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The resistance pI-H. n to viscous vortex motion is measured in recrystallized strips of the superconducting 
alloy Nb-80% Zr in the range from 1 OK to Te and throughout the whole magnetic-field range. The 
temperature dependence of the coefficient of viscosity of the moving vortices is derived from the 
measurement and is compared with the microscopic theory. The behavior of pI-H) at all magnetic field 
values is compared with the theory as T ..... Te. To explain the dependence of the depth and position of the 
minimum on the PI- n curve on the magnetic field strength. the thermal viscosity coefficient is calculated 
for a system of independent vortices and compared with the experimental results. 

INTRODUCTION 

From the point of view of the dependence of the dif­
ferential resistivity (DR) on the external magnetic field 
at constant temperature, the entire interval from 0 to 
Hc2(t) (where t = Tlrc) can be arbitrarily divided into 
three parts. In weak fields, a linear relation is observed, 
adequately described by a theory that considers the mo­
tion, under the influence of the transport current, of 
vortices that do not interact with one another. For this 
region of fields an expression for the effective conduc­
tivity ueff '= poi = (dr/djr1 in terms of the temperature 
and the average magnetic field in the sample was ob­
tained in theoretical papers [l-SJ under the simplifying 
assumption that there are no pinning forces. 

In the other limiting case H - Hc2(t), there is also a 
linear dependence of the DR on H. The microscopic 
theory that describes the behavior of the effective con­
ductivity in this region has been constructed under the 
assumption of gapless superconductivity [6J and is there­
fore applicable, strictly speaking, only in a very narrow 
vicinity of Hc2(t). In experiment, the linear section 
occupies a rather noticeable field interval, but its slope 
varies with temperature, in good agreement with the 
theoretically predicted dependence [7-11J. 

The least investigated, both experimentally and theor­
etically, is the region of medium fields. In a number of 
studies [B-11J, the measurements of Pf/Pn were carried 
out in the entire range of magnetic fields, and in this 
case a detailed study was made of the laws governing the 
behavior only in one of the limiting cases, either H - 0 
or H - Hc2(t). In the immediate vicinity of Tc ' for fields 
satisfying the condition 1 » 1 - H/Hc2(t) » 1- t, the 
following relation was obtained [4 ,12J: 

°eff",,[1-HIH,,(t) p. 
However, the condition for the applicability of this form­
ula' even at t ~ 0.995, does not make i.t possible to cover 
the entire interval of average fields, since the limitation 
1 - H /Hc2 (t) « 1 corresponds at best to H /Hc2(t) ~ 0.7. 
Dlnilov, Kupriyanov, and Likharev [13J have calculated, 
for temperatures on the order of Tc' the values of Pf(h) 
(for all values of H from Hc1(t) to Hc2(t)) from the non­
stationary Ginzburg-Landau equations, neglecting the 
so-called anomalous terms. In the case of dirty super­
conductors (l « ~) without paramagnetic impurities, the 
values of Pf for weak fields coincide with those calcula­
ted in [2J, while at H ~ Hc2(t), the result of Maki is ob­
tained [6J. Allowance for anomalous terms, in the opinion 
of the authors of[13J, should lead to a decrease of Pf at a 
given field. 
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So far we have dealt only with the electromagnetic 
mechanism of the dissipation due to the motion of the 
fluxoids under the influence of the transport current. 
Clem [14J has proposed an additional thermal dissipation 
mechanism, which explains the appearance of a minimum 
on the Pf(T) curve in the case of superconducting alloys 
with small mean free paths [15 J, but considered only a 
single isolated vortex. The model was subsequently im­
proved by taking into account the interaction of the vor­
tices via the electric fields that are connected with their 
motion [16J, thus providing a qualitative explanation of 
the experimentally obtained dependence of the tempera­
ture of the Pf(T) minimum on H[17,18J. 

We have measured the DR of an Nb alloy with a large 
Zr content at temperatures from 1.0o K to Tc in the en­
tire interval of the magnetic fields from 0 to Hc2(t). At 
fixed values of the temperature, we plotted Pf/Pn against 
the field, or else the temperature was scanned with the 
magnetic field fixed. The results were used to deter­
mine the temperature dependence of the viscosity coeffi­
cient of the moving vortices, and to compare it with the 
theory. The dependence of Pf/Pn on H was also compared 
with the theory at various temperatures. Extending the 
idea of the thermal dissipation mechanism to the aggre­
gate of moving vortices, and neglecting the electromag­
netic interaction of the vortices, we have calculated the 
dependence of the depth of the minimum on the Pf(t) 
curve on the magnetic field, and compared the results 
with the experimental data. 

EXPERIMENTAL PROCEDURE 

The samples were foil strips (0.01 x 0.16 x 5 cm) of 
an alloy of Nb with 809'0 Zr, subjected after mechanical 
working to a recrystallization annealing at 1000°C, fol­
lowed by rapid quenching [19J. To measure the current­
voltage characteristics, the sample was secured in a 
holder with clamped potential contacts; the holder was 
placed in the magnetic field perpendicular to the plane of 
the sample and to the transport current. The current­
voltage characteristics were plotted with an x-y recorder 
using a photoelectronic amplifier of the F-118 type. The 
DR was determined graphically from the slope of the 
linear section of the current-voltage characteristic. 

In some cases, however, the presence of a linear sec­
tion does not exclude integral heating of the sample as a 
result of the power released in the sample, nor on the 
influence of this heating on the value of the DR [20J. The 
corresponding values of the DR were therefore subjected 
to corrections that depended principally on Ic' ale/aT, 
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and the heat-conduction and heat-transfer coefficients. 
When calculating the corrections for Hell, we used the 
thermal resistance value ~ = 25T~"K4-cm2/W], which 
is close to the maximum possible for Nb-80% Zr [21J. 
For He I we used a thermal-resistance coefficient that is 
linear in the temperature and takes on the values Rfc 
= 5°K-cm2/W at T = 4.2°K and ~ = 20o K-cm2/W at 
T = 2.2°K[22J. In the region T >'it2°K, where the meas­
urements were performed in vapor, we used the value 
RKap = 220o K-cm2/W, calculated from a comparison of 
the current-voltage characteristics of the sample for 
T = 4.2°K, plotted in liquid and in vapor. Table I lists 
the relative values of the thermal corrections for three 
temperatures in different magnetic fields. 

RESULTS AND DISCUSSION 

1. Dependence of the Differential Resistance in the Field 

Figure 1 shows the results of the measurements of 
Pf /Pn as a function of H at different fixed values of the 
temperature, A number of characteristic singularities 
can be observed in these measurements. First, in weak 
fields (Fig. 1a), Pf(H) is quite linear at all temperatures. 
Second, in the field interval from 0 to 60 kOe, a charac­
teristic "hump" is observed at low temperatures (curves 
6 and 7 in Fig. 1b); this hump was noted earlier by 
Kim [8J in alloys having high values of the parameter K. 

Third, near Hc2(t) there is observed a small plateau on 
the dependence of Pf/Pn on H (curves 3, 4, and 6 in Fig. 
1b), which corresponds to the peak effect on the jc (H) 
curves. The gaps on the curves correspond to places 
where the determination of Pf is extremely difficult in 
the case of our samples. 

The presence of a linear dependence of Pf /Pn on H in 
weak fields makes it possible to determine, on the basis 
of these measurements, the viscosity coefficient 11 of the 
moving vortices and its temperature dependence, Indeed, 
'1 and the DR are connected by the simple relation [8J 
'1(t) = .oH/c2Pf(t). If Pf(t)/Pn = bo(t)H/Hc2(0), then 

(t) = 1 «I,H •• (0) 
1) b. (e) c'p. 

The value of bo at fixed temperature is determined 

TABLE I 

Correction % 
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FIG. I. Experimental plot of Pf/ Pn against H for fixed values of 
the temperature (in OK): I-T = 7.6, 2-T = 7.1, 3-T = 6.5, 3'-T = 6.0, 
4-T = 4.2, 5-T = 3.4, 6-T = 2.0, 7-T = 1.37. 
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graphically from the slope of the initial linear section in 
the experimental plot of Pf/Pn against H; bo(t) describes 
completely the temperature variation of'T). 

A different form is frequently used in the literature, 
namely Pf(t)/Pn = b(t)H/Hc2(t). Then 

TJ (e) -H,,(e)lb (t). 

In the theoretical papers [1-5J that consider the motion of 
single vortices under the influence of the transport cur­
rent, the 0eff(H, T) dependence is represented in the 
general form 

(Jeff/(J.=~ (t)H,,(t)IH. 

The coefficient 13(t) was determined in two limiting 
cases: T - T c and T = O. It is easily seen that 

1 1 TJ(t) H .. (t) 
~(t)=bTt)= bo(t)f(t) =j(j)' f(t)=H,,(O)' 

Curve 1 in Fig. 2a was calculated from the formula[3J 
13(t) = 1,1(1 - tfll2, curve 2 corresponds to 13(t) 
= 1.47 [2J; the pOint on the t = 0 axis is 13(0) = 0.9 [5J. 

Figure 2a shows also the experimental values of 
l/b(t) obtained by different workers. We note that some 
of the points were obtained by us from published Pf(H)/Pn 
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FIG. 2. Dependence of the viscous-friction coefficient of moving 
vortices on the temperature: a) l/b(t) 0:1)(t)/Hc2(t), b) bo(t) O:/I)(t). 
Points .-our experimental data for Nb20 Zrso, O-Nbso Taso [S], 0-

Pb76 1n24 [9], Cl-Y-B po], -Y-A pO],o-Nbso Mo20 [11], X-Pb60 T140 
[18]. Curve I-theoretical from [3], curve 2- from [2]; asterisk-theore­
tical estimate P] at t = O. 
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curves, and this explains their scatter to some degree. 
However, the difference between the temperature de­
pendences of l/b(t) of different alloys exceeds this 
scatter and may be due to the difference in the tempera­
ture dependence of Hc2(t), which enters in the definition 
of b(t) together with 11 (t). In the region t > 0.6 we see a 
certain correlation between the position of the l/b(t) 
curve and the value of the parameter K1(1), the values of 
which for the given samples are presented below: 

Sample: Nh.oZlBo Pbr.ln" Nb"Mo" V-B V-A 
~W: M U ~ U u 
Source: present work [0] ['1] [,0] [10] 

As seen from Fig. 2a, the experimental plot of l/b(t) 
for Nb-80% Zr agrees well with the theory (3,5] at t - 0 
and t ~ 0.95. In the immediate vicinity of Tc, an abrupt 
decrease is observed on the l/b(t) curve [23], so that as 
t - 1 the experimental points approach the limiting 
value l/b = 1.47, Recognizing that the formula that de­
termines the curve 1 was obtained with only the anom­
alous terms in the expression for the conductivity taken 
into account, and that the limiting estimate was made by 
discarding these terms, it must be assumed that when T c 
is approached there comes into playa mechanism that 
suppresses strongly (at least in the case of our samples) 
the contribution of the anomalous terms, 

Figure 2b shows the plot of b o( t) a: 1/11 (t) for various 
samples. As mentioned above, for a fixed temperature 
bo is determined experimentally from the slope of the 
initial linear section of the Pf(H) curve. A characteristic 
feature of the behavior of bo(t), first noted by 
Kim et ale [8], is the tendency to assume a constant value 
at low temperatures. For Nb50Ta5o, for example, the 
bo(t) remains constant all the way to t "'" 0.7. For all the 
samples, the constant value of bo is close to unity, A 
theoretical estimate yielded bo(O) = 1.1. [5] Gilchrist and 
Monceau [17J obtained values bo = 0.82 ± 3% and bo = 0.89 
± 4% from high-frequency measurements of the DR of 
samples of Pb5oIn5o and Pb9oIn1o. 

Figure 3 shows plots of Pf/Pn against the relative 
field, for different temperatures, in the entire interval 
from 0 to 1. Curve 1 duplicates the results of the calcu­
lation of Pf from the nonstationary Ginzburg-Landau 
equations, by neglecting the anomalous terms for tem­
peratures on the order of T c [13J. This curve has asymp­
totes with slopes 0.68 (b = 1.47) in weak fields [2J and 
2.5 in strong fields [6]. Curves 2a, 2b, and 2c were 
calculated respectively for the temperatures t = 0.924, 
0.977, and 0.989 in accordance with the formula 

Off ~ 7-1=0.18x·/'(1- t)-'I, +1.25x +0,27[x(1- t) pIn 1- t 

( X) '/w (X ) 'I. 
+a,x 1-t +0.1a2x 1-t ' 

which is valid for 1 - t « x « 1, where 
x = (1 - H/Hc2)/(1- 1/2K 2), and a1 and a2 is of the 
order of unity, 

In the region of weak fields, for the same tempera­
tures, the figure shows the asymptotic forms (2a', 2b', 
and 2c') calculated from the formula 

(H) ~ -1.1(1- t)-'''+0.81[H a,(1- t)-'I" + a.(1- t)-'I.], 
Hcz On 

where a3 and a4 are of the order of unity [4J• The corre­
sponding values of b lie above curve 1 of Fig. 2a 
(see [23]). Unfortunately, the large scatter of the experi­
mental points in fields close to Hc2 (t) (this is partially 
due to the manifestation of the peak effect) does not per-
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FIG. 3. Plot of Pf/Pn against H/H~LAG (t): I-theoretical curve [13], 
2-theoretical curves for t equal respectively to 0.924 (a) 0.977 (b), and 
0.989 (c) [4]. The experimental points for Nb-80%Zr were obtained at 
the following temperatures: +-t = 0.989, o-t = 0.977, .-t = 0.924, 
o-t = 0.535, 6-t = 0.175. 

mit a comparison with the theory in this region. It should 
be noted, however, that to reconcile the calculated curves 
2 with the corresponding asymptotic forms in weaker 
fields, it is obviously necessary to use as lower boundS 
the still higher values H / HGfAG (t) than in the figure, 
where it is assumed that c 

1> (1-HlH£LAG(t) )max=0.3. 

The systematic deviation towards higher values of 
Pf/Pn in the case t = 0.535 and t = 0.175 in fields 

H /H~tAG (t) < 0.8 is due to the paramagnetic pair­
breaking effect [19,24]. The deviation of the experimental 
points for t = 0.977 and t = 0.924 from curve 1 towards 
lower values of Pf/Pf is in agreement with the predictions 
made in [13J. Indeed, as seen from Fig. 2a, the contribu­
tion of the anomalous terms increases with increasing 
temperature (up to the maximum), and accordingly, at a 
given field, the points for t = 0.977 deviate from curve 1 
more strongly than for t = 0.924. 

2. Temperature Dependence of the Differential Resistivity 

Since the entropies of the superconducting and the 
normal phases are not equal, the transition from one 
phase to the other under the influence of the magnetic 
field leads to a change in the temperature. Therefore 
the motion of the normal regions in a superconductor 
(for example, of a magnetic spot with dimensions much 
larger than the coherence length) is accompanied by the 
appearance of temperature gradients with irreversible 
losses [25J. It can be assumed that in the case of dirty 
type-n superconductors these gradients are produced 
on moving vortices, since the geometrical uncertainty of 
the heat sources is equal to the mean free path of the 
normal electrons, and in this case the condition I « ~ is 
satisfied. We should then have a thermal dissipation 
mechanism similar to that occurring when large regions 
of the normal phase move in type-I superconductors. To 
estimate the contribution of the thermal dissipation, 
Clem has considered a model in which a single moving 
vortex is represented in the form of a cylinder [14]. The 
equation of the thermal conductivity for one cylinder, ex-
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pressed accurate to terms linear in the velocity, has the 
solution 

T(r)=T.- T,a(S.-S.) {rV/a, Irl ... a (1) 
K. + K. (rv)a/lrl', Irl>a' 

where r is the radius vector from the center of the cylin­
der, a is the radius of the cylinder, v is its velocity, Sn 
and Ss are the entropy per unit volume inside and outside 
the cylinder, To is the average temperature of the sam­
ple, and Kn and Ks are the thermal cOnductivities inside 
and outside the cylinder. 

The irreversible thermal losses per unit cylinder 
length and per unit time are equal to 

W.=2 +./, T,a'(S.-S.)'v'cos'cpdcp = Jla'T,(S.-S.)'v' 

J L+~ L+~ 
-n/Z 

(2) 

where lIq is the coefficient of thermal viscosity per unit 
cylinder length, and cp is the angle between the radius 
vector from the center of the cylinder and the velocity 
in a plane perpendicular to the cylinder. An increase of 
the magnetic field leads to an increase of the density of 
the vortices, and consequently to a decrease in the tem­
perature gradients on the vortex due to the decrease of 
the distances between the sources and the absorbers of 
the heat, namely the surfaces of the cylinders. Conse­
quently, formula (2) determines the upper bound of the 
thermal dissipation in the limit as H - O. 

Let us examine the dependence of the coefficient of 
thermal viscosity on the magnetic field. We put first, for 
Simplicity, Ks = Kf. Then, in view of the linearity of the 
equation of the thermal conductivity over the sources, 
the temperature distribution for the lattice of normal 
cylinders will be the sum of the distributions for the in­
dividual cylinders. If the condition d~/4a2 » 1 is satis­
fied (where d",is the distance between the centers of 
the cylinders), we can restrict the sum to the closest 
cylinders. We then obtain for the temperature on the 
cylinder surface the expression 

T(cp)= T, T,av(S.-S.) { 4 a' } 1- - cosm 
2Kn d.' T' 

from which it follows that 

11,= na'T(Sn-S')'{1_ i3_H_}. 
2Kn n ·H,,(t) 

(3) 

(4) 

We put Ks = 0, then the temperature distribution on a 
given cylinder will not depend on the neighboring cylin­
ders, and the thermal coefficient of viscosity should ac­
cordingly be independent of the magnetic fields, just as 
in the case of a single vortex and arbitrary values of Kn 
and Ks' Consequently, when the thermal conductivity Ks 
varies from zero to Ku, the coefficient of thermal vis­
cosity lIq will change in the range 

na'T(Sn-S.)' to na'T(S.-S.)' (1- )'3_H_). 
Kn 2K. n H,,(t) 

To estimate the relative contribution of the thermal 
mechanism, let us consider the quantity lIq /TJ (0), where 
11(0) = ~oH/c2pf = ~oHc2(0)/c2Pn is the electromagnetic 
viscosity coefficient determined from the empirical re­
lation Pf ~ PnH/Hc2(0), which is valid in weak fields at 
low temperatures. Assuming a = ~ and recognizing that 

H,(t) =H,(O) (1-t)', 

s'= __ cIl_,_ H,,(t)=H,,(O) (1-t'), 
2nH,,(t) , 

S -S =_ H.(t) dH.(t) ~ 
•• 4n dt T, 
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and that for dirty type-II superconductors we have 

H,(O)=2.421'hT" H"(O)=3.06·10'p .. yT,, x=7.5·10'Pnl"'. 

and furthermore expressing Pn in terms of the thermal 
conductivity of the normal electrons with the aid of the 
Wiedermann- Franz law, we obtain 

11.(t) =2.115 (1-t')t'K •• as K.-O, (5) 
11(0) K.+K. 

'l.(t) =2.H5 (1- t')t'K .. [1-0.55_H_] as K. _ Kn. 
11 (0) K. + K. H,,(t) 

In the case of our alloy, the total thermal conductiv­
ity1), measured at T = Tc ' practically coincided with Ken 
calculated in accordance with the Wiedemann- Franz law. 
On this basis, we have put Kn ~ Ken also for lower tem" 
peratures, In addition, for estimates of the minimum 
value of lIq (t) we assumed Ks = Kn ~ Ken' 

It is seen from (5) that the relative contribution of 
the thermal dissipation mechanism, which is equal to 
zero at t = 0 and t = 1, can reach appreciable values 
(50%) at medium temperatures. 

Figure 4 shows a plot of Pf /Pn against T for different 
values of the magnetic field. The dashed curves were 
drawn through the experimental points after introducing 
the appropriate corrections referred to above. The solid 
lines are the results of calculation by means of the 
formula 

PI H 1 
p:-= H,,(O) 1+ 11.(t) 111 (0) , 

where 11 (t)/ I) (0) is calculated from form ula (5) for 
Ks - Kn~ As seen from the figure, the experimental 
minima of Pf are located at lower temperatures than the 
calculated ones. This discrepancy, obviously, is due to 
the fact that in the calculation no account was taken of the 
temperature dependence of that part of Pf which is due to 
the electromagnetic dissipation. 

Figure 5 shows a comparison of the relative eXferi­
mentally-obtained depth of the minimum [9,15, 17, 18 with 
the calculated value. The abscissas represent the rela­
tive field and the ordinates the quantity t.TJ/1) (0, 1), which 
was determined from the experimental dependence of 
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FIG. 4. Temperature dependence of Pf/Pn : I) H = 8.34 kOe, 
2) H = 13.9 kOe, 3) H = 18 kOe, 4) H = 24 kOe. Dashed lines~experiment, 
solid~calculated from formula (5) as Ks -+ Kn' 

FIG. 5. Dependence of the depth of the minimum on the magnetic 
field: .~Nb20 Zr80~present paper, D-Pb76In24 from [9], X~Pb60 Ti40 
from [15, 18], t:.~Pb50In50 from [17], o~Pb90InlO from [17]. 
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Pf{t) by the formula ~11/1/{0, 1) = Pf{O, 1)/ Pf min - 1. The 
calculated value is 

dTJ TJqm .. - TJ.(O.1) 
TJ(O.1) = TJ.(O.1)+TJ(O) , 

where 11q{t) was obtained from (5), We see that the 
thermal-mechanism model accounts well for the absolute 
value of the depth of the minimum Pf{t) in the region of 
weak fields, and deviates strongly from the experimental 
~11/'I (O, 1) dependence with increasing field, This is due 
principally to the fact that (as indicated above), in 
stronger H that part of Pf which is due to the electro­
magnetic dissipation mechanism begins to increase with 
increasing temperature, by the same token offsetting in 
part the decrease of the total DR as the result of the 
thermal mechanism (starting with a certain field, no 
minimum is observed at all on the pfXP(t) curve at 
H = const, In our calculation, however, this increase was 
not taken into account, so that its results should be com­
pared only in the case of relatively small H/H~fAG(O). 

CONCLUSION 

Our detailed investigation of Pf(H, T) in samples with 
large K allows us to draw the following conclusions: 

First, we have shown that in the region of relatively 
weak H/H~2LAG(t), where the interaction between the 
vortices is weak and it is possible to determine the vis­
cosity coefficient of the moving vortices, all the way to 
temperatures that differ from T by several per cent, 
the modern microscopic theory 5, 4J yields the correct 
11 (t) dependence, but the numerical coefficients of the 
theory call for refinement. At still higher temperatures, 
an appreciable discrepancy is observed between experi­
ment and theory in the temperature dependence of 'I. 
The latter circumstance is possibly due to the presence 
in our samples (19J of w-phase particles that differ in 
composition from the matrix. For T - 0, we have ob­
served good quantitative agreement between the theoreti­
cal and experimental values of 11. 

Second, it was reliably established that in the region 
of the lowest temperatures, in fields H/Hc2(0) > 0.2-0.3, 
the Pf(H) curve dips downward from the initial straight 
line with a slope bo = (Pf/Pn)/[H/Hc2(0)) "" 1.1, and the 
tangent to the Pf(H/Hc2(0)) curve, passing through the 
origin, has a slope ~ 0.9. This behavior has found no 
theoretical explanation as yet. 

Third, it was observed that near H~P(t), where there 
is a peak on the jc(H), the growth of the resistance Pf(H) 
slows down appreciably, This behavior of Pf reveals that 
important feature of the dynamic connection between the 
moving vortices and the pinning centers of the vortices. 

Fourth, to describe the observed experimental mini­
mum on the Pf(T) curve at H = const, within the frame­
work of the phenomenological model (14) that describes 
the additional dissipation mechanism due to the appear­
ance of a local temperature gradient, the calculation 
was performed for a single moving vortex with account 
taken of the influence of the neighboring vortices. As­
suming that the thermal conductivity is the same outside 
and inside the vortex, explicit expressions were obtained 
for Pf(T), including the dependence on the magnetic field. 
A comparison with experiment has shown fair agreement 
in relatively weak fields, H/H~fAG (0), and at stronger 
fields the calculated depth of the minimum turns out to be 
larger than the observed one. This indicates the need 
for taking into account the temperature dependence of 
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also that part of Pf which is due to the electromagnetic 
dissipation mechanism. 

In conclusion, the authors are sincerely grateful to 
B. T. Gellikman, V. V. Danilov, N. P. Kopnin, V. Z. 
Kresin, M. Yu. Kupriyanov, K. K. Likharev, and Yu. N. 
Ovchinnikov for fruitful discussions. 

t)Measurements of the thermal conductivity were performed by 
L. P. Mezhov-Deglin and co-workers at the Solid-State Physics 
Institute of the USSR Academy of Sciences, for which the 
authors are deeply grateful. 
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