Theory of spin induction and conduction-electron echo in

bulky metallic samples
V. A. Zhikharev and A. R. Kessel’

Kazan’ Physico-technical Institute, USSR Academy of Sciences
(Submitted February 16, 1974)
Zh. Eksp. Teor. Fiz. 67, 1758-1764 (November 1974)

A theory is developed of the transient processes (spin induction and echo) of the conduction electrons in
bulky metallic plates. The effect of a short microwave pulse on the conduction-electron spin system is
investigated and attenuation of the transient signals observed under reflection and transmission conditions
is calculated. The transmission coefficient of the metal is calculated for the transient processes.

1. We have previously reported™*’ 2} observation of
spin echo on conduction electrons (SECE) and construc-
ted a theory of this phenomenon for samples whose char-
acteristic dimensions (d) are smaller than the skin-
layer depth (5). Investigations of the stationary para-
magnetic resonance of conduction electrons (CE) have
shown that in a bulky metal a radlcal change takes
place in the absorption line shape 31 and effects of the
selective-transparency type appearf 11t is therefore
of interest to investigate theoretically and SECE ex-
perimentally in bulky samples (d > §), and in particu-
lar to investigate the transparency of a metal relative
to transient processes.

A transient process of the type of free induction of
the conduction electrons 1n a bulky sample was inves-
tigated by Taylor et al, 1 The theoretical description
of this phenomenon is based in’®! on the line shape cal-
culated by Dyson for stationary resonance with conduc-
tion electrons, the Fourier transform of the line shape
being the envelope of the free -precession 51g'na.l[6
Kopvillem and Alekseev!® have calculated the Fourier
transform of the conduction-electron stationary reson-
ance line shape in spherical samples. There is no proof
that this approach is valid for the description of the
damping of transients of the spin-echo type. Moreover,
Doktorov and Burshtein'®! have shown that in a paramag-
net the damping of the induction and echo signals fol-
lows different laws in most cases.

We develop below a theory of spin echo in the spin

system of the conduction electrons in bulky metal samples.

2. In the calculations of the SECE we shall follow the
procedure described in[®1°1 we consider a sample
placed in a constant magnetic field Ho(Ilz) and in a
microwave field H, (t) perpendicular to Ho. The beha-
vior of the magnetization density u(r, t) of electrons
will be described with the aid of the Bloch equations.

In a coordinate system rotating at the frequency w of
the alternating field, the Bloch equations take the form

' pe(r, £y =—Aa (r)p,(r, t)—pe(r, 1)/Tv,
o, ) =80 (Opalr, ) —w(r, /T —tH (e, 0, (1)
NZ(rv t) =—[I—L1 (1’, t)_'J'D.]/TV-i_YHl(r) l“'v(rv t)'

Here Aw(r) = w —yHo —yAH,(r), yAHo(r) is the

spread of the resonance frequencies, H, (r) is the ampli-
tude of the alternating field inside the sample and its
coordinate dependence is determined by the skin effect,
Ty is the time of the conduction-electron spin relaxation
in the volume of the metal and o = xoHo is the equili-
brium density of the conduction-electron magnetization.

Owing to the diffusion motion of the conduction elec-
trons, the coordinate-dependent parameters in (1) are
random functions of the time. The stochastic character
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of these parameters will be taken into account by aver-
aging the solutions of the Bloch equations over the tra-
jectories of the conduction electrons. As usual, in the
study of transient processes the solutions of (1) are ob-
tained for the time interval t; < Ty during which the
microwave field acts, and for the interval between the
pulses. Combining these solutions, we can then describe
the spin induction and spin echo,

The solutions are averaged by integration, in func-
tional space, of the trajectories of the diffuse motion
of the conduction electrons with a Wiener measure
DD (r)*1) which is connected by the relation

D (r)= ]___[P (rula/Tastsy) G0y
Remg

with the conditional probabilities P for the displacement
of the conduction electrons from the point ry_j to the
point ri within the time interval ty —ty_1, these being
the solutions of the diffusion equation.

We consider a metallic plate of thickness d and in-
finite dimensions in the (xy) plane, From symmetry con-
siderations we can use the solutions of the one-dimen-
sional diffusion equation for the probabilities P. It is
obvious that in a bulky sample the relaxation of the con-
duction-electron spins on the surface should not greatly
influence the damping of the transients. We therefore
consider the case when the boundary conditions of the
diffusion equatmn correspond to the absence of surface
spin scattermg

To perform concrete calculations it is necessary to
take into account the following additional considerations:
The transients constitute the response of the spin sys-
tem to a certain sequence of microwave pulses, the du-
rations tj of which are much shorter than the interval
T between the pulses. The theory contains in natural
manner two parameters, Lt; = v2Dtj and L, = V2D7,
which have the meaning of the diffusion displacements
of the conduction electrons during the time of action of
the pulse and during the interval between the pulses
(D is the diffusion coefficient of the conduction elec-

, trons). The derivation of the equations for the tran-

sients depends significantly on the ratio of the para-

> meters §, d, Lt; and Ly, and in our case we always

have d >> 5 and Lr > L. In addition, at the typical
values t; ~ 10”° sec, 5 ~ 10t cm, and D ~ 30 cm?/sec,
the relatlon Lt > 62 is sa.t1sf1ed When these inequal-
ities are taken into account, the following situations can
be realized:

S<L; <Li<d,

Sl «P<L?, (2)

Sed<L; <L,
and will be considered below*’.
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Assuming that the conduction-electron spin system
is at equilibrium prior to the first pulse that excites
the transient (1(z, t) = nok), and assuming a classical
penetration of th ; alternating field into the metal
(H,(t) = H,(0)e 2 ) we can calculate the magnetiza-
tion of the conduction electrons after the action of one
microwave pulse, and in particular, the component
My (z, t) that generates the observable free-induction
signal, In cases (2a) and (2b), it is given by the ex-
pression

wy (2, 8) =uo*{h.A,(t.)exp{ —%} 2 coé%’—’-‘z exp {—‘-TZ—ZDn’(t—-to)} ,
(3)

o[t _5
A,(tl)—Jexp{— D t,}dt,, h= 2 H,(0).

The calculation of the function Wy (z, t), which deter-
mines the spin-echo signal after the conduction-electron
system is acted upon by two microwave pulses separated
by an interval 7, leads in cases (2a) and (2b) to the form

1 i—i,
5 ) = e 8 st e -1

X0 (t—t,—271) Zcos—zexp{—-—gf—)—nz(t to—r)}

T 4)

Xi exp{ — lz) no?(t—t,) },

Ng=—oc0

A, (t;) —lJl exp{ ﬁ};’d’ t} ] ( i%ﬁ- Vf) dt,

where & (x) is the error integral, while h,, t; and h,, t.
are the amplitudes and durations of the first and second
pulses, respectively. In the derivation of (4) we dis-
carded terms describing the free precession signals
after each pulse, and averaged over the spread yAHy(z)
of the constant magnetic field, the result of which was
the appearance of the factor 8(t —to —2), which deter-
mined the shape of the echo signal., The form of the
function 6 depends on the character of the inhomogeneity
of the magnetic field and, for example in the case of a
normal distribution of the quantity yAH,(z), we have

0 (t—to—27) —exp{— (t—tr—27)¥/T52},
where T3 is the second moment of the distribution.

In case (2c), the conduction electron criss-crosses
the sample many times during the time of action of
the microwave. From intuitive considerations, which
are confirmed by calculation, the conduction electron
‘“feels’’ in this case an average field

= _[H,(z)dz=%]{,(0)

and the action of the pulses is described by the ex-
pressions for dielectrics in a microwave field h,.

3. Let us consider the main distinguishing features
of transient processes in bulky metallic samples. The
strong spatial inhomogeneity of the alternating field and
the high mobility of the conduction electrons lead to a
unique type of damping of the observed signals and to
a non-standard dependence of their amplitude on the
power and on the duration of the microwave pulses.

A. Action of Microwave Pulse

In a dielectric paramagnet, the free-induction signal
depends on the amplitude H, of the alternating field and
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FIG. 1. Induction signal
amplitude V at the instant when
the field is turned on vs. the
pulse duration t,:solid curve—
bulky metallic sample, cases

Hy(0)=const

(2a) and (2b); thick dashed
curve—bulky metallic sample,
case (2c). Light dashed line—
dielectric.

FIG. 2. Induction signal amplitude
V at the instant when the field is tur-
ned off vs. the microwave field H, (0)
on the surface of the metal: solid cur-

t,=const

AY
7N
\

\
ve—bulky m.etalhc sample, cases (2a) \ 7 ml—/’/m \\ R  —
and (2b); thick dashed curve—bulky \\ | \\ \\ /(’ \ \
metallic sample, case (2¢), thin dashed AN /| \ ! \
\/ S ~s '~

curve—dielectric.

on the duration t, of the microwave pulse like
sin(yH,t,). According to (3), the corresponding expres-
sion in a bulky metallic sample is (see cases (2a) and

(2b))
hd‘[l e‘p{ 72hll)Zdz t’}]' (5)

If the amplitude of the microwave field on the sur-
face of the metal is H,(0) < 10 Oe, and if the durations
t: are such that the 1nequa11ty Lt < d’ is satisfied, then
the argument of the exponential in (5) is small. Expan-
ding the exponential, we represent (5) in the form

Yho A (t) =y H, (0) 8t,/d. 6)

'YhaAn(tn) =

Thus, the amplitude of the induction signal turns out to
be a linear function of both H,(0) and t,.

With increasing t,, the inequality L{, < d” no longer
holds and the situation corresponds to the case (2c),
in which the signal amplitude is proportional to
sin(yh;t,). This expression should go over into (6) (in
the region L{ ~ d°). The dependence of the induction
signal on the duration of the pulse in a bulky metal is
shown in Fig. 1 as compared with the standard expres-
sion for a dielectric.

The induction signal as a function of the amplitude
of the alternating field H,(0) at a fixed pulse duration
is shown in Fig. 2. Expression (5) has a maximum at

Hi(0)=H, nax=[V2y1.6/L,,] .

Further increase of the field amplitude on the surface
of the metal leads to a decrease of the induction signal,
which is described asymptotically by the function
H.'(0).

The physical reason why the induction-signal ampli-
tude has a maximum in terms of H,(0) can be explained
in the following manner. In a rotating coordinate system,
the action of the alternating field reduces to a rotation
through the angle ¢ = yHt, (H, is the amplitude of the
field and t, is the duration of the action of the field).
The maximum rotation through the angle ¢o=yH,(0)t,
is executed by the magnetic moment of a conduction-
electron that is permanently located in the skin layer.
Most electrons, on the other hand, leave the skin layer
and return to it many times during the time t,, and con-
sequently they experience the action of the field for a
shorter time. So long as H,(0) is smaller than or of the
order of Himgx, the transverse components of the mo-
ments of the individual electrons have the same sign
and the induction signal increases with increasing
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H,(0) (see expression (6)). When this field value is ex-
ceeded, the projections of the magnetic moments will
have opposite signs and will in part cancel each other.
This leads to a decrease in the induction signal.

A similar comparison of the echo-signal amplitude
on the characteristics of the pulses reveals the same
situation. The echo signal in a bulky metal sample is
proportional to the quantity y°h;hzA, (t,)A.(t.), which
under the conditions formulated in the derivation of
(6) can be regarded as equal to

4 KRS
*hihaA, (8) A () ~ ——y°H, 2 Wt —(—) .
Vi () Ax(t) = —— P H(O (om/m(d) )

The dependence of the signal on the values of H,(0) and
H.(0) at fixed durations of the pulses remains qualita-
tively the same., However, only a numerical calculation
Homax is possible in this case. An increase in the pulse
duration, just as in the case of the induction, leads to
the case of the average field (2c), where the echo sig-
nal depends on the parameters of the pulses like
sin(yh,t,)sin®(vhst./2).

B. Damping of Transients in Metals

It was shown above (sec. 1.2) that owing to the skin
effect the magnetization induced by a microwave pulse
in a bulky metallic plate is spatially inhomogeneous.
To determine the magnitudes of the observed transient
signals it is necessary to obtain the magnetization on
the surface of the metal, and signals can be produced
also on the opposite side of the plate (z = d), where
no microwave pulses penetrate. The transport of phase
memory in the transient processes, just as the transfer
of the spin information in the well-investigated station-
ary spin transparency of metals, is due to the diffusion
of the conduction electrons. To describe the transport
processes, we introduce the transparency coefficient
7, defined as the ratio of the amplitudes of the signals
of the transient processes on opposite sides of the
plates. According to expressions (3) and (4) we have

n()= iexp{—%?n’t} / 2(—1)"eXp {—A ”;D n’t}. @)

=

In samples with dimensions d* < L? (case (2b)),
after a time 7 following the determination of the last
pulse, a homogeneous magnetization is established, and
the transient signals are determined by the expressions

Vinda(0, ) =Vind(d, ) =pevhi4,(t:) exp{—7/Tv},
: 9
Vecho(0, 27) =Vecho(d, 27) ="/,poy*RihoA, (8,) Ax (E:) exp {—21/T+}. ®)

Thus, in the case (2b), the transparency coefficient is
equal to unity.

At L.zr/d2 < 1 (case (2a)), the amplitudes of the con-
duction and echo signals on opposite sides of the plate
are greatly different. Accurate to quantities of the order
of exp{—d*/L%}, we obtain from (3) and (4)

a1 T
Ving (0, 1) =po, 2,4, (¢ V——_ex {f—-——},
ind po', A (t1) D V= P T,

d 1 2
de(d,T)=2P«n1h1A1(tl)V——.exp{———T——f i
nD V1

Tv ' 4DT
. 1, & 1 21 (10)
Vecho(0, 27) = — poy*hihoA s (2,) A2 (8) ———exp {— —} ,
2 nD 1t Ty
‘ & 1 2% &y
Vecho(d, 20) =t hulad 1 (1) As (1) ——exp {"T—T_W}'
v
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The expression for V;,4(0, 7) coincides with the result
of Taylor et al.[sl, which describes well the conduction-
electron free-induction signal observed in the reflec-
tion regime (5] Under these conditions, the transparency
coefficient is equal to

wo-tes -4 ()

(remember that we are considering the case 7<d*/2D).

11)

As follows from (10), owing to the diffusion of the
conduction electrons, the amplitudes of the signals on
the opposite side of the plate increase with increasing
time, since in-phase electron spins arrive in this case
into the region of large z. On the other hand, the relaxa-
tion in the interior of the metal decreases the observed
signal, It is easily seen that there exists an optimal
observation interval T, 4%, at which the signal has a
maximum:

Trae=Td[26,, 5,=V2DTy, (12)
where 6g is the diffusion mean free path of the conduc-
tion electrons. The transparency coefficient under the

optimal conditions is equal to
n=2 exp{—d/28,}.

At d/bg = 4, for example, this results in a signal at-
tenuation 10 dB.

In® they give a theoretical expression for the trans-
parency coefficient of spin-echo signals, which differ
strongly from our results both in the functional depen-
dence and in the numerical estimates. Thus, the results
of!®] do not show the increase that takes place in the
transparency coefficient with increasing 7 as a result
of the diffusion propagation of the coherent spins in the
interior of the sample. The numerical estimates given
in®latd~ 8g lead to a signal damping ~95 dB, whereas
the physical meaning of the considered conditions for
the magnetization to be uniform in the entire sample.
(For example, according to formulas (8) under the same
conditions, the attenuation obtained at 7 = Ty is ~2 dB.)

The SECE was observed experimentally in samples
with small dimensions, and an intermediate situation
(d > 5) was obtained under certain conditions' !, One
can hope to perform similar experiments on bulky
samples in the nearest future. Transient processes
under conditions of spin transparency of the metal have
not been observed so far, although the undertaking
of similar experiments has been reported!?),

The authors are grateful to Professor M. M, Zaripov
and E, G. Kharakhash’yan for a discussion of the work.

DIn the case of an induction signal, 7 has the meaning of the interval bet-
ween the instants of signal observation and turning off the microwave
pulse.
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