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The response of parametrically excited magnons to a weak radio-frequency field parallel to the 
magnetization is investigated. The dispersion of the magnetic susceptibility in the 105_106 Hz frequency 
range is measured. Resonant absorption is observed at a certain frequency whose position depends on the 
experimental conditions, viz., supercriticality of the pumping field and magnitude of the applied constant 
magnetic field. The results are explained within the framework of the magnon collective oscillation model. 
Theoretical calculations that confirm this interpretation are presented. 

1. INTRODUCTION 

It was observed recently that the most important fea
tures of the beyond-threshold behavior of spin waves 
(magnons) under parallel pumping are determined by the 
efficiency of the interaction of the magnons with one 
another, in accordance with the law 

Wk+W_k =0011.,+(1)-11.' =(0 jI, (1 ) 

where wp is the frequency of the pump field and w±k are 
the frequencies of the magnons with wave vectors ±k. 
The interaction (1) is the basis of the so-called 
S theory [1), with the aid of which it was possible to make 
noticeable progress in the study of parametric excitation 
of magnons and to obtain satisfactory agreement with 
experiment [2). At the present time, the S theory can ex
plain not only the level of excitation of the magnons, their 
distribution in k space, and the stationary nonlinear sus
ceptibilities X' and x", but also more subtle nonstation
ary characteristics of the system, such as self-oscilla
tions of the magnetization and the response to a weak 
signalo 

The nonstationary behavior of a parametric system of 
magnons can be conveniently described in terms of its 
elementary-excitation spectrum. These excitations 
(collective modes) are due to the interaction (1) between 
the different pairs of the magnons, and constitute 
"second sound" against the background of the stationary 
state of the systemo The only important difference from 
ordinary second sound is that the amplitudes and phases 
of the magnon pairs take part simultaneously in these 
oscillations. The spectrum of the collective modes was 
obtained earlier [3) and a study was made of its stability 
to small perturbations. It was shown that an unstable 
situation corresponds to the regime of self-oscillations 
of the magnetizations, which are none other than unstable 
collective modes. This point of view has presently found 
experimental confirmation. [4) 

In those cases when the collective modes are stable, 
they can be excited by an external field of corresponding 
frequency. The collective oscillations of the magnons 
are directly connected with oscillations of the longitud
inal component of the magnetization Mz' so that to build 
up these oscillations it is necessary to use an alternating 
magnetic field parallel to Mz . Our first attempts at 
direct observation of this effect were not successful, ap
parently because of the small resonant susceptibility of 
the collective oscillations and the insufficient sensitivity 
of the employed detection method. More successful in 
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this respect turned out to be another formulation of the 
experiment, in which the oscillations were excited by 
combination resonance between the pump and a weak 
microwave field that was close to it in frequency [5). 

The calculations have confirmed that the weak-signal 
susceptibility should have resonant singularities at fre
quencies wp ± no, where no is the natural frequency of 
the zeroth (homogeneous) oscillation mode, A rather 
intense absorption peak was observed in experiment at 
the frequency wp + no 1). [5) 

These results have confirmed indirectly the real ex
istence of collective oscillations of parametrically ex
cited magnons, and have made it possible to explain the 
main parameters of the oscillations, namely the resonant 
frequency and the damping. Unfortunately, the accuracy 
of these measurements was quite low, especially in 
cases when the Q of the oscillations was of the order of 
or less than the Q of the pump resonator. 

In this paper we report results of experiments on 
direct excitation of collective oscillations of parametric 
magnons under the influence of a radio frequency (RF) 
field with frequency n "'" no. The measurements were 
performed in the frequency range 105-2 x 106 Hz with 
the aid of a NMR technique specially intended for the 
measurement of low radio-frequency susceptibilities. 
We measured the resonant frequency and the waveform 
and half-width of the resonance curves of the real (x ') 
and imaginary (X ") parts of the magnetic susceptibility 
as functions of the pump power and of the external mag
netic field. 

2. EXPERIMENTAL SETUP 

A block diagram of the setup is shown in Fig. 1. It 
includes a microwave unit for parallel pumping of the 
spin waves and a unit for the measurement of the radio
frequency magnetic susceptibility. The pump generator 
(magnetron) had a power rating ~ 15 W at 9400 MHz. 
The magnetron was modulated at 50 Hz by connecting it 
in series with a 650-V voltage source and the output re
sistance of a cathode follower, to the input of which were 
applied positive rectangular pulses of 500 Ilsec duration. 
A small spherical sample of single-crystal Y3Fe 5012 

(YIG) was placed at the center of the rectangular reson
ator (TE102 mode). Alongside the sample were small 
Helmholtz coils (measuring 2 x 3 mm) wound of copper 
wire of 0.06 mm diameter. The coil axis was oriented 
along the constant magnetic field. The coils were part of 
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FIG. 1. Experimental setup: M-magnetron, CF-cathode follower, 
PG-rectangular-pulse generator, A-attenuator, T-impedance trans
former, RG-radio-frequency generator, F-frequency meter, D-detector, 
AMP-tuned amplifier 

the tank circuit of a radio-frequency oscillator, which 
was the standard El1-2 magnetic-induction measuring 
oscillator. 

The measurements of the RF susceptibility are based 
on the NMR procedure, which uses the reaction of the 
weak-signal generator to the sample-induced perturba
tions of the active and reactive components of the tank
circuit impedance. The obtained signal was amplified 
with a tuned amplifier and fed to beam I of the oscillo
scope. The oscillator frequency shift was monitored 
with a special frequency meter (heterodyne voltmeter), 
the output Signal of which was fed to beam II of the os
cilloscope. 

To ensure a more or less uniform sensitivity of the 
system in a wide range of frequencies, we used trans
former coupling between the measuring coil and the 
principal tank circuit of the RF oscillator. Tuning was 
effected by switching tank-circuit inductances in and out 
and by adjusting a variable capacitor. 

For an independent measurement of the real and im
aginary parts of the RF susceptibility, a variable stan
dard resistor Rst and a standard capacitor Cst were 
introduced into the circuit and were connected in parallel 
to the measuring coiL Rst and Cst were connected into 
the circuit with the aid of a vibrator-inverter for a short 
time, approximately equal to the duration of the magne
tron pulse, but with a certain relative shift. The respon
ses of the RF generator to the sample and to the 
Rst - Cst standard were then separated in time. Obvi
ously, by suitable choice of Rst and Cst it is possible to 
produce an impedance equivalent to that of the sample, 
Zst = zsample' A criterion for the satisfaction of this 
equality is equality of the amplitude and frequency of the 
oscillator when working successively in the two regimes. 

The choice of Rst and Cst was effected in the follow
ing manner. Cst was first used to make the frequencies 
equal in both regimes, meaning equality of the Signals at 
the frequency-meter output (beam II). Then, by varying 
Rst> the amplitudes of the oscillations in both regimes 
are made equal, meaning equality of the signals on beam 
I. Since the oscillation frequency depends to a certain 
degree on Rst• a slight unbalance in beam II takes place. 
It is therefore necessary to readjust Cst, and then again 
Rst, etc., until pairwise equality of the signals in beams 
I and II is reached. The values of Rst and Cst obtained 
as a result of this procedure make it possible to calcu
late the equivalent impedance introduced by the sample 
or, which is more convenient, the dimensionless values 
of the real (X') and imaginary (X") parts of the magnetic 
susceptibility. The formulas for the connection between 
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x' and X" and the directly measured quantities take the 
following form: 

(2) 

(3) 

For Land r are the unperturbed values of the inductance 
and resistance of the measuring coil (in our case 
L ~ 18 MH and r ~ 60); 'T/ is the coil filling factor, is 
of the order of the ratio of the sample volume to the coil 
volume. 

3. MEASUREMENT RESULTS 

We investigated YIG single crystals having a low 
parametric-excitation threshold; the spin-wave relaxa
tion frequency Yk' obtained from the threshold field hc' 
was Yk-O:::; 0.35 MHz for k = O. The principal meas
urements were made on a spherical sample of 1.6 mm 
diameter, magnetized in the direction of the (100) axis. 
Measurements in other crystallographic directions were 
as a rule hindered by self-oscillations of the magnetiza
tions, which reached quite large amplitudes in a number 
of cases (for example at Mil (111) or (110»). 

Excitation of collective oscillations can be easily ob
served immediately beyond threshold (h > he) in the 
form of a voltage pulse on the tank circuit of the oscilla
tor during the time of the pump action. This pulse ap
pears only at an appropriate tuning of the oscillator, 
which depends on the excess of the pump power over the 
threshold and on the value of the constant magnetic field. 
At a fixed weak-signal generator frequency, it is pOSSi
ble to tune to resonance by varying the pump power or 
the magnetic field. 

Figure 2 shows plots of X "(0) and X' (0) at different 
excesses above threshold; the resonant character of the 
reaction of the system to the weak signal is clearly 
seen. A similar behavior is exhibited by the plots of X" 
and X I against the pump power, which are therefore not 
presented here. 

Figure 3 shows the dependence of the square of the 
resonant frequency on the pump power. The quantity 
O~es' as will be seen below, is proportional to the 
"number" of the parametric magnons, which in turn de
pends linearly on the supercriticality h2/~. 

The width of the resonance curves (Fig. 2), measured 
at the level X" = x;esl2, is equal to 260 = (0.45 ± 0.05) 
MHz, and is independent, within the limits of the indica
ted accuracy, of the pump power. 60 is equal to the re
laxation frequency Yk (see formulas (12) and (13)). This 
circumstance makes it possible to use the observed 

k--~ 
-2 

Z 8 
-J 

0.5 1,0 fl,MHz 

FIG. 2. Frequency dependences of the real (X') and imaginary (X") 
parts of the susceptibility. The numbers at the curves represent the pump 
power in decibels above threshold, and 17 is the measuring-coil filling 
factor. 
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FIG. 3. Dependence of the resonant 

frequency on the supercriticality: I) H 
= Hel 0 De, 2) H = He-50 De. 

o 

resonance as a new method for measuring the spin-wave 
relaxation frequency, namely by determining the width 
of their collective resonance. The accuracy with which 
Yk is measured in this manner is much higher than when 
the threshold-field amplitude is measured, where the 
determination of the absolute value of Yk calls for a de
termination of the pump power, of the coefficient of re
flection from the resonator, and the resonator Q, and it 
is necessary generally speaking to take into account the 
influence of the adhesive, the sample holder, and other 
hard-to-control parameters. 

4, THEORY OF COLLECTIVE RESONANCE 

The procedure for calculating the reaction of 
parametrically excited magnons to a weak RF field con
sists in the following. We write down the equation of 
motion for the Fourier components of the magnetization 
in canonical form 

In S theory [1J, the Hamiltonian .Jt"of the system has a 
standard form 

CM=CM,+CM.+CM,n,; CM,= ~CJl.coc", 
, 0 

CM. = ~ ~ (h,VOC"C-k+C.C.), 
o 

31inl -= ~ Ttk'CIr;Ct·Ct'Ct'-

00' 

1 ~S " +2 ~ klr.'Ck C_kCt'C_k', 

,k' 

(4) 

(5) 

whereJf'o is the kinetic energy of the magnons, Jf'p is the 
energy of interaction with the pump field, and Jf'int is the 
energy of the interaction of the pair of magnons. 

If the system is acted upon, besides the pump hp 
= h exp (-iwpt), also by weak homogeneous alternating 

magnetic field hz = hn exp(-int) parallel to the magne
tization, then it is necessary to take into account in the 
Hamiltonian (5) an additional term 

(6) 

corresponding to the Zeeman energy -gt.Mzhz• Substi
tuting (5) and (6) in (4) and averaging over all the direc
tions of k (we are interested only in the homogeneous 
oscillation mode), we obtain 
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[d/dt+y.+i(6l.-1/2CJl.+2T,cc·) }c+i(hV,+S,c') c'=-g Re(h,c). (7) 

Here c = NlI'.lei1Ji/ 2, N == ~ckck is the integral amplitude 
of the packet, while V 0, So, and To are the Hamiltonian 
coefficients averaged over the packet (formulas for these 
coefficients are given in [3J ). 

We seek the solution of (7) in the form 

The stationary solution of (1) is well known, it corre
sponds to (see [1J) 

c,=N;"e i",,; N.=[ (hV.)'--y.'l"'IS" (8) 

cos ¢,=-S,N,/hV,; CJl.+2T,c,co'=CJl./2. 

For the amplitudes c±n of the induced oscillations we 
obtain from (7) and (8) the expressions 

g (Q-iy.-SN,) c,+hp V,c,' 
Cu = - -2 ho . Q2 Q 2 2 . Q ' - ,- 'y, (9) 

c =..i. h (Q+iy.-~No) c,-h. V,co' . 
-0 2 0 Q'-Qo'+2iy"Q ' 

Q,=2[S,(2T,+S,) l"'N,. (10) 

The RF-field energy absorbed by the sample per unit 
time is 

and the corresponding RF susceptibility Xn = Xn + i Xn 
is determined by the formula 

Xo=2g(c,co'+c,'c-o) /he• (11) 

Substituting here (9) and separating the real and imagin
ary parts, we obtain 

4y,Qg'S.No' 

xo" = (Q2_Q,')'+4y,,2Q2 ' 

2g'(Q'-Q ')S N' 
xo' = - (Q'~Q,')2~4y:,,~, . 

(12) 

(13) 

The maximum value of Xn corresponds to a resonant 
frequency n res which, generally speaking, does not coin
cide with no and is equal to 

(14) 

With good accuracy we have 

O~s"'Qo'-y.' and 0,;;;'2y,. (15) 

In this approximation, the half-width of the collective
resonance curve, measured at the level X" = X;es/2, is 
equal to the magnon relaxation frequency, t.n = Yk' 

We present the values of the susceptibilities at reson-
ance: 

" g' (Qo'-y.') "'SoN,' 

Xres '" y.(~~o'-"I'''(I'') (16) 

At large values above critical, n 2 » Yk' formula (16) 
becomes simpler. Expanding the dependences of no and 
No on h2/h~ in accordance with (8) and (10), we obtain 

(17) 

We find similarly from (13) that at n 2 » Yk the real 
part of the susceptibility at resonance does not depend 
on the excess above critical value, and is equal to 

X'res =g'/8(2To+So). (18) 
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5. DISCUSSION OF RESULTS 

It follows from (8), (10), and (15) that the frequency 
of the homogeneous collective resonance of magnons is 
determined in the case of parallel pumping by the 
formula 

Q 2 2 4(2To+So) ( h' ) 
",".=1' So -;;::-1 -1'" (19) 

where h2/h~ == (hYo/Yk)2 is the excess above critical 
value beyond threshold. The coefficients So and To in this 
formula were calculated earlier [3] as functions of the 
pump frequency wp and of the principal parameters of 
the sample, viz., the demagnetizing factor N , the mag
netization, and the anisotropy constants. We zemphasize 
that So and To do not depend on the wave number /k/ and 
consequently on the external magnetic field H. The num
erical values of So and To in the standard experimental 
situation (YIG sphere at room temperature, orientation 
Mil (100), frequency wp = 9.4 GHz) are equal to 

So=2:rtg2 ·O.52, To=211g'·O.28. To/So=O.54 

(g is the magnetomechanical ratio). Using these values, 
we obtain from (19) 

0:e.=8,31" (h'/ho'-O -1.'. (20) 

~hus, the square of the resonant frequency depends 
lmearly on the excess above the critical value, and the 
~lope of this dependence is determined only by the damp
mg Yk' 

Let us compare formula (20) with the experimental 
~ata (Fig. 3). Th.e experimental plots of n~es(h2/~) 
~ndeed follow a llnear law, with the exception of the reg
i~n of lower frequencies n~es < 0.2 MHz2, where the 
simple formula (15) is no longer applicable and it is 
necessary to use the exact expression (14). The slopes 
of lines 1 and 2 on Fig. 3 can be calculated with good ac
curacy from formula (20). Thus, for line 1 (H = Hc 
- 10 Oe) we have 2Yk = 0.45 MHz, which yields 
dU~e/d(h2/h~) = 8.3yk = 0.42 MHz2, and the corre
sponding experimental value is 0.7 ± 0.1 MHz2. With de
creasing magnetic field, the wave number of the spin 
waves increases, and with them the damping Yk' At 
H = Hc - 50 Oe (curve 2) we have 2Yk = 0.6 MHz and the 
slope of (20) is equal to 0.75 MHz2, which agrees with 
the experimental value 1.0 ± 0.1 MHz2 (Fig. 3). 

Figure 4 shows the experimental and theoretical plots 
of Ures against the magnetic field at a fixed excess 
above critical value. To plot the curve, we used the 
known experimental Yk(H) dependence. The shapes of 
the curves in Fig. 4 are similar, indicating thus that the 
entire observed variation of n res with changing H is due 
to the dependence of Yk on H. In particular, it is con
firmed that the coefficients So and To do not depend on 
the magnetic field. 

. We now calculate the resonant susceptibility X;es' 
usmg the values of So and To presented above. For ex
ample, for h2/h~ = 2 we obtain, according to (17), X;es 
~ 0.1; experim~nt (Fig. 2, curve 3) gives 1/X"es 
~ (1 ± 0.2) x 10 3• The filling factor 1/ is not ~nown ex
actly, but an estimate based on the geometry of the coil 
with the sample yields 1/ ~ 0.01-0.02, which explains 
the order of magnitude of X;es' As seen from Fig. 5, 
the theory accounts also for the dependence of the reson
ant susceptibility on the excess above critical value: in 
accord with (17), this dependence is linear. We empha-
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FIG. 4. Field dependence of the collective-resonance frequency: 
points-experimental results, solid line-theoretical curve calculated 
from (19). 

FIG. S. Square of the resonant susceptibility vs. the excess above 
critical value: .-H = Hc-1O Oe, o-H = Hc-sO Oe. 

size that unlike the resonant frequency, the resonant 
susceptibility does not depend on the damping and conse
quently should not depend on the magnetic field. This is 
also seen from Fig. 5. 

Thus, a simple theory that starts out directly from 
the Hamiltonian (5), without using any fitting parameters, 
provides a description that agrees with experiment for 
the RF resonance of magnons in parallel pumping. This 
increases the assurance that the physical concepts con
cerning the collective oscillations of magnons, used in 
the present paper and earlier [4,5], are correct. Parallel 
pumping in ferro- (or ferri-) magnets is not the only way 
of parametrically exciting magnons, and collective os
cillations exist, of course, also in other situations, for 
example in nonlinear ferromagnetic resonance or in 
parametric excitation of antiferromagnets. Although 
oscillations where not yet observed experimentally in 
these cases, their properties can be predicted on the 
basis of the S theory. Of particular interest in this con
nection is the situation in antiferromagnets, which offers 
abundant possibilities, and where it is apparently possi
ble to obtain higher magnon collective-oscillation fre
quencies than in the case of YIG. 

1) Amplification of the weak microwave signal is possible, in principle, at 
the mirror frequency wp-no (see also [4]). 
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