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The recently observed [7] transverse focusing of electrons in a metal by a magnetic field is theoretically 
investigated. The nonmonotonic part of the potential difference between the contact onto which the 
electrons are focused and a peripheral point of the sample is analyzed in detail. It is shown that the nature 
of the singularities of the potential difference is determined by the shape of the Fermi surface in the 
vicinity of the extremal diameters, the possible types of singularities are classified, and focusing in a thin 
plate, when collisions of the electrons with both surfaces of the plate are important, is studied. It is shown 
how the effect of transverse focusing can be used to investigate the Fermi surface and to study the nature 
of the interaction of the elctrons with the sample surface. 

As is well known, in a strong nonquantizing magnetic 
field (when the Larmor radius r = cPF/eH is less than 
the mean free path 1 of the carriers) a characteristic 
scale of the spatial inhomogeneity of the current and the 
potential is the Larmor radius. In samples of small 
dimensions, when the mean free path is comparable to 
some geometric characteristics of the sample, this in
homogeneity leads to the appearance of specific galvano
magnetic size effects. The most thoroughly studied
both theoretically [1 ,2J and experimentally-are the 
galvanomagnetic properties of thin plates and wires; in 
this case in constructing the theory it is sufficient to 
take into account the inhomogeneity of the current and 
potential across the sample. Advances in experimental 
techniques now allow a detailed investigation of the in
homogeneity along a thin sample as well; in particular, 
we can, with the aid of a felicitously chosen configura
tion of the electrical contacts, create a situation in which 
the distance between the contacts is comparable to the 
magnetic-field dependent trajectory length. Since the 
contact configuration can be varied within sufficiently 
wide limits, such experiments may become important 
sources of information about the properties of metals. 

At present the most important manifestation of effects 
of this sort is electron focusing in thin plates. The 
focusing effect was first predicted [3J and observed [4,5J 

by Sharvin and his co-workers. They studied longitudinal 
electron focusing, when the contacts located on the oppo
site sides of a thin (~0.4 mm) tin plate turned out to be 
on the same line of force as the magnetic field was ro
tated. Mter this, in [6J, the magnetoresistance of such a 
plate was computed, and those characteristics of the 
Fermi surface (FS) that could be determined in this way 
were pointed out. The recently published paper [7J by 
Tsor demonstrates the solution of a more complex ex
perimental problem: the location of the contacts on the 
same surface of the sample at a distance from each other 
of less than the mean free path. It is shown in his paper 
that the potential difference between such contacts in a 
magnetic field parallel to the surface is extremely sensi
tive to the parameters of the electron trajectory: when 
the distance between the contacts was an integral multi
pIe of an extremal FS diameter multiplied by c/eH, sharp 
peaks appeared in the potential difference. 

In the present paper we carry out a theoretical inves
tigation of transverse electron focusing in parallel and 
oblique magnetic fields, classify the types of singulari
ties that the potential difference can have, and indicate 
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what information about the Fermi surface and the nature 
of the electron-sample surface interaction can be ob
tained in the experimental investigation of the focusing 
effect. 

1. FORMULATION OF THE PROBLEM AND THE 
COMPLETE SET OF EQUATIONS 

Let us consider a metallic plate with two current con
tacts A, B and one potential contact e (Fig. 1). The cur
rent in the circuit AB is given; the quantity that is 
measured is the potential difference between the contact 
e and a peripheral point of the sample where the poten
tial is equal to zero. This is precisely how Tsol set up 
his experiment [7J; we shall indicate possible modifica
tions below. The magnetic field, which is perpendicular 
to Be, curls the electron trajectories, as shown in the 
figure; clearly, the magnitude of the potential at e should 
nonmonotonically depend on the magnetic field. Indeed, 
when L, the distance between Band e, becomes equal to 
an extremal FS diameter multiplied by c/eH, the number 
of electrons capable of reaching e from B in one stage 
is significantly greater than for other values of the mag
netic field, and therefore qJe should have a spike. As H 
is increased, there come moments when electrons from 
the vicinity of the extremal diameter reach e from B by 
a chain of several trajectories geometrically similar to 
the trajectory shown above, undergoing specular reflec
tions from the x = 0 plate surface as they move along the 
chain; in this case qJe should also have spikes. 

The complete system of equations of the problem con
sists of a linearized-in the weak electric field-kinetic 
equation (in the T-approximation) 

a~ a~ ~ &~ -+v,-+-=-v,- (1) 
at ox, to ox, ' 

the electroneutrality condition 

lJ 

d 

FIG. I. D is the distance between the current contacts and d is the 
thickness of the plate. 
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e'H 
p'=O, or <1Jl>=-c- SS 1jldPH dt=:,O, (2) tions can be obtained in the investigation of the focusing 

effects. 

2. FOCUSING IN A THICK PLATE IN A MAGNETIC the reflection conditions for the charge carriers 

1I'r (r, p) =q'¢i (r, p')+x(R) (3) FIELD PARALLEL TO THE SURFACE· 

and the expressions for the current flowing through the 
contacts 

(4) 

Here the specularity parameter q is equal to the proba
bility of specular reflection from the surface, to is the 
relaxation time, cp is the potential, and zP is a correction 
to the distribution function: f(r, p) = fo(E) - ezpafo/aE, fo(E) 
being the Fermi distribution function. The current i(R) 
is the current flowing through all the contacts (R = (y, z) 
is a two-dimensional radius vector), but if the resistance 
of the measuring circuit is sufficiently high, then the 
current through the contact C is small and, as was 
pointed out in 16J, the distortions introduced by it can be 
neglected. Therefore, we shall seek the potential CPc(H) 
at the contact C under the assumption that iC(R) = 0, 

Let us seek the solution to Eq. (1) in the following 
form: 

( A-t ) ~,(r.l)=exp -(-0 j[Hx-x(t»;y-y(t),z-z(t)] 

t t (t' t 
-'cp(r)+-J exp -=-)cp[r+r(t'}-r(t)]dt'. (5) 

to io 
), 

Here f is an arbitrary function, A = A(X -x(t» denotes 
the moment an electron undergoes its last reflection 
from anyone of the plate surfaces, and r - r(t) denotes 
the characteristic curve of Eq. (1). Let us expand i(R), 
cp(x, R), and f(A, R - R(t» in Fourier integrals and sub
stitute them into Eqs. (2)-(4), We obtain as a result a 
system of three equations-the two reflection conditions 
(3) (for reflections at x = 0 and at x = d) and the electro
neutrality condition (2). Let us write out the reflection 
condition (3) for x = 0, the remaining equations having 
similar structures: 

F+ (t, k)oxp[ikR(t)] = q" {~S,(p', O)exp [A~t" + ikR(t') 1 
, ' 

l' t'-t· 
XL(I.,: k)+ ~ 8,(p',0)- S cxp[--+ ik(R(t')-H(t')l 

/" (" 
, " 

/<D[O+,y(t'l-x(t),k]dt'}+ i-qo <vx { ... }>_+ Jo(k) . (6) 
<1',,)_ <0,>" 

Here I(k), ~(x, k), and F(A, k) are respectively the 
Fourier transforms of i(R), cp(x, R), and f(A, R); the 
index i, which assumes the values 0 and d, denotes the 
surface with which the electron collides for the last time; 
the indices ± denote: for the functions F ±' the sign of v x 
and, for the angle brackets, averaging over that part of 
the FS where vx < 0; p* is the incident-electron momen
tum, which is connected with the reflected-electron mo
mentum p by the specularity conditions P II = P~ 1); Si is 
the Heaviside unit function: So(P*, 0) = 1 if the next 
collision of an electron of momentum p* that has just 
been reflected from the x = 0 surface is with the same 
surface, otherwise So(P*, 0) = O. 

For arbitrary relations between r, 1, and d and for an 
arbitrary orientation of the magnetic field, it is not pos
sible to solve the obtained system analytically, and the 
method of successive approximations must be used (as 
was done in [2J for the homogeneous distribution of cur
rent along the sample). As we shall see, analytic solu-
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Let us consider the case when the plate thickness d 
is Significantly larger than the Larmor radius r, the dis
tance L between the contacts, and the mean free path 1. 
Then in a magnetic field that is parallel to the surface, 
the electrons that collide specularly with the surface can 
be divided into two groups. The electrons of the first 
group come to the surface from the interior of the sam
pIe and, after one or several collisions, return to the 
interior. In order for such electrons to exist, there must 
exist at the Fermi surface open trajectories properly 
oriented with respect to the surface of the plate. For 
d »1 these electrons certainly collide on their way from 
one surface to the other with other particles inside the 
sample, and, consequently, they lose the momentum in
formation they acquire in a collision with a surface be
fore they reach and collide with the other surface. Thus, 
these electrons do not participate in the focusing effect, 
and we assume in this section that they are altogether 
absent, i.e., that So(P*, 0) = 1 and Sd(P*, 0) = O. The 
second group consists of electrons that continually collide 
with the x = 0 surface. It is not difficult to show that 
their motion is periodic with a period T A ~ T, where 
T = 21T/n and n = eH/m*c. Using this circumstance and 
taking account of the fact that the functions F. and F_ are 
constant along the characteristic curves, we can easily 
show that F .(t, k) and F _( Ao, k) in Eq. (6) coincide, and, 
consequently, Eq. (6) goes over into an integral equation 
with a degenerate kernel, which is easy to solve, For 
r « 1 and, consequently, TA «to, it is sufficient to limit 
ourselves to the zeroth approximation in T?t/to. Substi
tuting the obtained F.(t, k) into the electroneutrality con
dition, and inverting the Fourier integral, we obtain 

fPc (H)=_(,1 ,ffd'kexP(-ikL)Jo(k)( Hexp{ikLlR) ) [1-a(k)]-'. 
. Zn) l-qoexp(d<LlR) _ 

(7) 
Here 6R = R(t*) - R(?t(t*», L = (0, L, 0), and 

I-go 
a(k) = --- < (vx exp(ikLlR» /(1-g, exp{ikLlR» >-. <v,>_ 

Notice that we cannot set qo = 1 in (7), since the k in
tegral then diverges. This circumstance has a simple 
physical meaning: in purely spe«ular scattering the con
dition that there should be no current flowing through the 
surface is, as has been shown in [2J , automatically ful
filled, the nonzero current i(R) being incompatible with 
the reflection conditions in this case. 

Let us proceed to analyze the formula (7). Using the 
asymptotic forms of the averages for Ik· 6RI ~ 1 and for 
Ik . 6RI > 1, we can easily derive the smooth part of the 
magnetic-field dependence of CPC' These dependences 
are as follows (the unimportant factors are omitted): 

<pc ~ {
r 2 1n(Llr), L<D, (8a) 
exp (-Llr), L>D, (8b) 

if 1m a(k) = 0 (when the magnetic field is parallel to the 
line BC), or 

'Pc ~ {
In(Llr), L<D, (9a) 
exp(-Llr), L>D, (9b) 

if 1m a(k) f. 0 (for any other orientation of the magnetic 
field). The plot given in [7J of CPc as a function of the 
magnetic field is in good agreement with (9a). 

To analyze the nonmonotonic part of CPC(H), let us ex-
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pand [1 - a(k)tl in a power series in a and limit our
selves to the first term. This is permissible, since the 
multiplication of the integrand of the k integral by the 
factor [a(k)pn (with m > 0), which decreases as k - 00, 

can lead only to the weakening of the singularity2). Ex
panding the function [1 - qoexp (i.k.1RWl in a series, we 
obtain 

rpc(H)= (2~)' Sf d'kexp(-ikL) [IB(k) +exp (ik.D)IA (k)1 

x[ l+(l+q,) t q;-' (exP(inMR»_]. (10) ._1 
Here IA(k) and IB(k) are the Fourier transforms of the 
currents through the contacts A and B, computed under 
the assumption that the contact is located at the coordin
ate origin (of course, the resultant current through them 
is zero: IA(O) = -IB(O». In the case when D » L, it is 
sufficient to analyze the expression 

B.(L)= H d'kl.(k) exp (-ikL) (exp(ink8R) >_. (11) 

Let us represent it in the form of a convolution: 

B.(L)= Sf d'XiB(L-X)b.(X), 

b.(X)= (2:rt)-' Sf d'k exp (-ikX) (exp(inkttR) >
= (6[X-n8Rl>_= ~ (I f)(n8y,n8z 1)-' 

~ f)(PH,t) .X,~"'R (12) 

Since iB(R) is different from zero only at the location of 
the contact, such a convolution carves out from bn(X) a 
certain part, which is such that the smaller the maximum 
diameter amax of the contact is, the smaller it is. It can 
be seen from the formula (10) that all the terms of the 
series have similar analytical structures, and therefore 
the singularities in ~c(H) should recur periodically with 
the amplitudes of the neighboring peaks differing by the 
factor qo, which has a simple physical meaning. 

Let us consider the first peak of qJC(H) (n = 1). 
Clear ly, ~ will have its greatest value when the convolu
tion encompasses the points where the Jacobian vanishes 
or where it is small. Analysis shows that the following 
cases are possible. 

1. The Jacobian goes to zero as I~dextr _Xl l /2, where 
dextr is the extremal diameter of the Fermi surface and 
~ = c/eH). This corresponds to the trajectories shown in 
Fig. 2, a)-c) {below we shall, when discussing the var
ious types of singularities, indicate the number of the 
figure where the singularities are shown). Assuming that 
the current iB(R) does not have singularities, we find 
after evaluating the convolution integral for amax « L 
that ~ ~ IL - 2rl l /Z for H - Hextr - 0, and is equal to 
zero when H > Hextr in the cases 2a and 2b; 
cp ~ IL - 2rl l/2 for H - Hextr + 0, and is equal to zero 
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FIG. 2. Possible cases of focusing in a thick plate. 
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when H < Hextr in the case 2c. In the experiment [7J, 
singularities of the type 2a with a period of 6 Oe were 
observed. 

2. The Jacobian goes to zero as I ~dextr - XI 2 / 3• This 
corresponds to the trajectory shown in Fig. 2d. In this 
case cp ~ I L - 2rl l/3 for H - Hextr ± O. 

3. The Jacobian does not vanish at the end point (i.e., 
on the boundary of the region defined by the delta function 
in (12». Such a case is possible on open trajectories 
(Fig. 2e). In this case the potential has a jump with finite 
values of the derivatives a~/c~H from the left and from 
the right. Such will be the behavior of the potential in the 
cases when the Jacobian goes to zero so slowly that the 
dimension of the region where bn(X) »1 does not exceed 
~ax (Fig. 2f). 

The simplest case is when the magnetic field is per
pendicular to the line BC and v z = 0 on the effective 
trajectory. Then in the viCinity of an extremal diameter 
tl.y behaves in the following manner: tl.y = tl.Yo - a(tl.t)2 in 
the cases 2a and 2b; tl.y = tl.Yo + j3(tl.t)3 in the case 2d; 
tl.y = tl.yo + a(tl.t)2 in the case 2c. To the trajectories 2a 
and 2d may correspond the dependences tl.y = tl.Yo 
- a(tl.t)2n and tl.y = tl.Yo + j3(tl.t)2n+l respectively, and 
then ~ behaves like IL - 2rll/2n and IL - 2rI 1/(2n +1); in 
these cases the FS in the Vicinity of the extremal diam
eters is flattened. Furthermore, in the case of multiply
connected FS it is possible to orient the magnetic field 
relative to the crystal axes in such a way as to make the 
extremal diameters of the various cavities equal, thereby 
making the appearance of other types of singularities 
that are combinations of the singularities described in 
Subsecs. 1-3 possible. 

We see that for a real FS the pattern of peaks can be 
fairly complicated; the situations shown in Fig. 2, a)-d) 
can occur in succession as the magnitude of the magnetic 
field is varied, and to them will correspond different 
periods in the magnetic field. Naturally, such a pattern 
will also be observable on sufficiently complex open 
trajectories, such as those shown in Fig. 63 in the 
book [8J by I. Lifshitz et al. 

The variation of the orientation of the surface relative 
to the crystallographic directions can lead to very abrupt 
changes in the periods. Such a possibility is illustrated 
in Fig. 3a, where we show the effective trajectories on a 
corrugated-cylinder type FS; the solid lines represent 
the projections of the trajectories onto the plane of the 
drawing and the magnetic field lies in this plane; the 
mutually corresponding directions of H and the projec
tion of the trajectories are marked by the same numbers. 
In the field Hl there are two type-2a periods correspond
ing to the trajectories Tu and T la. As H - Ha, the period 
Ta increases rapidly, while the height of the peaks de
creases until it vanishes at H = Ha. The reason for this 
is that the end points of the effective trajectory coincide 
with the stop points, with the result that the period of the 
electron orbital motion is logarithmically large, so that 

'Hz b 

FIG. 3. Projections of extremal trajectories on a corrugated-cylinder 
type FS. 
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the electron gets scattered inside the plate and does not 
participate in the focusing. Upon further rotation of H in 
the plane of the drawing, the period T2 reappears, 

It follows from the foregoing that the investigation of 
the transverse-focusing effect can become a very con
venient method of investigating the FS, since, by varying 
the orientation of the surface relative to the crystallo
graphic axes, we can, in principle, measure all the ex
tremal diameters of the FS, In particular, it would be 
desirable to obtain the curve cpc(H) for bismuth with a 
higher resolution than was achieved in the experiment [7J• 
The point is that Fig. 2 in [7J shows at a field 
H = 3.5-4 Oe a peak of amplitude less than that of the 
principal peaks at fields H = 60e, H = 12 Oe, etc. If 
more thorough measurements confirm the existence of 
this peak and clarify its shape, then this will give addi
tional information about the FS of bismuth. 

If the magnetic field is not perpendicular to the line 
BC, then the connection between the peak-recurrence 
periods and the FS parameters gets, as a rule, Signifi
cantly complicated. An exception is the case when the 
shape of the FS in the vicinity of an extremal diameter is 
close to being cylindrical; for then at not too large w 
(w is the angle between the direction of the magnetic 
field and the normal to BC) Hextr(w) = Hextr(O)/cos w. 
It is precisely this case that was realized in bismuth [7J, 

3. FOCUSING IN A PLATE OF FINITE THICKNESS 

Let us consider ·focusing in a plate whose thickness 
does not exceed the distance L between the contacts. In 
this case it is necessary to take into account the colli
sions of the electrons with both surfaces of the plate. 
Now the motion of each of the electrons is periodic, and 
therefore an analysis similar to the one carried out in 
Sec, 2 leads to a system of two integral equations with 
degenerate kernels for F_(x = 0) and F+(x = d), Mter 
substituting the solution of the system into the electro
neutrality equation we find that the quantities responsible 
for the fPc(H) peaks have the following forms 

bO'(k)=(So Hexp(ik~Rl) > ' 
I-goexp("'~R,) _ 

b'" (k) = (Sd Hq, exp (ik:lR,) '> . 
I-g,.g" exp (d,'.R,) , _ 

(13a) 

(13b) 

The trajectories corresponding to ~Rl and ~R2 are 
shown in Fig. 4, a) and b), Analysis of the Jacobians 
arising from (13) can be performed in the same manner 
as was done before, and leads to the following results. 

1. If the effective trajectories are parts of the trajec
tories 2a-2c, then the Jacobian does not vanish at 
X = ~~ax' and fPC has the same jump as in Subsec, 3 
of the preceding section, The effective trajectory is 
shown in Fig, 4c (for the isotropic dispersion law). For 
such a trajectory the peaks will not be equidistant until 
~xmax becomes less than the thickness of the plate. The 
same peaks will be observed if H is replaced by - H; the 

b 

2 y 
d 

scy 
FIG. 4. Possible cases of focusing in a thin plate. 
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trajectory is shown in Fig. 4d, where the numbers 1 and 
2 denote the centrally symmetric parts of the trajector
ies. In a thick plate, the peaks vanished when the sign 
of H was changed [7J , since the electrons were then 
twisted in the opposite direction. 

2, If the trajectories are sections of the trajectory 2e 
(such sections may also be on open trajectories, which, 
for d »Z, did not participate in the fOCUSing-see the 
beginning of Sec. 2), then the Jacobian goes to zero as in 
Subsecs, 1 and 2 of Sec. 2, and 'CPC(H) will then have 
singularities of the type 2a-2d, The effective trajectory 
is shown in Fig. 4e. In order for such a singularity to be 
observable, a definite relation between the plate thick
ness and the distance between the contacts should be 
fulfilled; otherwise qJc(H) will have a jump, as in 
Subsec. 3 of Sec. 2. 

As can be seen, the distances between the singulari
ties of fPC for a thin plate are not directly related to the 
extremal diameters of the FS. However, besides its ob
vious use for investigating open trajectories (the case 
4e), the investigation of the focusing effect in such a . 
formulation allows us to find the curvature of the FS. In 
fact, for r A> L A> d, effective trajectories of the type 
4c encompass only a small part ocp ~ Llr of the full per
iod of the trajectory, In this case the quantity 
(eHextr /c)(L2/2d) coincides to within small terms of 
second order in 0 cp with the radius of curvature at the 
location of the extremal trajectory. Let us stress that in 
this case the magnetic field may be so weak that the 
Larmor radius may exceed the mean free path; this cir
cumstance is not reflected in the course of the computa
tions, since in a thin plate the small parameter for the 
solution of Eqs, (2)-(4) is Liz and not r/Z. 

If in the case 4c the magnetic field is rotated in the 
plane x = 0, then ~xmax on the effective trajectory de
creases, and at some critical value of the angle between 
H and BC the trajectories cease to intersect with the 
surface x = d, Analysis shows that the connection be
tween the critical angle and the FS parameters is quite 
unwieldy and cannot, apparently, be conveniently used to 
investigate FS. In the case of bismuth, where the shape 
of the electron FS is close to that of a highly prolate 
ellipsoid, ~xmax weakly depends on the orientation of 
the magnetic field in a considerable interval of angles, 
and the observation of the indicated effect is difficult. 

4. FOCUSING IN AN OBLIQUE FIELD 

If the magnetic field is inclined to the sample surface, 
then the electrons can periodically collide with the sam
pIe surface only in special particular cases. In Fig. 3b, 
we illustrate such a possibility on the example of a 
corrugated-cylinder type FS; here the magnetic field is 
parallel to the axis of the cylinder and the dashed lines 
join points related by the specularity condition. In the 
overwhelming majority of cases the motion of the elec
trons is not periodic: they either go away into the inter
ior of the plate after one or several collisions, or, after 
an infinite number of collisions, reach the line vx = 0, 
traversing in the process a finite (of the order of r) dis
tance along the sample surface. This means that only the 
magnitude of the magnetic field at the first peak of CPC 
can be comparatively easily related to the FS param
eters, Mathematically, the connection between F+(t) and 
F_(A) in Eq, (6) gets significantly complicated, and, even 
for a thick plate, a closed solution is possible to obtain 
only for purely diffusive reflection. Analysis shows that 
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singularities of the type 2a-2f are possible here too. 

In a thin plate (d « l), when it is necessary to take 
the collisions of the electrons with both surfaces into 
account, the foregoing likewise remains valid. In this 
case the observation of the first peak in cp is possible 
not only in the case when the current and potential con
tacts are approximately located on the same line of 
force, but also in the case when there exist open trajec
tories on which the mean value of v over a period is 
directed along the line joining the contacts (see the be
ginning of Sec. 2). It is precisely such an effect that was 
observed in the experiment [5J (see Fig. 3 there) at 
O! = 4.5 0

• 

Furthermore, another type of nonmonotonic magnetic
field dependence of (j5c arises in an oblique field in a thin 
plate. Let us analyze it for the simplest case when the 
magnetic field is perpendicular to the plate and under 
the assumption that the FS is sufficiently symmetric, so 
that the specularity conditions reduce to the conditions 
P~ = -p~, t* = t, and that no electron collides twice in 
succeSSIOn with one and the same surface of the plate, 
i.e., that So(p*, 0) = 0; as was pOinted out in [1, 6J, these 
restrictions are not, in the present case, fundamental 
restrictions. Then ~o = t - d!vx' and the equations for 
F. and F_ are integro-difference equations that admit of 
an exact solution. As a result, it turns out that the non
monotonic part of the potential contains terms of the type 

ii'n-'- (C) = (2n) _z SS d'k cxp( -ikL)I. (k) qd(q,qd) " 

x(exp (_ 2nd +ikt1R:: l ) , 
tov% -

1R~1) =R(t)-R(t- 2:d); n=1,2,... (14a) 

if the current and potential contacts are located on the 
same surface of the plate, and 

q;n-'- (C) = (2n) _2 H d'k exp (-ikL) (q,q,,) n In(k) 

X (exp [_ (2,,+1) d + ikt1R,:'l ] \ , 
toV-.; I -

t1R~')=R(t)-R(t- (2n~1)d); n=O,i, ... , (14b) 
&x 

if the contacts are located on different surfaces. Notice 
that here we must retain the exponential functions 
exp(-nd/tovx), in contrast to the parallel-field case, 
where the resultant path traversed by an electron along 
the chain of extremal trajectories did not depend on the 
number of the peak and allowance for the finiteness of 
the mean free path weakened all the peaks to the same 
extent. 

The analysis of the expressions (14a) and (141:» can be 
performed in the same way as was done in Sec. 2. It 
turns out that for any IXI < 2r the equation X = l1R has a 
denumerable number of roots, while the sum analogous 
to (12) has a denumerable number of terms; the 
Jacobians do not vanish at these pOints and, as averaging 
over the momenta shows, cp has no singularities. For 
IXI = 2r the solution of the equation X = l1R is unique, 
and, although the Jacobian vanishes, no singularity 
arises in this case too, since Vx and, hence, the function 
exp(-d/tovx) tend to zero on these trajectories; phys
ically, it is clear that the focusing effect is inhibited in 
this case by the collisions that occur in the interior of 
the sample. A more thorough investigation shows that '(p 
nevertheless has a nonmonotonic part, the dominant 
contribution to it being made by the set of trajectories 
on which the factor exp(ideH /m*cvx) is stationary, which, 
as is well known, is the condition for the occurrence of 
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Sondheimer oscillations. PreCisely these oscillations 
have been observed in experiments [4,5J on tin. 

As is well known [9J, the case (mentioned in the foot
note 1) when the specularity conditions do not effect a 
one-to-one correspondence between the points of the FS 
is possible. Two different situations are then possible. 
If the equations PI! = Po have a finite number, and then 
not too large a number, of solutions (the crystallographic 
indices of the surface are not too large), then we can, by 
dividing the set of solutions into pairs with inverse 
values of vx' assign to each pair a value qik that is the 
analog of the specularity coefficient, thereby transform
ing the reflection conditions into a system of integral 
equations with degenerate kernels that admit, as before, 
of an exact solution. Then on the dependence CPC(H) will 
arise a finite number of periods. If, on the other hand, 
the equations PII = P~ have a large (infinite, if the indices 
of the surface are irrational numbers) number of solu
tions, then an electron can, after a specular reflection, 
reach practically any pOint of the FS, and such a situa
tion is equivalent to diffusive reflection. 

CONCLUSION 

Thus, transverse-focusing observation can become a 
very convenient tool for investigating FS. From the in
vestigationsof focusing in a thick plate we can, by vary
ing the orientation of the surface relative to the crystal 
axes, measure all the extreme diameters of the FS and, 
from the nature of the singularities, determine the type 
of diameter. From the investigations of the focusing in a 
thin plate we can, by varying the arrangement of the 
contacts and the orientation of the plate relative to the 
axes, measure the curvature over the entire FS. From 
measurements on the dynamics of the peak-recurrence 
periods of cp(H) and the measurement of the peak ampli
tude we can extract very valuable information on the 
shape of the cross sections of the FS, on the location of 
the saddle points, and on the details of the structure of 
the open trajectories. 

The experimental investigations of the transverse 
focusing effect can also yield valuable information about 
the nature of the interaction of the electrons with the 
boundaries of the sample. In the computations we as
sumed q to be a constant, but the generalization of the 
formulas (7), (12), and (13) to the case when q is momen
tum dependent presents no difficulties; in this case, 
since the contribution to the singularities of cp is made 
by small regions of the FS, it is natural to assume that 
q is a constant in these regions. Thus, the quantity q 
figuring in (12) and (13) is q(p) at the ends of the ex
tremal diameter, and, from the ratio of the amplitudes 
of neighboring peaks, we can determine the specularity 
coefficient. Focusing in the cases 2a-2d in a magnetic 
field perpendicular to BC allows the measurement of q 
in the case of nearly normal incidence. Combining the 
rotation of the magnetic field in the x = 0 plane with the 
variation of the orientation of the surface relative to the 
crystal axes, we can, in principle, measure q at all 
values of the momentum. 

I)The cases when the specularity conditions do not guarantee a one-to-one 
correspondence between the FS points will be discussed below. 

2)To verify this, it is necessary to consistently convolute Bn(X) from (II) 
with A(X) = (21ft' JJd2ka (k) exp (-ikX), as is done in the text. 

Note Added in Proof (November 25, 1974). After the present paper 
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had been sent for publication, there appeared articles in which similar 
galvanomagnetic effects are investigated. In one paper (J. Low Temp. 
Phys. 16, 317 (1974)), J. Clarke and L. A. Schwarzkopf investigate the 
resistance of bismuth located in a magnetic field parallel to its surface in 
the case when the contacts are periodically located on the surface of the 
sample; as can be easily demonstrated with the aid of the apparatus used 
in the present paper, the singularities in the resistance should be much 
less pronounced, which was experimentally confirmed; another factor 
that weakened the influence of the focusing effect on the resistance was 
a number of inapt characteristics of the configuration of the contacts. 
In a theoretical paper by C. E. Confalves da Silva (same journal, p. 337), 
where the resistance is considered in such a formulation, Chambers's 
method is used, which did not allow the author to consider the case of 
arbitrary specularity coefficient; furthermore, because of several inac
curacies, a number of the results do not agree with the experiment 
mentioned above. 
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