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In a plasma with a strong magnetic hield H> Ho = 2.2 X 1013(V/c)2 G the fast protons moving along the lines 
of force have a sharply increased mean free path: the quantization of the energy of the transverse electron 
motion reduces the Coulomb energy losses. The most important factor then is diffusion in angle space of 
the protons away from the direction of the magnetic field, since the losses strongly depend on the angle 
between the field and the direction of motion of the protons. As a result, the Coulomb mean free path 
increases by a factor of (M/m)1 /2 compared to the mean free path in a plasma without a magnetic field. 
Since the Coulomb losses are small, the retardation of the protons is determined by the nuclear collisions. 
For 16 1flJ.oNemc2 /kT <H <Ho and for high proton velocities, such that tw/e2 » I, the mean free path 
increases in accordance with the decrease in the Coulomb logarithm, in which the Debye radius should be 
replaced by the Larmor radius of the zeroth Landau level. Here J.Lo is the Bohr magneton. 

The strong magnetic fields used in laboratory facili
ties slightly change the rate of the relaxation processes 
in a nonequilibrium plasma and, in particular, the rate 
of retardation of the fast particles [I, 21. However, the 
discovery of pulsars-magnetized, rapidly rotating neu
tron stars-has shown that the occurrence in astrophysi
cal objects of ultrastrong magnetic fields H ~ 1010_1014 
G is not rare. The energetics of x-ray pulsars is ex
plained by the accretion (the falling) of gas on a neutron 
star. The strong magnetic field channels the accretion, 
guidin& the matter toward the region of the magnetic 
poles 31. The matter moves in the process along the 
magnetic lines of force. Near the surface of the star 
(its mass is assumed to be equal to that of the Sun 
and its radius is assumed to be equal to 106 cm), the 
kinetic energy of the protons is ~ 100-150 MeV, the 
particle velocity v ~ 0.3-0.5 c, and the surface tem
perature T ~ 107_108 oK. Of considerable interest is 
the question of the retardation of the proto:lS, which 
carry the main portion of the kinetic energy of the 
accreting flux, in the atmosphere of the magnetized 
neutron star l ). This question is important in the con
sideration of the mechanisms leading to the direc
tionality of the x rays [61. 

In an ultrastrong magnetic field the quantization of 
the energy of the transverse electron motion leads to 
a situation in which the transfer of the energy of the 
fast protons (moving parallel to the direction of the 
field) to the plasma electrons is hindered and the role 
of the Coulomb losses in the retardation of the protons 
is small compared to the role of the nuclear collisions. 

1. COULOMB COLLISIONS IN A STRONG MAGNETIC 
FIELD 

Let us consider the retardation of a beam of protons 
moving in a magnetized plasma along the magnetic 
lines of force as a result of Coulomb collisions with 
the electrons of the medium. We recall that the Cou
lomb losses determine the range of fast charged par
ticles in a plasma without a magnetic field. In this 
case the particles give up their energy to the plasma 
electrons mainly after traversing long paths, owing 
to a change in the transverse component of the mo
mentum (see, for example, [7,81). The presence, how
ever, of a strong longitudinal magnetic field can greatly 
hinder the transfer of transverse momentum, which then 
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leads to a Significant increase in the mean free path. 

To compute the rate of retardation, we must con
sider an individual act of scattering of a proton by an 
electron of the medium in the general case when the 
proton, prior to the collision, moves at an angle e to 
the magnetic field. In such a collision, the energy and 
momentum component along the direction of the field 
are conserved. Assuming that the plasma electrons are 
at rest, which is true when kTe « mv2 , we have 

P cos 8=P II cos 8+P.l. sin 8+p, (1) 

P' PII'+P.c' p' 
2Af=--zM+ 2m +nnwH. (2) 

Here P is the proton momentum before the collision; 
PII and P 1 are the post-collision proton-momentum 
components along two mutually perpendicular directions, 
PII being the component along the initial direction of 
motion; p is the post-collision electron momentum 
along the magnetic field; m and M are the electron 
and proton masses; wH = eH/mc is the electron gyro
frequency. We neglect the proton-magnetic field in
teraction, since the proton gyrofrequency is (M/m) 
times smaller than wHo Allowance is made for the 
fact that the energy of the transverse electron mo-
tion is quantized: n = 0, 1, 2, ... is a whole number. 
Eliminating P II with the aid of (1) from (2), we find 
the post-scattering longitudinal electron momentum: 

p= mv {t- Pol. tg 8'l' [1- 2nnwH (cos' 8 +~) 
cos 8 (1+mIM cos' a) P mv' M 

'I (3) 
+M P.l.sin28_P.l.'(HM)] '}. 

m P P' m 

The energy lost by the proton in each collision is 

2. PROTON RETARDATION WHEN hWH > mv 2/2 
(H > Ho) 

(4) 

It can be seen from (3) that at e « 1 and flw > mv2/2 
the whole number n == 0, i.e., a proton moving in a di
rection inclined at a small angle to a magnetic field of 
intensity H > Ho = mv2/4fLo = 2.2 x 1013(v/c)2 G cannot 
increase the energy of the transverse motion of an 
electron of the medium (here fLo = efi/2mc is the Bohr 
magneton). If e = 0, then the collisiOns of a proton with 
electrons of the medium can be divided into two types: 
a) the proton flies past a plasma electron (the sign 
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"-" in front of the radical sign in (3)); b) an electron 
is scattered along the direction of motion of the proton 
(it is "reflected" from the proton in its rest frame; the 
sign "+" in front of the radical sign in (3)). In the case 
a) the energy lost by the proton in one collision, 

e=L=~~(~~ P.L') , ..;;~(!!:..)' mv' (5) 
2m 22m P' 8 M ' 

is negligibly small, and such collisions can be neglected. 
In the case b) this energy is E = 2mv2• The cross section 
for scattering of the type b) has been computed in[9]. It 
depends on the intensity H of the magnetic field: for 
H » Ho it decreases in proportion to H-1 , while for 
H« Ho it assumes a constant value. A detailed analysis 
shows that at no value of the field can the collisions of 
the type b) become the decisive mechanism by which the 
protons are slowed down, since the mean free path cor
responding to these collisions alone, even when H = Ho, 
exceeds by a factor of two the mean free path (11) due to 
the angular diffusion process described below. 

Thus, the principal mechanism by which a proton 
initially moving along a magnetic field of intensity 
H > Ho is slowed down amounts to the following. 

At first the proton is deflected in each scattering by 
an electron or a proton of the plasma through a small 
angle 

M=P .LjP";;mjM, (6) 

practically without losing energy. In successive scat
tering events the deflections e build up from zero. The 
energy transferable to an electron in each scattering 
event increases rapidly with increasing e, and is given, 
when 1» 0» m/M, by the expressio:J. 

p' P' 2e' 
e= - =-~-. 8'= --8' 

2m 2m mv'r" 
(7) 

where P 1 = 2e2/rv is computed in the usual manner with 
the aid of first-order perturbation theory[8] and r is the 
classical impact parameter. A proton begins to effec
tively lose energy only after it has been deflected through 
an angle e ~ (m/M)1I4 (cf. the expressions (8) and (9)). 
We allowed above for the fact that the transverse proton 
recoil momentum P 1 ::s mv, and the upper sign in front 
of the radical sign in the expression (3) was retained 
since the electron motion is one-dimensional at n = O. 

The above-discussed qualitative picture of the re
tardation of protons moving parallel to the field is 
described by the two equations: 

dO' 'm"" P.L ' 8ne'InA 
Tx=(N.+Np ) S (p) '2nrdr=2N.~, (8) 

dE. .'-S 4ne' inA , 
--=-N. e2nrdr=-N.--, -8. 

dx mv-
(9) 

The equation (8) of diffusion in angle space was derived 
for a hydrogen plasma with allowance for the fact that 
the deflections of a proton in successive scattering 
events are not correlated and that i+ is the quantity 
(toO)2. and not. toe, that builds up. In this case we neg
lect the difference between the values of the Coulomb 
logarithm InA for proton-proton and proton-electron 
collisiOns, since the resultant error is small. 

The system of equations (8) and (9) is equivalent to 
the single second-order equation 

d'E'=_(N 8ne'InA)'.!!!... 
dxZ e mvz M 1 (10) 
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which can be integrated. We then find the mean free path 

1=1 It ~ E.'/4N.ne'ln A. 
2 1f1 , 

Equation (16) for the rate of energy loss by protons 
in a plasma without a magnetic field can also be easily 
integrated. The ratio of the corresponding mean free 
paths is (the difference between the values ·of the Cou
lomb logarithms is again neglected): 

(11) 

Notice that allowance for the above-described scattering 
of the plasma electrons in the direction of motion of the 
protons in the case when H ~ Ho will decrease some
what the mean free path (11). 

3. PROTON RETARDATION IN THE CASE WHEN hWH 
< mv 2/2 (H < Hol 

When H < Ho, it is possible for an electron interac
ting with a fast proton to jump from one Landau level 
to another. Below, in estimating the rate of proton re
tardation, we set e = 0, neglecting the diffusion of the 
protons in angle space and the contribution of the 
tranSitions with n = 0 considered above. These assump
tions are entirely justified, since the proton energy de
creases to a value at which i'lWH = mv2/2 over the dis
tance given by (14) and (16), which is much shorter 
than the mean free path that is obtained from the solu
tion of Eq. (10). 

In computing the proton-energy losses, the cross 
section for each individual scattering event is esti
mated from the Rutherford formula. To determine the 
range of angles at which scattering can occur, we use 
the quantum conservation laws in a magnetic field. The 
application of the Rutherford formula in the proton
velocity region where flv /e2 » 1 and which is of inter
est to us here, is entirely justified, since in the angle 
region where scattering is allowed the transit time 
turns out to be small compared to wit. the gyrorevo
lution time. Indeed, in the region of allowed scattering 
angles the energy transferred to an electron should 
exceed..fi.wH: 

e=2mv' Sin'.!.. = 2mv' > liffill. 
2 1+m'v'r'/e' 

(12) 

Here" is the scattering angle for the electron in the 
rest frame of the proton. It follows from (12) and the 
conditions 1iv /e2 » 1 and l1wH ~ mv2 that for all the 
allowed impact parameters r/v« wit. 
A. The Case when mv 2 /4 ~ hWH ~ mv 2/2 (Ho/2 ~ H 
~ Hol 

In this case electron transitions to a neighboring 
Landau level are possible: n = 0 or 1. Let us estimate 
the contribution of the transitions with n = 1. It follows 
from the expressions (3) and (4) that the energy lost by 
a proton in each scattering event for 0 = 0 is given by 

[ ( 2liffiH ) '''] e-mv' 1 =F 1 - mv' . (13) 

The sought rate of energy loss is equal to 

dE. ~ 4ne' ( 211ffill ) ". ax =-N, J e dcr=-N, mv' 1- mv' • (14) 
0, 

where do' = (e2/2mv2 )2 sin-4 (,,/2)dO is the differential 
cross section for scattering in the Coulomb field and 
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the limiting angles 0 < "1 .:s 7r /2 .:s "2 < 7r are deter
mined from the equation 

(15) 

Equation (15) for the angles "1 and "2 at which the inte
gration should be cut off is obtained from the condition 
that the energy €l = 1/2mv2 sin2" of the transverse el
ectron motion change by the smallest possible amount 
-f!.wH. In evaluating the integral in (14) we took into ac
count the fact that in the angle interval "1 < " < 7r /2 
the expression (13) should be taken with the upper sign 
in front of the radical sign, while in the interval 
7r/2 < " < "2 it should be taken with the lower sign. 

A proton discarcE its energy according to (14) from 
the value Mv2/2 to fiwHM/m, after which this expression 
becomes inapplicable (see the preceding section). The 
corresponding mean free path decreases with increasing 
H (this can be seen from (14)): it has its maximum value 
atflwH = mv2/4, this value being ~ 1.25 InArni7M~ 1/4 
the mean free path computed from the formula (10) ~n 
astrophysical situations InA ~ 10; see, for example, 3]). 

B. The Case when hWH ~ mv2 /2 (H ~ Ho) 

In this case n runs through a set of integral values, 
each of which has its own region of allowed angles de
termined from the condition nfiwH = E 1 = 1/2mv2 sin2". 

Using the expressions (4) and (3) for II = 0, we can 
easily find the total energy E = 2mv2 sin2 ("/2) trans
ferable to an electron in a collision. As before, we have 

dE. t. 4ne' -=-N.Jeda=-N --inA 
dx -mu2 ' 

(16) 
t, 

where 

= ( 1+ (l-2li6)H/mv') 'f. ) 'I. 
.\ 1-(l-21i6)H/mv')'f, . 

(17) 

Except for the expression for A, the formula (16) dif
fers in no way from the well-known formula for the case 
of zero magnetic field. When 1iwH = mv2/2 (Ii = Ho), we 
A = 1, and the expression (16) vanishes. In the limit of 
a weak magnetic field we easily find from (17) that 

(18) 

where ~ = (2flc/ eH )112 is the radius of the zeroth Landau 
level and ~ =.fi./mv is the de Broglie wavelength of the 
electron. Notice that when (1 - 2bWH/mv2)1/2 « 1 the ex
pression (16) goes over into (14), and in the entire 
interval Ho/2 < H < Ho these expressions differ by not 
more than 25%. 

In the case of weak fields, when rH > rD, rH in (18) 
should be replaced by the Debye radius rD; the expres
sion (16) then goes over into the well-known formula for 
fast-particle relaxation in a plasma [7, B1. 

4. CONCLUSIONS 

The obtained results show that for H > Ho the energy 
losses for protons moving along the magnetic lines of 
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force as a result of Coulomb collisions with the elec
trons of the medium decrease by a factor of (M/m)1/2. 
However, they are still much ((M/m)1/2 times) larger 
than the Coulomb losses due to collisions with the pro
tons of the medium. The principal retardation mechan
ism under the conditions of interest to us is nuclear 
collisions with the plasma protons. The strong-interac
tion cross section O"pp ~ 3 X 10-26 cm2 , and the corres
ponding range is 50 g/cm2, which is roughly 6-7 times 
greater than the Coulomb range for fast protons in a 
tenuous plasma without a magnetic field. 

When H < Ho,hv/e2 » 1, and rH < rD, the magnetic 
field leads to a decrease in the Coulomb logarithm and 
to a corresponding increase in the proton range. The 
condition rH < rD corresponds to 

me' (N) ( 10' K ) 
H> 16n l-loN'kT = 2.8·10' 10" :"'-, -T- G, 

from which it can be seen that the obtained formulas 
are applicable in the wide range of magnetic-field 
strengths 105 < H < 1016 G. 

For H < Ho and hv /e2 « 1, our treatment is inap
plicable, This case has been considered in [1, 21, 

It is clear that the presence of a strong magnetic 
field also decreases the rate of collision relaxation of 
the electron and proton temperatures. 

The authors are deeply grateful to Ya. B. Zel-dovich 
for a number of valuable hints and to Yu. N. Gnedin for 
drawing our attention to the paper [91. 

°In this note we do not touch upon the question of the possible stopping 
of a proton beam in a collisionless shock wave [4.5), a question that 
arises in connection with the analysis of the collective processes, and 
essentially consider the problem of the retardation of individual fast 
protons. 
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