u = 2q/p sin x. Calculation of the remammg terms
(as well as, incidentally, of other functions «j °’) is analo-
gous. We use the expansion (see ™7, p. 987)

e-iuers T y (=i)"T . (n)e™=,

n=—

(3.25)

where Jp(u) is a Bessel function, and take the integral
with respect to v, retaining the highest-order terms in
the expansion in 1/x:

j.dl e\p{II(nv-‘-_ )] ~ --mv V‘

this formula is valid if |nu/2r| < 1. Subst1tut1ng it in
(3.24), we get

LI (ﬂ) 3By
2nm ¢ e r 2 2
/2 dr
X_-f sin

where we took into account the fact that x, > 1 (I, » 1),
subdivided the integral into a sum of integrals, and

exp ’_’"r“) (3.26)

(—)" (=)

(3.27)

n? —
exp{zu cos z+i(lntz) [-—41—- ! r]}"n(u)v
T

made the change of variable x — x + /7. At the point
%— 1;r= m (m is an integer) (3.28)

the sum over ! in (3.27) diverges if n+m is an odd num-

ber. Equation (3.28) is satisfied at points where
r=rm.="{l+mp+[ (L+mp)*— (np)?]"}. (3.29)

in the vicinity of these points r = rpj3p + 6 we can sum
over [ in (3.27) and retain the higher-order terms:

B [ U0

f=h (3.30)
1 np \*1N " AL
=ﬁ[—{nu/|6|[1-—(2rﬂm ) ]} e}.p(t—4——51gn6).
Substituting this expansion in (3.27), we obtain
% |e|He—ino(-a)/zq 2 (—i)"(ﬁz[ (1+m’l‘l) 2__ (nu‘)z])_v..
i (3.31)

/3

J‘ gilmetucon ] (4) "i‘t .
sinz
-1/2

Proceeding analogously, we obtain an expression for the
entire quantity x{”. In the case n = 0 and m = 1 we have

o_ _ ik, *lelH ko —ks? —'h k,*
" dm*(1+p) L dm?(1+p) 1] exp 2lelH - (3.32)

It is easy to see that the condition (3.29) coincides with
the condition (3.23)if weputm=7+1"+1, n=1-1'),
because m and n have opposite parity.

We have thus shown that at the pomts (3.23) K2 = k2
+m* (£ 1) + € (1'))? the function k{* has a root sin-
gularity. The reason why this s1ngular1ty is not a pole
but a branch point is that motion along the field is not
quantized. The appearance of the root singularity can
be understood from an analysis of the imaginary part
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for «{”, which in accordance with (3.14) is connected

with the probability of the production of a pair of par-
ticles by a photon of even polarization. As is well known
(see ™), for spinor particles this probability has a root
singularity at the points (3.23), the origin of which is
due to the properties of the phase volume in the given
order of perturbation theory (infinitesimally narrow
levels®’).

The contribution of the spinor particles to the polari-
zation operator of the photon can be obtained from the
general formulas® of Sec. 2, in which it is necessary to
substitute the explicit form of the quantities (3.1)-(3.4).
The analysis is perfectly analogous to that presented
above for scalar particles (the new algebraic detail,
namely the calculation of the traces of the y matrices,
is carried out without difficulty with the aid of formu-
las (2.3) and (2.45); see the appendix). The result can
be finally represented in the form (3.19), where

bER=b D, bR =b8N,  bom=(Bk),+2(Ck), Q™" (kB) /A,

b = (Ck),—2(BE), Q4" (kC?k) /A" (3.33)
1 = QMK ™ =™ — A A 7240,
1= A LA A, P =0,
Here
A =4(Q™) (kBk) (kCk),
A =0 kBE), AL =0 (kC?k), (3.34)

A=A A AL A ) A

The function 2“/? is given by formula (3.13), where it
is necessary to make the substitution £ — ¢V =

2 (1 - v®); the functions Qf'/*’ are given by formula (3.18),
in which the following quantities must be substituted:

“” 2| cos(eHvs)ch (eEvs) —ctg (eHs)cth (eEs)sin (eHvs)sh(eEvs) ],
cos(eHs)—cos (eHvs) m

" —_4 ch(eE
@ 4 ch(eEs) sin®(eHs) !

ch(eHs) —ch(eEvs) )
Ry O (3.35)

ol _ [ (cos(eHs)cos (eHvs) —1) (ch(eEs)ch(eEvs)—1)
’ sin (eHs)sh (eEs)

" =4 cos (eHs)

+sh (eEvs)sin (eHvs) ] .

This result coincides with 7, but the notation is differ-
ent here.

The functions « /2 (in a pure magnetic field E = 0)

also have root singularities due to the properties of the
phase volume at the point (3.29). The study of these sin-
gularities is perfectly analogous to that carried out
above. The only difference lies in the fact that n+m is
even. In the calculation this difference arises because
when the integral with respect to x is replaced by a sum
of 1ntegra1s (cf. (3.27)) we obtain (— 1)!n in place of the
factor (—1) I(n+1) The reason is that the condition (cf.
(3.23))

=(€“I__’(”+‘3’ i) ) (3.36)

2

contains €%/2) (1) = V1 + 2lyx . We present by way of ex-
ample the function k{'/® (near rpyp):

3

xgv,) =>a_ le| He=ino¢=01r2 2 (—i) (%] (1+"LP«)2_ (n.u’)Z])—‘/-
aX

= (3.37)
" dr (g
. it — - L i(mx+u cos x)'
X_Lsinz Ll (0) T () J=rcos 2/, ) } e
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In the particular case n = m =0 (rmp = 1) we have (for
6>0)

(3.38)

iy 2iale|Hm ex ( k* )
Wy = — A —
¢ (ke—Fy—am?) - P\ 2TelA

which agrees, with allowance for (3 14), with the results
of Klepikov te]

We note in conclusion that the transition to the par-
ticular case of a crossed field E — 0, H— 0 (the quasi-
classical approximation) was demonstrated in detail in I
with the mass operator of a scalar particle as an exam-
ple. The transition is analogous for the polarization op-
erator, and the results coincide with the known ones.
(see, e.g., ).

4. VACUUM LOOPS

So far we have considered electron loops with n #0,
connected with processes in which there are real pho-
tons in the initial and final states. There is, however, a
class of diagrams with n = 0, which determine the am-
plitude of the transition of the vacuum into a vacuum,
i.e., connected with the very definition of the vacuum.
In the presence of an external field, these diagrams
describe processes that are in principle observable,
for example pair production by an external electric
field. It is therefore advantageous to discuss this group
of questions within the framework of the developed ap-
proach™.

We consider, for the sake of argument, vacuum elec-
tron loops (loops of scalar particles are calculated in
perfect analogy). Let L™ be the amplitude describing
a closed loop of free particles interacting with an ex-
ternal field n times. The explicit form of the amplitude
in the coordinate representation was already discussed
by Feynman°':

[ [awda..

n(2n)

L =

d‘z, Spl G (x4, z.)
(4.1)

XA (2,) G (24 23) A" (z5)... 2) A (z)].

It is convenient to use the following representation of G:

I J:,->, He=id,
—m

(cf. (1.12) of I). Using the self-adjoint character of the
operator p; and the co )pleteness of the system of
states |x;), we have L (M7 in a form convenient for
analysis: :

v e | o) |2

The contribution of the electron loop with any number of
interactions with an external field L = ¥, L™ contains
n

Gz, 2,) AT (2,) G (2,

G(z.,z,->=<x‘-| -

(4.2)

the sum
Eﬂ _,1; (;;_e,:;ié) S ( 1— ij:;E) =-1n(111~n—1'.(13—m) ) (4.3)

It is convenient to represent the logarithm of the last op-
erator expression in the form of a Frullani integral:

In ({’—m)=_ J-E {explis (P—m+ie) ]—explis(p—m+ie)1}. (4.4)
p—m 3§

The last term of the expression in the right-hand side

corresponds to subtraction at the point F = 0. We shall

not write it out for the time being, and take it into ac-

count in the final expression. Thus, the problem has

been reduced to a determination of the quantity
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L= (d‘z 2, (4.5)

where

i ds oA .
=WSpJT<O|exp[zs(P—m+za)]|0). (4.6)
We have used here the translational invariance in a ho-
mogeneous field (cf. (1.15), I). If we take into account
the contribution of two, three, etc. electron loops, then

thi total amplitude of the vacuum-vacuum transition is
e1 [1o]

The fact that the trace of an odd number of y matrices
vanishes makes it possible to carry out the transforma-

" tion

P—m 1 P_m
Sp[lnh ]—»—Qp[ln ],
p—m 2 p*—m?
which yields a representation that is more convenient
for the calculation

(4.7)

o

cds -
2 0leimmnnigy,

!
RToen eI SpJ s (4.8)

The mean value in (4.8) was calculated above (see (2.42)),
where it is necessary to put kj = 0 and p; = s; then B(a)
=0, i.e.,

Sp<0]e™*|0>=<0] e |0>Sp e™*™/*=—4n%i® (s) cos (eHs)ch (eEs)
=—4ntie’EH ctg (ells) cth (eEs). (4.9)
When substituting (4.9) in (4.8) it is necessary to sub-
tract the first two terms of the expansion of the expres-
sion (4.9)as E,H — 0;

—f‘i:‘_[w—_(Ez m].

(4.10)
The first of them corresponds to the subtraction term as
F — 0 in (4.4). The second appears in the renormaliza-
tion of the charge (and in the associated change of the
scale of the fields)®’. As a result we have

_ds_ .

1

27(/:) =_,
8n?

“ (4.11)

s%?
. [s’e’E’H ctg (eHs)cth: (ekis) —1 — =2 (B~ Ir’) ]
A similar analysis for particles with zero spin yields

1 ° ds . ) e*s’EH ste?
gw;_ . —u(mLu)[ . —_ - e 'Z’_Hz ]
1627 s"e sin(eHs)sh (eEs) 6 (E )
o
(4.12)

The functions £ and £/? are the effective Lagrang-
ians (corrections to the Lagrangian of the electromag-
netic field as a result of the polarization of the vacuum).
The result (4.11) was obtained by Heisenberg and

Euler ™! w1th the aid of a different approach and by
Schwinger ®’, who also calculated (4.12) starting with a
different initial formulation. In accordance with the
meaning of the function &, the probability of pair pro-
duction in a unit 4-volume is 2 Im ¥. The last quantity
can be easily calculated by rotating the contour of inte-
gration in (4.11) in (4.12) through — /2 and evaluating
the integral with the aid of residue theory:

*EH

W= Im # = %cth(nnl{)e"‘""‘”" (4.13)
£3

Nemy
and
eEH v (—1)t nnH
WO=2Tm @ = -—:mm’/c!/ ( ) i
m o Z —c sh = (4.14)

n=1

The authors are grateful to V. S. Fadin for useful dis-
cussions.
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APPENDIX

Let us derive formula (2.45). To this end we rewrite
its left-hand side in the form

yreleTTe2— (eF) pm¥ (s) (A.l )
where
mY (s) =e'eoFe/byveleors/s,
We have used here relation (2.3). Differentiating mV(s)
with respect to s, we obtain the equation
dm® (s)/ds=iey® (F*),"m*(s) (A.2)

with the obvious initial condition m¥(0) = v¥. The solu-
tion of (A.2) takes the form

m*(s)=(e"*"*y)". (A.3)
It can be rewritten also as
m*(s) =iy*[sin(eF*s) y]*+[cos (eF*s) y]". (A.4)

Substituting (A.4) in (A.1), we obtain (2.45).

We calculate also one of the traces which appear in
the analysis of the polarization operator of spinor parti-
cles:

1 N 1
= A_SP(YVYuelrabuli) —_ _4_ SP["{" (e“")x“m‘ (S) ] (A-5)
Substituting here the expression (A.4) for m"(s), we get

nW:%Sphv (e"*) [ iy* (sin(eF"s)y)* (A.G)
+(cos (eF"s) )1} = (e°"*)(cos (eF"s) ) ™.

DWe use matrix notation.
2DHere and below we use the tensors B and C introduced in I (see (A.3)
and (A.8)).
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3t is convenient to use an expansion of b((,o)}l in terms of four mutually
orthogonal vectors: (C?k)y, (CK)y, (B%)y, (BK)y.

“For the case of particles with spin %, this question was discussed by
Shabad [4].

$When the finite level widths are taken into account, the divergence of
these points should vanish.

6)This problem was considered by Batalin and Shabad [”], who used the
explicit form obtained by Schwinger [®] for the Green’s function of an
electron in a field.
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