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Phonon dispersion curves in cadmium have been measured by the inelastic neutron scattering technique for 
the principal high-symmetry directions 1::.., 1:, T, and T. A single crystal grown from the CdllO isotope was 
employed. The measurements were made at room temperature and one of the low-lying branches (T3) was 
also measured at T = 9Q'K for an estimate of the influence of anharmonic effects. It was found that the Cd 
phonon spectrum in the ion plasma frequency scale is similar to the Zn spectrum and differs significantly 
from the Mg spectrum. A number of interesting details of the Cd spectrum are discussed. The experimental 
results are compared with calculations employing the Abarenkov-Heine local model potential with two 
fitting parameters. The calculation correctly represents the main features of the Cd spectrum, but with less 
accuracy than in the case of Mg. 

INTRODUCTION 

The experimental study of the phonon spectra of 
hexagonal metals of the second group (Be, Mg, Zn, Cd) 
is of Significant interest for the development of general 
representations of the metallic state. They belong to the 
group of transition metals, for which there already ex
ists a systematic microscopic theory (see, for exam
pIe, [1, 2J). Comparison of the experimental data with 
such a theory makes it possible to obtain many impor
tant characteristics of the electron-electron and elec
tron-ion interactions, which are necessary for the des
cription of a broad class of phenomena in metals. 

In contrast with the majority of nontransitio-n metals, 
which crystallize in a cubic lattice, the considered ele
ments possess the lower symmetry of the hexagonal 
structure with two atoms in the unit cell. In this connec
tion, their phonon spectra have a very complicated form 
and, consequently, contain more information than is 
necessary for testing the theoretical representations. 
The anisotropy of their properties, which is especially 
clearly expressed in Zn and Cd, shows, according to ex
isting representations, the large contribution of the con
duction electrons to the binding energy of these metals, 
and the correct calculation of this contribution is one of 
the basic problems of the theory. 

Among the metals considered, Cd is of greatest in
terest, inasmuch as it possesses a very complicated ion 
structure and is crystallized in a lattice with maximal 
anisotropy (cia = 1.89, while for a perfect hexagonal 
close-packed (h.c.p.) structure cia = 1.63). However, 
detailed investigations of the phonon spectrum of Cd 
have not been carried out to date because of the anom
alously large absorption cross section of thermal neu
trons. The only measurements of the dispersion rela
tions in Cd, carried out recently with the help of x-ray 
diffraction scattering, [3 J are insufficiently complete or 
exact because of the limited possibilities of the method 
used. 

In the present work, results are given for measure
ments of the dispersion relations ws(q) for all high
symmetry directions, performed on a sample of the 
weakly absorbing isotope edllo• 
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1. SAMPLE AND CONDITIONS OF MEASUREMENT 
OF ws(q) 

The starting material for preparing the Single crystal 
was the isotope Cdllo, bombarded in a reactor to elimin
ate the strongly absorbing impurity Cd1l3. This isotope 
had been used earlier for measurement of the phonon 
state density in Cd. [4J The high cost of the isotope, the 
activity produced in the bombardment, and the low chem
ical purity of the material required the development of 
a special technology of purification and growing of the 
Single crystal. [5J As a result, we obtained a single crys
tal of volume ~20 cm3 and a mosaic structure ~45', 
which had the shape of a cylinder of 18 mm diameter. 
The absorption cross section of the thermal neutrons in 
the sample did not exceed 2 barns. 

Measurements of the dispersion relations were car
ried out on the three-axis crystal neutron spectrome-
ter [6J installed on the IRT-M reactor, with a power of 
6 MW. The spectrometer was assembled according to 
the classic scheme, with cantilever positions of the arms 
of the analyzer and detector. The accuracy of establish
ing the angular positions of all the elements of the spec
trometer was no worse than 1'. The control of the spec
trometer was fully automatic and was effected by a 
specified program, introduced by a punched tape. In 
these measurements, Cu(111) monochromators with a 
mosaic structure of 20' were used at ~ 40' divergence 
of the incident and scattered beams. All the measure
ments were made by the method of constant Q for several 
fixed values of the wavelength of the incident neutrons 
(from 1.3 to 1.85 A). The conditions of the measurement 
were chosen with account of the effect of the geometric 
focusing. [7J 

The phonon frequency was found from the position of 
the midpoint at half-height of the reflection, and the 
error due to the statistical accuracy of the measure
ments was estimated, similar to [8J , from the formula 

N!. 1 
t1(Jl,.,t1(Jl'h~ "",.J 

where t:..w is the error in the frequency determination, 
t:..wll2 the half-width of the reflection, Nmax the number 
of counts at the maximum, Nb the background count, and 
n the number of pOints on the total width of the peak. 
For the branches T3 and 2: 3, where the measurements 
were made with the greatest accuracy, and the reflec-

Copyright © 1975 American Institute of Physics 169 



tions had a symmetric shape, the phonon parameters 
were determined by a least-squares fit to a Gaussian 
curve. 

The measurements were performed for the directions 
~, ~, T and T' (see Fig. 1a) at room temperature 
(T = 295 ± 3° K). The conditions for observation of the 
different branches of the spectrum were selected by 
starting from the behavior of the dynamic structure fac
tor, calculated for Zn[9,10], and shown in Fig. 1b for 
branches polarized in the basal plane. The measured 
dispersion curves are shown in Fig. 2. The values of 
the frequencies obtained in measurements along one 
direction in the reciprocal lattice are shown by identical 
symbols. The values of the statistical errors are also 
shown. The maximum statistical error due generally to 
insufficient perfection of the sample can be judged from 
the difference in the frequencies at the pOint M4, meas
ured for different orientations of the sample. 

2. DISCUSSION OF THE RESULTS 

The phonon spectrum obtained can be compared with 
the values of certain end-point frequencies estimated 
from measurements on the density of states in Cd4, and 
with x-ray data. [3] Most of the characteristic fre
quencies of the spectrum obtained in [3,4] do not differ 
from the results of the given measurements by more 
than 10%. The frequencies of the longitudinal modes at 
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FIG. I. a) Designations of the symmetric points and directions in the 
fIrst Brillouin zone for the h.c.p. lattice; b) directions along which the 
various branches of the spectrum, polarized in the basis plane, were 
measured. The indices "u" and "[" denote the upper and lower branches 
of the same symmetry. 
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FIG. 2. Cd phonon spectrum at T = 295 ± 3°K. Lines are arbitrarily 
drawn through the experimental points for the sake of visualization. 
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the point M, where the error in the x-ray method is a 
maximum are an exception, and the end-point frequency 
was evidently extracted from the function g(w) with in
sufficient accuracy. 

It is of interest to compare the phonon spectrum of 
Cd with detailed studies of the spectra of Mg [11] and 
Zn [12], inasmuch as the magnesium has a h.c.p. struc
ture with almost ideal ratio of the axes, (cia = 1.623), 
and zinc evidently is the structural homolog of Cd. It is 
convenient to make such a comparison in the scale of the 
ion plasma frequency 

roo '=4nZ'e' / MQo• 

In this way, the trivial dependence of the frequency on 
the mass of the atom is eliminated and the difference in 
the volumes of the elementary lattice no is taken ap
proximately into account. 

The table gives the values of wlwo for the most char
acteristic points of the spectrum, at the center and on 
the boundary of the Brillouin zone. As was demonstrated 
earlier on the basis of measurements of the density of 
states, [4] the spectrum of Cd turns out to be very close 
to Zn in the selected scale, and differs significantly from 
Mg. The strong anisotropy of the lattices of Cd and Zn 
appears in the phonon spectrum (in comparison with the 
isotropic Mg) in that the frequencies of the longitudinal 
oscillations in the basis plane increase significantly (see 
the points M~ and M;), while the oscillations polarized 
along the c axis turn out to be anomalously weak (the 
points K60 M;, M"4). The presence of low-lying branches 
with weak dispersion (T3, ~3) is the most characteristic 
mark of the phonon spectrum of Cd and Zn, having an 
important effect on the thermodynamic properties of 
these metals. 

Some curious features also appear in the Cd phonon 
spectrum, as also in Zn, connected with the behavior of 
w(q) in the directions T and T'. Thus, for q/qmax 
= 0.175, almost complete degeneracy occurs (within the 
limits of experimental accuracy) of the two branches of 
the oscillations having the same symmetry as T1. In 
order to understand under what conditions this takes 
place, we write out the explicit form for w(q), which is 
obtained as a result of partial diagonalization of the ma
trix for this direction: [13] 

ro'=t/d (A+B) ±[ (A-B)'+4C']'h}, 

A=DlI~±DJ3X1Z; B=DuVII'+D 12""; 

C=lmD,,,o=Flm D II"". 

(1) 

In the expressions for A, B, and C, the upper signs refer 
to the branches T 1, and the lower, to the branches T 4; 
the different signs in front of the root give the upper or 
lowex: branch of identical symmetry. It is then seen that, 
for complete degeneracy of the branches T1, simultan
eous satisfaction of two conditions is necessary: 

j D .. =+D .. ==D"o·-D"o" 1m D.,'·=lm DII"". 

Therefore, the observed case of degeneracy indicates 
either a definite correlation in the change of the different 
elements of the dynamic matrix, or is an extraordinarily 
rare coincidence. It should be noted that on going through 
the degeneracy point, a symmetric renormalization of 
the polarization vectors takes place, such that, by meas
uring w(q) in the chosen direction, we automatically 
transform from T{ to T~ (or conversely). This transition 
takes place without significant change in the scattering 
intensity, which creates the illusion of two smooth and 
over lapping branches similar to the branches ~ 1 and ~ 4. 
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Comparison of phonon frequencies at the symmetric points of the Brillouin zone for Mg, Zn and Cd, expressed in units of 
the ion plasma frequency 

"'., 
I :: ·10~13 r.+ I r.+ I K. K, K, 
I 

Mg 11.166 0.408 0.200 0.281 0.310 0.332 

Zn 8.376 0.343 0.172 0.1<14 O.3ti1 0.378 

Cd 5.362 { 0.377 0.144 0.1"<4 O.41U 0.438 

±O.OOO 4 4 10 

Another interesting point of the spectrwn of h.c.p. 
metals is the pOint K. As was first noted in [13J, the 
character of the splitting of the branches T 1 and T 4 at 
this point is determined by the value of the matrix ele
ment 1m D~l, which differs from zero only in a non
central type of interatomic interaction. Using the ex
pression (1) and additional conditions that follow from 
the symmetry of the point K (DYY = OXx and OXX = -OXY 

11 11 12 12 
= -1m D~l'), we can analyze the relation between the 
values of W2 for the branches T 1 and T 4 at this pOint. 
For 1m Di! = 0, the double-degeneracy pOint K5 should 
be located midway between the points K1 and K3, and for 
1m D~l ;, 0, this symmetry will be destroyed. 

20 

The existing experimental data indicate that the sec
ond case is realized in all the hexagonal metals studied, 
and that the interaction in them has a noncentral char
acter. This circumstance turns out to be very important 
for the description of the phonon spectrum within the 
framework of the pseudopotential theory. It means that, 
in the expansion of the energy of the electron-ion inter
action in powers of the pseudopotentiai, it is not possible 
to limit oneself to terms of second order only. [2J This 
situation was recently considered specially for Be. [14,15 J 
The problem of the value of the non-pair interaction in 
Mg, Zn and Cd evidently requires more detailed and ac
curate measurements of the dispersion curves in the 
region of the point K. In our measurements on Cd, the 
resolution was not sufficiently high to separate all these 
branches accurately, and therefore the values of the 
frequencies at the point K were obtained with large 
errors. 

Cadmium, along with zinc, is a convenient object for 
the study of the anomalies in the dispersion curves that 
are connected with the appearance of Singularities in the 
electron-ion interaction (Kohn type anomalies). One can 
expect a considerable effect of these singularities on the 
oscillations that are polarized parallel to the c axis, 
inasmuch as the principal contribution from the conduc
tion electrons to the energy of these oscillations is 
made by the strongest sites of the reciprocal lattice 
(OO.l). On the measured dispersion curves ~3 and T3, 
significant nonmonotonicities actually appear, which are 
more clearly observed in the dependence of the phonon 
group velocity dwldq on the wave vector. However, as 
was noted in [12 J for Zn, the character of the anomalies 
cannot be described within the framework of the simplest 
approximations-a spherical Fermi surface and simple 
bipolar singularities. In this connection, the problem of 
the nature of the observed oscillations in the dispersion 
curves is of great interest and requires a more detailed 
study both from the experimental and the theoretical 
point of view. 

Inasmuch as Cd has a rather low Debye temperature 
(~ 1700 ), it follows that the measurements of w (q) at 
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W/CiJo 

K, I M,+ M.- M.+ I M,- I M,- I M,+ 

0.366 l\233 0.346 0.205 0.3Q9 0.'i!l7 0.394 
0.416 0.151 0.202 0.264 O.2?9 0.458 0.483 

0.447 0147 0.201 0.2:54 0.263 0.5'i!I 0.576 

20 6 7 4 7 9 13 

room temperature should be significantly affected by the 
effects of anharmonism of the oscillations. For the de
termination of their value, one of the low-frequency 
branches (T3) was also measured at a temperature of 
90 ± 3°K. Attention is called to the Significant frequency 
shift and its important dependence on the momentwn 
(see Fig. 3). In the temperature measurements, a sig
nificant narrowing of the single-phonon reflections also 
occurs, which allows us to estimate the temperature
dependent part of the width ~wT due to phonon-phonon 
interaction. At 300 o K, it turns out to be appreciable: 
~wTlw = 20-25%. 

Evidently, the most valuable physical information can 
be obtained from a comparison of the measured ws(q) 
with the results of calculations based on the modern 
theory of nontransition metals. Figure 4 shows such a 
comparison with the calculations (see [17J) based on one 
of the most universal variants of the theory, which allows 
us, for example, to describe the phonon spectrwn of Mg 
with high accuracy. [18J In the employed scheme of cal
culation, terms up to third order inclUSively were taken 
into account in expansion of the energy of the electron
ion interaction in powers of the pseudopotential. This 
corresponds to allowance for unpaired ion-ion interac
tion of the covalent type, which can be extremely impor
tant in an anisotropiC structure. As the potential of 
electron-ion interaction, we used the local model poten
tial of Abarenkov-Heine, the parameters of which were 
varied to obtain the best agreement, averaged over the 
spectrum, with the experiment. The given spectrum 
corresponds jo the values of the parameters qo = 1.6 KF 
and ro = 0.8 A. It is seen that the calculation correctly 
reproduces the basic features of the phonon spectrum 
of Cd; however, it is done with Significantly less accur
acy than was done in the case of Mg. 

As noted in[17J, the discrepancies from experiment 
exist also in the value of the elastic modulus and in the 
ratio of the axes cia. Evidently, to improve the agree
ment with experiment in the case of Cd, it is necessary 
to introduce a nonlocal form of the pseudopotential, which 
would take into account the electron-spectrwn singular-

w(BO')-w(300') 0li 
w(300"; ) 0 

10 
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~--f-=--Y _H::...J1L.:--_-£/llmax 
o O.J 1.0 I.J 
r f( If 

FIG. 3. Relative shift in the phonon frequencies for a temperature 
change from 295 to 90°K, The point at q = 0 was obtained from measure
ments of the elasticity modulus. [16] 
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FIG. 4. Cd phonon spectrum. The dashed lines are experimental, the continuous lines were calculated. 

ity connected with the proximity of the filled d-band to 
the bottom of the conduction band. 

CONCLUSION 

The measurements of the dispersion curves give a 
sufficiently full representation of the phonon spectrum of 
Cd as a whole. Along with this, it is of interest to inves
tigate in more detail certain features of this spectrum: 
the character of the splitting of the branches at the 
point K, the dispersion -curve anomalies due to the 
singularities of the electron -ion interaction, and so on. 
Experiments in this direction will be continued. Further 
theoretical studies of the properties of Cd are also 
necessary, together with analysis of the whole series of 
hexagonal metals of group II with the aim of clarifying 
the role of the nonlocality of the pseudopotential in these 
metals, the reasons for the significant anisotropy of 
their structures, and other questions of basic interest 
for the theory of nontransition metals. 

In conclusion, the authors wish to emphasize the great 
and fruitful effect exerted on this research by E. G. 
Brovman, who did much for the development of the theory 
of nontransition metals. We express our gratitude to 
V. V. Pushkarev for useful discussions and calculations 
of the phonon spectrum, to N. A. Chernoplekov and 
M. G. Zemlyanov for constant interest and support of 
the research, and to V. V. Golovnev and E. L. Bokhenkov 
for help in the measurements. 
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