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Quantum oscillations of the conductivity of bismuth located in fields up to 65 kOe and possessing a 
temperature 0.4 oK and the velocities of magnetoplasma waves with frequencies 17.60 and 27.87 GHz are 
investigated at a frequency of 10 MHz, the field H being directed along the bisector and trigonal axes. 
The field dependences of the current carrier density and of the Fermi energy are measured. Values are 
obtained for the energy gap (E; = 0.7~g:j eV) at the point T, the hole cyclotron mass at the top of the 
valence band [mo = (0.205 ± 0.003me] , and the electron Fermi energy (EFe = 20 ± 3 meV). The bottom of the 
electron energy band as determined by the position of the Landau level with n = 0 and s = -1/2 is found to 
decrease with increasing field intensity. The change is 0.05±0.025 meV/kOe. It is shown that the ratio of 
spin cyclotron splitting for holes is less than 0.05 at H 1 C3 and is 2.13 for H II C3 • The decrease of the 
energy corresponding to the bottom of the electron band with increasing field and the large spin splitting of 
the Landau hole levels contradict the predictions of the deformation theory in which allowance is made for 
the interaction between four bands at the points Land T. [4.7) The dielectric-tensor components of the 
lattice measured in the microwave band (are Ell = 65 ± 5) along the C3 axis and E~ = 100 ± 10 perpendicular to 
the CJ axis. 

When a magnetic field H :;G 15-30 kOe is applied to 
bismuth, there remains a single Landau level in each of 
the electronic conduction bands below the Fermi level 
EF' The electron concentration at these levels, at 
T = OOK, is [lJ 

N=2eHpJ (2nli) 'c (1) 

(pz is the maximum momentum of the electrons in the 
field direction), and therefore when the field is increased 
the equality of the number of electrons and holes is pre
served by shifting EF in such a way that Pz is decreased. 
The energy increments caused by fields of ~ 100 kOe are 
small in comparison with atomic increments, and do not 
change the band structure [lJ. The influence of the field 
on the band structure can be estimated from the change 
of the latter following application of a uniaxial stress 
equal to the magnetic pressure. In fields ~ 100 kOe the 
susceptibility of bismuth is ~ 3 X 10-5 [2 J, and the pres
sure of the magnetic field on the crystal is equal to 
~ 105 dyn/cm 2 • When such a pressure is applied, the ex
tremal sections of the Fermi surface of the electrons 
change in accordance with [3J by /iSiS ~ 10-4. 

Thus, an investigation of bismuth in strong fields 
offers a unique possibility of experimentally studying the 
carriers at different values of the limiting energy EF' 
This problem is of interest also because so far the 
origin and structure of the electron spectrum in bismuth 
are not yet clear [4,S,6J. At the same time, the results 
of [7, 8J, where the energy levels in a quantizing field 
were calculated, make it possible to connect the experi
mental data with the possible models of the spectrum. 

In bismuth, in fields ~ 100 kOe and higher, quantum 
oscillations (QO) of the conductivity were investigated 
earlier [9, 10] and the velocities of the magnetoplasma 
(Alfven) waves (MPW) were measured [1l-13J • The com
paris on of the results of these papers shows that they 
are in poor agreement and in some cases contradict one 
another (for example [12J and [13 J). Since the studies 
in [9-13J were made on the same experimental level, it 
was possible to ascertain the true behavior of bismuth 
in a quantizing field only by performing measurements at 
accuracies higher by one order of m;tgnitude. 
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Contributing to the increase in the measurement ac
curacy was the improvement in the procedure for pre
paring the bismuth single crystals [14J and the production 
of samples having carrier relaxation times 
T "'" 2-5 nsec [1sT. In the investigation of crystals of 
this type, it was deemed advisable to lower the tempera
ture to ~ 0.1 ° K, and this made it possible to measure all 
the extremal sections of the Fermi surface of bismuth 
with accuracy ~ 0.1-0.2% [16 J. Preliminary investiga
tions of the QO and the MPW in a quantizing field have 
shown that the wave velocity can be measured with the 
same accuracy [17J. 

In the present study, we investigated the QO and MPW 
in fields up to 65 kOe. A simultaneous investigation of 
these effects made it possible to determine independently 
N(H) and E F(H)[17J• The advantages in measuring QO 
and MPW in the same samples during the same experi
ments are undisputed. This eliminates many factors, 
sometimes difficult to control, that make the comparison 
of the measurement results difficult. 

We describe below the organization of the experiment 
and the results of the investigations. A comparison is 
made with different experiments and with the theory. A 
number of parameters of the bismuth spectrum are ob
tained or determined more accurately, and it is shown 
that the existing theory calls for improvement. 

EXPERIMENT 

The 3xperiments were performed in fields up to 
65 kOe on bismuth single crystals cooled to 0.4°K by 
pumping off 3He vapor. We measured the quantum os
cillations of the quasistatic conductivity at ~ 10 MHz [16J 
and the velocity of the magnetoplasma waves [18J in the 
frequency range f = 18-30GHz. 

The bismuth single crystals were grown in a dis
mountable quartz mold by a method described earlier [14J. 
The samples were disks of 18 mm diameter and ~ 2 mm 
thickness. For one sample, the orientation of the normal 
N coincided within ~ 1 ° with the direction of the C2 axis, 
and for the other the angle between N and C3 was 
3° 45' ± 15' ° (Cl, C2, and C3 are respectively the bisector, 
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binary, and trigonal axes). The same samples were used 
earlier to investigate the quantum oscillations at 
T ~ 0.10 K [16J, and it was established that the single 
temperature of these samples is $ O.l°K. 

The sample thickness was determined with accuracy 
~ 0.002 mm by weighing and by measuring the diameter. 
The correction for the thermal expansion when cooling 
to low temperatures was calculated from the data of 
White [19J• 

Measurement of the MPW velocity. The low-tempera
ture part of the apparatus is shown schematically in 
Fig. 1. The sample served as a wall for a cylindrical 
resonator of 15 mm diameter and 6 mm height. At the 
center of the resonator was placed a strip of length 
~ 6.5 mm. The natural frequency of the resonator in the 
TEM mode was 17.6 GHz. Volume-mode oscillations at 
frequencies ~ 25 and 28 GHz could also be excited in the 
resonator. 

Changing the magnetic field changed the velocity of 
the MPW, leading to a periodic satisfaction of the 
Fabry-Perot resonance condition in the bismuth plate at 

rA/2=d, (2) 

where r is an integer, d is the sample thickness, and A 
is the wavelength in the metal, A = 21T/k « Ao = c/f. 
This is accompanied by a change in the amplitude of the 
microwave field at the bolometer. The derivative of the 
bolometer signal was registered by the known modulation 
method. 

The width of the resonances was determined by the 
wave damping, which was equal to 1/2wT, [18J and by the 
radiation losses, which are proportional to the refractive 
index A/Ao, With increasing field, A increases, and in 
strong fields, for high-grade samples, the relative width 
of the Fabry-Perot resonances increases strongly as a 
result of the radiation losses. 

The increase of A/Ao exerts a particularly strong in
fluence on the observed picture of the OScillations, when 
the sample serves as a wall of a measuring cavity with 
Q ;::: 103 (Fig. 2, lower curve). In this case, at A/Ao 
;G 10-2_10-3, the sample and the cavity turn out to be 
strongly coupled. As a result, as shown by calculation, 
the bolometer registers strongly broadened MPW 
resonances at field values corresponding to the condition 

(2r+1)Al4=d. (3) 

In the experiment, the condition (2) corresponds to 
weak fields, while condition (3) corresponds to extremely 
strong fields, while in the intermediate range of fields 
(corresponding to Fig. 2) it is difficult to calculate the 
shift of the resonances. To eliminate the shift and the 
broadening of the resonances, it was necessary to de
crease the coupling between the sample and the resona-
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J FIG. 1. Low-temperature part of the apparatus: 
I-housing of resonator; 2-sample, 3-epoxy com-

'I pound, 4-coil of IO-MHz tank circuit, 5-ring, 6-
bolometer lead, 7-carbon bolometer, 8-foamed 
polystyrene, 9-resonant strip line, IO-resonator 
cavity, II-central conductor of coaxial lead. 
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FIG. 2. Plots of the derivative of the bolometer resistance at 27.87 
GHz; H II CI> k II C2 . The upper curve was obtained with the sample 
coated with an aluminum fIlm -0.1 II- thick, and the lower without the 
fIlm; T = OAoK. 

tor. To this end, an aluminum film - 0.1 Il thick (on the 
order of the depth of the skin layer) was evaporated on 
the surface of the sample in vacuum. A film of aluminum 
~ 0.1-0.5 Il thick was evaporated on the cylindrical sur
face of the sample to suppress the MPW resonances, 
which have a characteristic dimension of the order of 
the sample diameter [18J. After evaporating the aluminum 
film, the amplitude of the resonance decreased by sev
eral orders of magnitude, but they narrowed down sig
nificantly to a relative width 1/2wT ~ 1/200-1/400 and, 
as shown by calculation, their position in this case was 
determined by formula (2) (Fig. 2, upper curve). 

The MPW-velocity measurement accuracy determined 
by the resonance width amounted to ~ 0.1% in the entire 
employed field range 5-65 kOe. 

Registration of quantum oscillations of the conductiv
!!z: The coil of a 10-MHz tank circuit was placed near 
the sample on the side outside the resonator. The tank 
circuit was connected in a self-oscillator circuit with 
enhanced feedback. The feedback maintained the oscilla
tion amplitude at the level ~ 10-100 mV, the power dis
sipated in the tank circuit being ~ 10-6-10-8 W. The 
magnetic field was varied and a signal proportional to 
generated-frequency deviation due to the magnetic-field 
modulation was registered. A typical plot of the quantum 
oscillations is shown in Fig. 3. 

In strong fields, the depth of penetration becomes 
larger than the sample thickness, its change has little 
effect on the inductance of the tank circuit, and this leads 
to a decrease of the signal amplitude. Simultaneously, 
with decreasing signal, a change takes place also in the 
waveform of the QO line (Fig. 3). This can be due in part 
to the fact that the contribution to the frequency devia
tion from the susceptibility oscillations, which is pro
portional to 8M/8H, becomes comparable with the con
tribution from 8R/8H a: 82M/8H2. 

The aluminum film coated on the sample altered the 
observed picture strongly. Thus, for a sample without 
the film, the signals from the holes and electrons were 
comparable in amplitude but of opposite sign at H II Cl 
and N II C3 • After coating the sample on all sides with 
an aluminum film, whose thickness ~ 0.1 Il was much 
less than the depth of the skin layer at 10 MHz, the sign 
of the signal for the electrons became the same as for 
the holes, and the signal amplitude remained of the same 
order of magnitude. 
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FIG. 3. Plot of the quantum oscillations of the conductivity at 10 
MHz and T = O.4°K; H II C I , Nil C3. The solid curve was obtained with 
a sample without a film, and the dashed curve with a sample coated with 
an aluminum film -0.1 jI. thick. The calculated line shape is shown under 
the curve for -18 kOe. On the top are indicated the orders of the oscil
lations of the holes (h) and of the electrons of the inclined ellipsoids 
(e2) at different spin directions. 

In a field H :S 30 kOe, the waveform of the line (Fig. 3) 
was close to the calculation results for a2M/aH 2 [20,] with 
the same parameters which were used by us earlier [16J. 

In these cases it was possible to determine the value of 
the field Hn corresponding to tangency of the n-th Landau 
level of the Fermi surface, with accuracy ~ 0.1%. At 
H > 30 kOe, it is impossible to calculate the line shape, 
since we did not know a number of parameters that de
termine the electrodynamics of the problem, for example 
the ratio of the skin-layer depth and the sample dimen
sions. In this case Hn was taken to be the field corre
sponding to the center of gravity of the line. The resul
tant error could then increase to ~ 0.5%. 

Magnetic field. The field ~ 65 kOe produced by the 
solenoid was homogeneous inside the sample to within 
not more than 10-4• The solenoid constant was deter
mined in the field range 10-50 kOe with accuracy 
~ 0.02% by NMR calibration of the protons with a 
running-water nuclear magnetometer. To monitor the 
field, DPPH was placed in the resonator during the ex
periments, and the EPR Signal was observed at the fre
quencies 17.6 and 28 GHz. From the EPR signals and 
from the QO and MPW spectra it was established that the 
field changed in reproducible fashion with accuracy bet
ter than -0.1%, and its values were in agreement with 
the expression 

llfOeJ =4641[AJ-20. (4) 
The solenoid was mounted in a universal joint and 

could be inclined during the experiment in two perpen
dicular planes to an angle ±4° with accuracy ~0.5'. The 
field was set parallel to the chosen bismuth-crystal axis 
with accuracy ~ 50', by using the QO signal. 

A modulating field with amplitude up to ~ 50 Oe and 
frequency 6.25 Hz, synchronized with the mains voltage, 
was applied parallel to the constant field. Although in 
strong fields the line width exceeded this value by one 
order of magnitude, it was impossible to increase the 
amplitude of the modulation field, for otherwise over
heating of the sample would lead to a broadening of the 
QO lines. 
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EXPERIMENTAL RESULTS 

1. Quantum Oscillations 

Field H II Cl' Figure 3 shows a plot of the QO at 
H II C1• The measured values of Hn were used to deter
mine the carrier concentration. In the calculations it 
was assumed that the hole spectrum is deseribed by a 
two-band model corresponding to the energy levels I2l] 

E'(1+E'IE,') = (n+'/,)ftQ+p,'/2m" (5) 

where E~ is the gap between the bands; Eh is the energy 
reckoned downward from the top of the valence band; 
n = eH/mOlc; Pz is the momentum along the field H; 
mOl and ml are the masses at the top of the band. 

Recognizing that the oscillations are observed at 
field values corresponding to p(n) = 0 in (5), we can obtain 
in accordance with (1), after suinming Pz for all the 
Landau levels with k < n, 

N(ll) 3 • 
N(O) =2 (H.tJ.H-')'·.E (n-k)"', (6) 

'_0 
where N(O) = 3.015 X 1017 cm -3, ~H-l = 4.717 X 10-6 0e-1 

is the period of the oscillations in the reciprocal field [16J, 
and Hn is the field corresponding to the quantum number 
n. The absolute values of n were determined earlier in 
the quasiclassical field region [16J. Plots of N(H)/N(O) 
are shown in Figs. 4 and 5. Formulas (5) and (6) are 
valid if there is no spin splitting of the Landau levels. 
The spin splitting of the hole level at H II C1 can be esti
mated by measuring the QO in a field directed at an angle 
J to the basal plane. With increasing J, the amplitude of 
the oscillations decreases. At J :;::: 2°, each peak splits 
into two and the spin splitting in the reciprocal field 
~H~~, increases in proportion to J. On the basis of these 
experiments, and from an analysis of the QO line shape, 
it was established that at H \I C we have a ratio ~H~~/~H-l 
'S 5%. The possible error in the determination of N(H) 
is in this case less than 7n-3/~, which amounts to 
:S 0.7% at n = 5 (H = 64.1 kOe). 

1.10 

T.05 

T.OO 

0.95 

J- z+ 
6Z Cz 

II 

FIG. 4. Field dependence (H II Cd of the following relative values: 
X-hole density N(H)/(H(O), O-mass density NF~2 (H)/NF~2 (0) deter
mined from the MPW velocity and .-NF~3 (H)/NF~3 (0); b.-values of 
NF!3 (H)/NF~3 (0) without allowance for €3 = 65. Microwave oscillation 
frequency 27.87 GHz. The arrows indicate the position of the electron 
oscillations for an ellipsoid whose major axis lies in the bisector plane 
parallel to the field (e l ), and for inclined ellipsoids (e, ). The upper index 
indicates the number of the Landau level in the spin direction. The solid 
curve gives the calculated N(H)/N(O) dependence in accordance with the 
Lifshitz-Kosevich theory. 
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FIG. 5. Dependence on the field of the following relative quantities: 
X-N(H)/N(O); a, L>-NF~2 (H)/NF~2(0) respectively at f= 27.87 and 17.6 
GHz; .-E~(H)/E~(O). The dashed curves I and 2 show the values of 
NF~2 (H)/NF~2 (0), obtained respectively in [12] and [11]; curve 3-
from [9]. The right-hand scale pertains only to the data of the present 
paper. 

Allowance for the finite temperature T = 0.4 OK can 
yield a correction on the order of 2/n%. Neither error 
exceeds the error connected with the measurement of 
Hn (~0.5-0.1%) and H-1 (0.1-0.2%). Thus, the accuracy 
with which N(H) is measured is 1-0.5%. 

Field H II C3• We present below the values of Hn for 
QO of electrons and holes: 

n: 0 1 2 2 3 3 4 4 5 ;; 
s: +1/2 +1/2 __ 1/2 +1/2 _1/2 +1/2 _1/2 +1/2 -II! ...J.l/2 

H kOeelectrons: ;'8.5 40.9 33.8 28.17 24.06 21.4618.9617.2415.66 
, holes: 39.5 2/,.1 43.3 17.66 26.0 18.3 

At this field direction, to determine the change of the 
carriers it is more convenient to use the QO for the 
electrons, since they are encountered approximately 
three times more frequently. However, taking into ac
count the large spin splitting, it is necessary to use a 
modified two-band model [9J, which differs from (5) in 
that n + 1/2 is replaced by 

n+'/2±t1H,rr -'/Zt1H-'. 

In this case 6H~i:/6H-l = 0.54 ± 0.01[18J. In this approxi
mation we can oBtain a formula analogous to (6) for the 
calculation of N(H)/N(O); the dependence of this ratio on 
the field is shown in Fig. 6. 

2. Magnetoplasma Waves 

At H II C1 and H II C3, in strong fields, the off-diagonal 
components of the conductivity tensor of pure bismuth 
are equal to zero, and at k 1 H the connection between 
the wave spectrum and the carrier spectrum is given by 

, 0)' 4:rti l 
k -ea-;;---U)(Ja.a.=o, 

c- c 
(7) 

where a = 1, 2, 3 corresponds to different polarizations 
of the wave relative to the crystal axes (the electric field 
of the wave is parallel to the axes ClI C2, and C3, respec
tively), j is the direction of the field, El = E2 f: E3 are the 
components of the dielectric tensor of the lattice, a&{3 

are the components of the conductivity tensor, and 
W = 2m. In strong fields, when n = eH/m *c ~ w, kv ~ W 

(v is the carrier velocity), the conductivity is 

(8) 
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FIG. 6. Field dependence at H II C3 and N II k II C2 of the following 
quantities: L>-electron concentration, a-value of NF~1 at f = 27.87 GHz, 
.-at f = 17.6 GHz, and X without allowance for € 1 = 100, and also of 
the hole density at Lm;~/L'lH-l = 2.13 and 1.87 (the points.a. and, , re
spectively). 

for an isotropic spectrum, ~cy(m) = me + mho It is easy 
to verify that for the conductiVIty given by formula (8), 
the wave velocity V = w/k does not depend on w. 

Formula (8) was obtained in the classical limit; it was 
shown in [22J that in the case of a quadratic isotropic 
spectrum of the carriers the conductivity tensor in the 
quantum limit, in the absence of dispersion, retains its 
form: 

at H II C .. the main contribution to a~a is made by holes 
having a spectrum close to quadratic. Using (7), we can 
determine NF~a (H) from the measured values of k. 

The value of k was determined in accordance with 
formula (2). The absolute values of the orders of the 
resonances r were chosen such that the functions V(H), 
measured at different frequencies f = 17.6, 25.17, and 
27.87 GHz, coincided in best fashion. Owing to the small 
width of the resonance lines (",0.2-0.5%) and the rela
tively small r "" 10-100, the value of r was determined 
uniquely. At the chosen values of r, the functions V(H) 
coincided, within the measurement accuracy, in the field 
region H "" 10-20 kOe. 

In strong fields, we observed a velocity difference 
that reached ~2% at H II C3 in the maximum field 65 kOe. 
This difference is connected, in our opinion, with the 
presence of impurities in the bismuth. The impurities 
produce a difference between the electron and hole den
sities. Consequently, off-diagonal components of the 
conductivity tensor aa{3 0: (6N/N)S1aaa /w appear in 

strong fields, and a aa in (7) must be replaced by 
a a a - a~{3/a f312' From the difference in the wave veloci
ties at f = 17.6 and 28 GHz we obtained an estimate 
6N/N(0) "" (0.4 ± 0.2)% for the sample with the normal 
along C3. For the sample with the normal along C3 the 
measured value at H II C3 was (6N/N(0) = (0.1 ± 0.02)%. 

At H ~ 10 kOe it is necessary to take into account the 
temporal and spatial dispersions. The corrections to the 
wave vector can be calculated from the formulas given 
in [23J. The wave velocity in the presence of dispersion 
determines not only aj ,but also the other conductivity 

aa 

tensor components, a~{3 and a~I1' Calculations have 
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shown that the frequency-dependent corrections to V 
frequency are proportional to H-2 and do not exceed ~ 1% 
at H ~ 6 kOe. After introducing these corrections, the 
values of V(H) obtained at different W turn out to be equal 
within the measurement accuracy also at H <;;;, 10 kOe. In 
this field region, the contribution of Ea to the wave 

velocity is small, and the values of N~aa(H) obtained 
from (7) at Ea = 0 practically coincide with the values 
of N(H) (Figs. 4 and 6); this serves as an additional con
firmation of the correct choice of the orders of the 
resonance r. 

With increasing fi.eld, the contribution of Ea increases 
and the values of NF1a(H), calculated from the measured 
values of k without allowance for Ea , turn out to be much 
larger than N(H). This difference has made it possible to 
determine the components of the dielectric tensor of the 
bismuth lattice. The values of E2 and E3 were chosen at 
H II C3 and H II C 1, k II. C2 in sucll a way that the corre
sponding values of NF1a(H)/NF1a(0) coincided with the 
values of N(H)/N(O) in that range of fields for which this 
ratio differed little from unity (see Figs. 4 and 6). We 
thus obtained E2 = 100 ± 10 and E3 = 70 ± 10. 

In strong fields at k II C2 and H II C1, the contribution 
made to k by E3 and NF~3 are comparable in magnitude, 
so that the value of E3 can be made more precise by as
suming that expression (8) remains valid also in the 
quantum region for a nonparabolic carrier spectrum. 
The relative contribution of the electrons to NFl3 in weak 
fields is equal to eNF~3/NF~3 = 22.5%. and the contribu
tions of the electron ellipsoid, the major axis of which is 
parallel to H, and of the two others have a ratio 1: 4: 4. 
In a field H <: 26 kOe, the number of carriers in each 
inclined ellipsoid becomes half as large than in the 
parallel ellipsoid, and this ratio changes to 1 : 2 : 2. 
Recognizing that the total electron density remains equal 
to the hole density, we find that in the expression that 
determines eNF~3 there appears an additional factor 
(3/2)(5/9) = 5/6. The relative contribution of the elec
trons becomes equal to 19.5% and with further increase 
of the field it decreases in proportion to the decrease of 
the effective mass, owing to the decrease of the Fermi 
energy. 

A plot of eNF~3/NF~3 is shown in Fig. 7. To construct 
this plot, NF~3 was determined from the measured value of 
c 2k2/W 2, from which we subtracted E3 = 65. The quantity 
eNF~3 was assumed to be the difference NF~3 - liNF~3. 
The contribution of the holes to NF~3 at this orientation 
is equal to hNF~3 = (SJS1)2 hNF~2' where S3 = 6.76 
X 10-42 g2cm2/sec2 and Sl = 22.49 X 10-42 g2cm2/sec2 are 
respectively the minimal and maximal sections of the 
Fermi surface of the holes [16J, and hNFl2 = 0,985 NF~2' 

According to Fig. 7, the change of eNF~3 /NF~3 with 
increasing field corresponds to the predicted value at 
E3 = 65 ± 5. This value of E3 agrees within the limits of 
errors with that given above, but it is determined with 
double the accuracy. 

DISCUSSION OF RESULTS 

1. Boyle and Brailsford [24J measured El = 100 in the 
infrared band at W > Wp/..fE (wPI is the plasma fre-

quency); this agrees with our value 100 ± 10. The value 
of E3 can be determined from the ratio of the frequencies 
corresponding to the boundaries of the plasma absorp
tion for waves polarized along and across the trigonal 
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axis. Using the results of [24J and calculating the com
ponents of the conductivity tensor which determines wpl' 
we obtain from the bismuth-spectrum parameters given 
in[16,25J the value EJEl = 0.71 ± 0.03, i.e., E3 = 70 ± 10. 
Our measured value is E3 = 65 ± 5. Thus, there is no 
dispersion of the dielectric constant of the bismuth 
lattice in a wide range of frequencies (from 1010 to 
1013 Hz). This conclusion agrees with AbriKosov's 
theory [26J. 

2. Table I compares the results of the measurements 
of NF~a with calculation based on the ellipsoidal model 
of the Fermi surface of electrons and holes, with param
eters taken from [16, 25J. For holes we used the cross 
section values given above, and the effective masses 
(0.212 ± 0.0005)me and (0.0635 ± 0.0005)re, determined 
from the cyclotron resonance during the course of the 
present investigation. The differences between the quan
tities in the table do not exceed ~ 1% and correspond to 
the accuracy of the measurement and of the calculation. 
This proves that in bismuth there are no other carriers 
except those already known, one group of holes and three 
equivalent groups of electrons. 

3. Using highly perfected and pure single crystals, 
we have established that there are uncompensated car
riers with concentration 3 x 1014 cm -3, which corresponds 
to an impurity concentration ~ 10-~. With such an un
balance, at f = 17.6 GHz in a field ~ 60 kOe, the value of 
NF~l turns out to be smaller by ~ 3% than the value for 
pure bismuth. 

Since the influence of the impurity conductivity on the 
wave velocity increases in proportion to (A Nn/Nw )2, it 
is clear that when experiments are performed in strong 
fields this circumstance must be seriously taken into ac
count. In [11-13J they did not consider the role of the im
purities. At the same time, one of the causes of the de
crease of NF~l with increasing field, which has been ob
served in [13J and contradicts our results and the results 
of others [9, 12J , may be due precisely to this effect. 

4. Figure 2 shows, besides the experimental pOints 
for N(H), also theoretical curves obtained by the Lifshitz
Kosevich formulas [20J. We used in the calculation the 
value la2s1/ap~l-l/2 = 6.41 calculated for electrons in ac-

FIG. 7. Field dependence of the 
relative contribution of the electrons 
to NF~3 (H). The arrow indicates the 
value of the field above which only 
one Landau level remains in each of 
all the electron bands. Dashed line-
calculation (without allowance for the 
quantum oscillations in fields H ~ 25 '01O~--:f::-'--:!:-----:'-::---
kOe). The vertical lines next to the 20 30 qo H, kOe 

points indicates the error connected with the error in the determination 
ofE3=65±5. 

Experiment 
Calculation 

TABLE I 

2.00±O.Ol O.2'4S±O.OOI !1.000±O.OO5! 2.19±O.OI 
2dI5±O.02· O.246±O.OO2 1'.OO±O.OI 2.17±O.02 

·Calculated with correction for the deviation of the C, axis from the 
normal to the sample surface. 
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cordance with the model constructed in [16J. What is ob
served is not only good qualitative but also quantitative 
agreement between experiment and calculation. Small 
differences are connected mainly with the fact that no 
account is taken of the shift of the oscillation fields for 
electrons with change of the Fermi level. 

Table II lists the values of the oscillation field with 
n = 0 and 1 at different field directions. The data at 
H 1\ C2 were obtained by us earlier [17J. If it is recognized 
that ~H-1 = 21TeJi /cS, and 

2 fJN 
8 = 8(0)+2nm*fJE = 8(0) -2nm*---E,h(0) 

3 N(O) • 

where oN/N(O) is determined directly from Fig. 4 (or 
from the figure in [17J), and if the suitable correction is 
introduced, then we find as a result that the phase of the 
oscillations retains the quasiclassical value 
(n + % ± ~HSl/2~W1) = 1 ± 0.045 even at n = 0 or 1. 

We note also that the contribution of the electrons to 
the conductivity tensor in the quantum region is deter
mined by the classical expression with accuracy not 
worse than ~ 1~ (Fig. 7). 

5. At H > 25 kOe and H II C1, when the electron is 
left with only one Landau level below the Fermi level, a 
monotonic nearly-linear increase of the carrier density 
sets in (Fig. 5). The function NF~2(H) increases some
what faster than N(H), and at H = 64 kOe we have 

NF22'(H)jN(H)= F,,'(H) =102±001 
NF,,' (H) . N (0) F,,' (0) . .. 

The deviation of the presented ratio from unity makes 
it possible to estimate the deviation of the spectrum 
from quadratic. 

The simplest among the possible spectra that take 
into account terms proportional to E2 in the expansion of 
p2(E) is the spectrum of the two-band model 

p~a;p=E(HE/E,), (9) 

which corresponds to the energy levels (5) (a is the in
verse effective-mass tensor). The peculiarity of the 
spectrum (9) is that all the equal-energy surfaces are 
ellipsoids with equal axis ratio. 

Using the definition of the effective mass, we can 
write down an expansion for the extremal section S in 
powers of E in the form 

( E am,) 
8=2nE m'+T8E . 

(10) 

for holes, substituting the numerical values of S1> S3, mt, 
and mt from (10), which were given above, we obtain 

The constancy of the ratio Sl/S3 and the fact that the 
Fermi surface of the holes differs from an ellipSOid by 
not more than ~0.1-0.2% [16J justify the use of the spec
trum (9). 

In the model (9), the variation of m* as a function of 
the energy is described by the relation 

m'=m,(1+2E/E;). (11) 

Since F~2(H)/F~2(0) = m*(H)/m*(O) = 1.02 ± 0.01, it follows 
that, using (11), we get E~ = 0.7~g:I eV. 

Knowledge of E~ makes it possible to find the mass 
on top of the band mOl = (0.205 ± 0.003)me as well as the 
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TABLE II 

n I· I H, kOe I H!>.H-'· I H!l.H-' .. 

HIIC, 

1 
-'I, 1 25.31 1 

1.03G 1.030 
0 +'/, ~3.46 0.95:; 0.967 
1 _If, 13.30 1.084 1'.041 
0 +", 11.96 0.975 0.966 

HIIC, 
1 1 -'I, 1 15',43 1 1,086 

1 
1,055 

0 +1/, 13.95 0.982 0.973 

·The error of the presented value is 
-0.5%. 

··With allowance for the change of EF' 

Fermi ener~ E~(O) = 11.76 ± 0.25 meV and to construct 
the plot of EF(H)-see Fig. 5. Figure 5 shows also a plot 

of E~(H), obtained by Smith et al. [9J. The proximity of 
their result to our value is accidental and is apparently 
due to averaging out of several errors, inasmuch as a 
comparison with our data has revealed that in fieldS 
~ 20-25 kOe, where the peak of the large amplitude due 
to the electrons did not permit the authors of[9J to ob
serve the hole oscillations, there are not one but two 
hole peaks. As a result the values of the quantum num
ber n assumed in [9J at H < 20 kOe were smaller by unity 
than the true value. 

6. At H 1\ C3, the ratio NF~l(H)/N(H) should change in 
proportion to m*(H)/m*(O) = 1 + 20E/Eph' where oE is 
the change of E~, and E h ~ 70 meV is the photon en
ergy corresponding to die light absorption-region edge 
connected with the interband transitions [27J. Using the 
results as shown in Fig. 6 for the estimate of oE 
ex: (2/3)6N, we find that NF~l(H)/N(H) = 1.055 at 
H = 64 kOe, and the experimentally measured ratio is 
1.040. Thus, our procedure of calculating N(H) for elec
trons leads to an error not larger than ~ 2% . 

7. Figure 6 shows the values of the hole concentration 
calculated from the quantum-oscillation field for the 
relative spin splittings ~HSI/~W1 = 1.87 and 2.13. 
Although in both cases the concentration hN turned out to 
be close to eN, the value 2.13 leads to better agreement 
at H-1 = 0.0385 kOe-1• 

Since two hole peaks split in spin are observed in a 
field of ~40 kOe, and the average position of the hole 
oscillations corresponds to the law H~l = ~H-1(n + 1/2), 
the only alternative for the spin splitting remains 
~Hs~/~H-1 = 0.13. However, in this case the calculated 

values of hN turned out to be smaller by 20-25% than 
eN. Thus, in accord with the results of the measure
ments of the anisotropy of the spin splitting [9J, the value 
2.13 must be assumed for the latter. 

Abrikosov [4J has shown that a spin splitting larger 
than unity is possible if at the point T of the Brillouin 
zone, where the holes are located, there are closely
placed six rather than four energy levels. Thus, a large 
spin splitting points to the need of taking into account, in 
the determination of the parameters and of the form of 
the spectrum, of a larger number of levels than in [28J • 

8. It was shown in [7, 8J that the level energy of the 
electron corresponding to the quantum numbers n = 0 
and s = -1/2 changes linearly in a magnetic field. 
Beneslavskii:' and Fal'kovskii:' [7J obtained the dispersion 
law of this level. For the electrons of the ellipsoid whose 
major axis lies in the bisector plane parallel to the field, 
this dispersion law takes the form 
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p,'/2m.=E-aH, (12) 

where the energy E is reckoned from the bottom of the 
band at H = O. With four neighboring zones taken into ac
count, it was shown that a > O. [7J 

An energy increment linear in the field appears in 
the theory when account is taken of the influence exerted 
on the conduction-electron spectrum by the bands at 
pOint L that are located ~ 1 eV away from the conduction 
band. Allowance for the more remote bands leads to a 
spin splitting of Landau levels with twofold degeneracy in 
the two-band model [7, 8J . It becomes possible therefore 
to estimate the absolute value of a from the spin splitting 
of the electron levels [16J. Recognizing that the effective 
mass at the bottom of the band is equal to 
m*/(l + 2E~/E~) "" m*/3, using formula (26) from [7J, 

we obtain a -;:; 0.1 meV /kOe. A similar estimate can be 
obtained also from Baraff's theory. [8J 

For inclined ellipsoids, the relative spin splitting re
mains unchanged, and the Landau splitting and Pz are 
practically half as large. It is therefore necessary to 
replace for them a in (12) by a/2, and m1 by ml /4 (more 
accurately, by m1/3.974). 

The function p~E) can be easily obtained from experi
ment, by assuming that a = 0 and using formula (1), where 
the value used for eN(H) should be the one obtained for 
the holes. The change of the Fermi level is defined as 
E~(O) - E~(H). This function, plotted in accordance with 
our data and the data of Brandt et al. [lOJ, is shown in 
Fig. 8. The figure shows also the point obtained from [12J 
by introducing a correction to the wave vector, which 
leads to the agreement between NF~2 (64 kOe) with our 
data. The correction thus yields NF~2 (200 kOe) = 0.92 
X 1018 mecm -3. The initial section of the plot on Fig. 8, 
at I~EI < 10 meV, is linear. This line, however, inter
cepts the ordinate axis at a point that is ~ 1% higher than 
the value of p~(P) of [16 J, and in strong fields the points 
do not fall on a straight line. These differences enable 
us to determine E~(O) = 20 ± 3 meV and a = -(0.05 
± 0.025) meV/kOe. 

The value of E~(O) = 20 meV is somewhat smaller 
than that obtained from magnetooptical investigations by 
reducing the experimental data in accord with the two
band model: E~ = (Eph - E~)/2 "" 26-28 meV[27,29,30J, 

or else from an analysis of the behavior of alloys, 
32 ± 2 meV [n]. It seems that the difference is due to 
deviations from the two-band model, which leads, ac-

p! /pf(O)+aH/f;(O} 

-0.25 

FIG. 8. Plot of pi /pi (0) + aH!E~(O) against ~E = E~(H)-E~(O) 
at H II C I: e, o-obtained from the quantum oscillations in the present 
study, A, ",-from [10], X-from [12], corrected in accordance with our 
results. Curve I was plotted under the assumption that a = 0, and curve 2 
at a = -0.05 meV!kOe, E~(O) = 20 meV. 
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cording to Beneslavskil and Fal'kovskil (2J, to a renorm
alization of the effective mass on the Fermi level by an 
amount ~1~. 

The sign of a agrees with the anisotropy of the spin 
splitting, thus offering evidence that ~HsV ~H-l > 1 [16J 

and is opposite to the sign predicted by the theory in [7J. 
This, as well as the already mentioned large spin 
splitting of the holes at H II C3, points to the need for 
taking into account a large number of bands in the theory. 

9, From the carrier spectrum established in this 
paper, we can calculate all the thermodynamic quantities 
that are determined by the conduction electrons. Let us 
demonstrate this using as an example the calculation of 
the specific magnetic moment M = -an/aH. The thermo
dynamic potential n is determined by the known rela
tion [lJ 

Q=-kBT.E Tln[ l-exp ( E'~:;P') )] n(p.)dp.. (13) 

The summation in (13) is carried out over all the Landau 
levels and spin projections of the partially filled bands. 
Using the spectrum of the electrons and holes determined 
by formulas (12) and (5), and neglecting the small cor
rections ~ E~/E~, we obtain at H II C1 and T = 0 

Q=- ~ N(II)[E.'(O)+El'h(O)]+ 

4 eH [ ~ ( 1) eH 1 +---,- p,aH+p,'all+2.:....p: k+- n-- , 
3 (21th)e ,~O 2 mOle. (14) 

where P1, p~, and P~ are the limiting momenta respec
tively for the electrons of the straight and inclined ellip
soids and of the k-th Landau level for the holes. 

Using the parameters of the bismuth spectrum de
termined in the present paper, and the plots of N(H) and 
E~(H) shown in Fig. 5, we obtain, with accuracy ~ 1~, 
for H in the range 30-60 kOe, the value M = Mo - xH 
= (0.19-0.3) x 1O-5H [Gauss]. The value of Mo is deter
mined mainly by the first term of (14), and the contri
bution of the electrons to X amounts to ~ 30%. 

Direct measurements of the magnetic moment [2J 
yield Mo = 0.19-0.30 G, and the contribution of the car
riers to the diamagnetic susceptibility is ~ (1-0.5) 
X 10-5, which is close to the value obtained by us. 

10. The increase of the carrier density with increas
ing field explains well the linear growth of the resistance 
obtained by Kapitza [32J. Indeed, at H II C1, the diagonal 
terms of the conductivity tensor in strong fields are 
O'QIQI 0: 0'{3{3 a: N(H)/n 2T. On the other hand, the hole com-

ponents 0' Qlf3 are of the order of 0' Qlp a: ~N/n. The ex
perimentally measured resistivity P is expressed in 
terms of the conductivity tensor 

P •• =cr:~ (1 + cr.~' ) -! 00 Q''t' [1 +( !J.NQ't')']-! 
cr •• cr,. N (H) N (H) . 

Since GT "" 1 at H = 104 0e for holes at room tempera
ture, and in strong fields we have N(H) 0': H, it follows 
that even at ~N/N(O) "" 10-\ i.e., for samples that are 
less pure by a factor ~ 100 than those employed by us, 
the influence of the Hall terms is negligibly small and 
PQIQI Ei! H. With decreasing temperature, T increases, 
and Kapitza observed, on those samples which were 
made of less pure material, a deviation from the linear 
dependence, which was apparently due to the difference 
between the electron and hole densities. 
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If, by starting from the foregoing considerations, we 
determine the change of N as a function of the field in 
accordance with Kapitza's data [32J, and assume that 
N(60 kOe) coincides with our value, then we obtain 
N(270 kOe)/N(O) "" 6, which is in good agreement with 
the value 5.2 corresponding to results of Brandt et al. [10J 

11. It must be emphasized in conclusion that in ac
cordance with our results there exist qualitative contra
dictions between the experimental and theoretical calcu
lations performed within the framework of the 
Abrikosov-Fal'kovskil deformation theory when account 
is taken of four closely-located bands at the points L 
and T [4,7J. Abrikosov [4J made the first step towards 
improving the theory by introducing two more bands. 
According to his results, allowance for a larger number 
of bands eliminates the previously obtained restriction 
~Hsp /~H-l < 1 on the spin splitting of the hole levels at 
H II C3. Complicating the model further increases the 
number of parameters describing the carrier spectrum 
to 12. 

At the present time, however, the volume of the ex
perimentally obtained information for bismuth is quite 
large. Thus, for electrons there are at least 15 param
eters. These are: the three dimensions of the Fermi 
surface, the two values of the curvature at the limiting 
points, the slope in the basal plane, the parameter des
cribing the asymmetry in the binary plane [16J, the three 
principal values of the effective mass [25J, the three 
principal values of the spin mass, the angle of inclina
tion of the ellipsoid of the spin masses to the basal 
plane [16, 9J, and the energy characterizing the threshold 
of the interband absorption [27J. We should add further
more that the model should describe the results of mag
netooptical investigations [29, 30J and the behavior of bis
muth in a quantizing field. 

The holes are characterized by four quantities: the 
cross section, mass, and spin splitting at H II C3 and the 
cross section at H 1 C3 ([16, 25J and the present paper). 
Further, the calculated spectrum of the holes should be 
close to quadratic, and this imposes additional conditions 
on the relations between the theoretical parameters. 

Thus, it seems to us that the large number of phenom
enological parameters that appear in the theory is not a 
principal obstacle to the construction of the theory. It is 
clear beforehand, however, that the volume of the re
quired work is very large, and to obtain results it is 
necessary to exert considerable efforts. In our opinion, 
they can be justified, first, by the fact that the theory 
describing the spectrum of pure bismuth, at the accuracy 
which experiment has reached by now, will make it pos
sible to describe from a unified point of view the mani
fold of phenomena observed in bismuth-antimony alloys. 
Second, it is very enticing to use the idea of spectrum 
superposition, on which the Abrikosov-Fal'kovskiltheory 
is based, to construct a theory for such systems as con
ducting metal oxides. Therefore it seems highly desir
able to raise the theory for bismuth to a level such that 
its validity would become undisputed. 

The author is grateful to P. L. Kapitza for interest in 
the work, to M. S. Kha'ikin for interest and a discussion 
of the results, to A. A. Abrikosov, L. A. Fal'kovskil, 
I. Ya. Krasnopolin, S. M. Cheremisin, Y. M. Pudalov for 
a discussion, to S. A. Yolodin for preparing the samples, 
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