Stability of stationary waves in nonlinear weakly dispersive

media
E. A. Kuznetsov and A. V. Mikhailov

Institute of Automation and Electrometry, Siberian Division, USSR Academy of Sciences

(Submitted March 7, 1974)
Zh. Eksp. Teor. Fiz. 67, 1717-1727 (November 1974)

It is demonstrated within the framework of the Korteweg—de Vries (KdV) equation that a periodic
stationary wave is stable with respect to finite perturbations. Particular solutions of the KdV equation
are found which are analogs of the well-known N -soliton solution, describe the interaction of solitons
and a periodic wave, and constitute shear “dislocations” of the latter. The problem of interactions

between the ‘“‘dislocations” is studied.

As is well known,[*] the propagation of one-dimen-
sional waves of finite amplitude in media with weak dis-
persion is described by the Korteweg-deVries (KdV)
equation:

Ut U tBuiL, =0, (1)
The KdV equation was the first of a series of nonlinear
equations studied by the inverse scattering problem
method.[®! The scheme of application of this method (in
the form described by Lax[*]) consists of the following.
A pair of linear operators L and A are associated with
the considered nonlinear equation, with the help of which
this equation is represented in the form

OL/dt=i[L, A]. (2)
Here the solution of the Cauchy problem reduces to the
investigation of the direct and inverse spectral problems
for the operator L. The use of such an approach allows
us effectively to study the behavior of the solutions of
Eq. (1)as u — 0 as | x| — «, In particular, a trivial
consequence of the application of the inverse problem
method is the proof of the asymptotic stability of the
stationary solution of the KdV equation—the soliton. It
has been shown!*! that as t — =, a solution that is
initially close to a soliton also represents a soliton that
is continuously dependent on the initial perturbation.

However, extension of the Lax scheme to the case
u— up(x,t) as x —= presents significant difficulties.
In this case, the approach suggested by Shabat(®] is far
more convenient, We shall refer to this below as the
Shabat scheme.

In the present paper, use of this scheme allows us
to study the behavior of solutions of the KdV equation
in the case in which u— u, as x — «, where uy(x) is
the stationary solution of (1), the so called cnoidal
wave:[!)

u(z—vt) = -2 (z+io’—vt) +uv/6, (3)

where v(x) is a Weierstrass elliptic function (see, for
example,'®)), with periods 2w, 2iw’ (w, w’ real). In
particular, we shall prove the stability of the solution
(3) and find particular solutions of the KdV equation that
are direct analogs of the well-known N-soliton solu-
tion,!*] which in our case describes the interaction of
solitons with the periodic wave (3) and which represent
shear ‘‘dislocations’’ of the latter. We shall also prove
that asymptotically (as t — =), the general solution of
(1) with periodic conditions on x at infinity is the set of
noninteracting dislocations of the wave (3).
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1. STATEMENT OF THE PROBLEM AND THE
FUNDAMENTAL EQUATIONS

Let us consider the integral equation (the Marchenko
equation):
K(z,y)+F (2, 9)+ [ K (2,5)F (5, y)ds=0. (4)
We shall assume that the kernels K and F depend on

the time t as a parameter, Following Shabat,[®] we de-
fine the differentiation operator D relative to the con-

20
volution of the two kernels G*H = j G(x, s)H (s, y)ds:
-0

D(G+H)=DG+H+G+DH.

It is easy to see that the differentiation operators
have the form
] a

n 0
=2 D= (),
ot az" ay"

n

D, Dy=f(z,t)—f(y,1).

These operators form an algebra, i.e., the commutator
of any two operators and also their linear superposi-
tion are differentiation operators. Then the following
theorem is valid: if K and F are the solutions of Eq.
(4) and DF = 0, there exists an operator D such that
I:)K = 0. Here the principal differential parts of D and
D coincide and D contains as coefficients in front of
the differentiation operators the kernel K and its
derivatives on the characteristic x =y.

We now consider the two operators

9 9%
P=F—¢W+uo(x,t)—uo(y,t),
a a° a9° a a
= 4T 4 by +61z0—— + 3yt Bty
0= Hhogp gy TOug Foug - +3uutduy

As is not difficult to see, they are differentiation opera-
tors. We require that the kernel F satisfy the following
two equations simultaneously;

PF=0, (5)

QF=0. (6)
From the compatibility condition of these equations, it
follows that [P, Q] = 0 (cf. with{"]). The latter is equiv-
alent to u, satisfying the KdV equation. Furthermore,

letting the operators P and Q act on Eq. (4), we find
that K(x, y) satisfies the set of equations

a
PE— (P+ZEK(;¢, 2) ) K=0, )

d a d a d .
= 0+12 —— +12 — — 46— K=0. (8
QK (Q 12 P) K(z,z)+12—K(z,z) Gd K (z,z)) 0 ( )

From the compatability of these equations, it follows
that u = 2dK(x, x)/dx satisfies the equation
U BuL A3 (Uot2) . =0.

(9)
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This equation describes the propagation of the perturba-
tion u against the background of the wave u,. Thus, the
Shabat method allows us to solve the Cauchy problem for
Eq. (9) according to the following scheme:

T F oy, 00—

K(z,2,0) — K(z,3,0)
Py ) S K ey, ) — K (2, 3,0).
We note that the nontrivial items of the given scheme
are the second and the fourth—analogs of the direct and
inverse Cauchy problem for the operator L in the Lax
scheme (2).

The given method allows us to investigate effectively
the stability of any solutions of the KdV equation to
finite perturbations. The only limitation on the value of
the perturbations follows from the Marchenko equation;
to be precise, it is necessary that u(x) fall off at one of
the infinities (in the given case, at +«), Specifically, we
shall study the problem of the stability of a periodic
stationary wave,

2. THE DIRECT SCATTERING PROBLEM

By the direct scattering problem we shall mean the
problem of determining F(x, y, t). For this purpose,

we consider Egs. (5), (6). These equations are of the
type for which the Fourier method is applicable. In this

connection, we first find the particular solution of Egs.
(5), (6) of the form

F(z,y,1)=C()$() ¥ (y).

It is easy to see then that y satisfies a Schrodinger
equation with a potential u, having a period 2w:
v

e =2 (z+ie’)p=—E.

Without limitation of generality, we set the velocity
v = 0. (Actually, this corresponds to a transition to a
set of coordinates moving at a velocity v.) i

This equation—the Lame equation—has been thoroughly
studied in the literature (see, for examplel®), Its eigen-
functions are expressed in terms of the Weierstrass
functions o(x) and f(x): ‘

o(ztio’+a)
o(z+ia’)o(a)
and the ‘‘energy’’ E is connected with the parameter a
by the relation

Ya(z) = exp[t (a)z+E (io”)a], (10)

E=—¢(a).

Here y,(x) and zp_a(x) are linearly independent, For
real E—and it is just these values that are of interest
to us—the parameter a is a complex number and varies
along the boundary of a rectangle as shown in Fig. 1.
Here the segments (w, w +iw’) and (iw”, 0) corre-
spond to the continuous spectrum. To each segment
there corresponds an allowed band. The first band cor-
responds to values of the energy E between-¢ (w)

and -®(w +iw”), and the second to E from -g(iw’)
to «,

It is curious to note that for the given potential there
exist only two allowed bands. This phenomenon can be
explained rather simply. The potential u(x) refers to
a periodic reflectionless potential for which, in particu-
lar, the representation

tio) | v :
uo(z)=2 ( ;::r +;wchzu(7:r+2nm)) '

is valid, with « = 7/2w’, i.e., the potential uy(x) is an
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infinite sum of reflectionless soliton potentials.!®] Here
the wave functions (10), which correspond to the con-
tinuous spectrum, are Bloch wave functions with the
quasimomentum

p(a) =io~'(0f(a)—t(w)a).

We can establish the fact directly that the value of the
quasimomentum is a continuous quantity in the transi-
tion from one allowed band to another., Here p =0 at

the point a = w; at the points a = +xiw’ and a = w * iw’

the values of p are identical.

In addition to the continuous spectrum, we shall be
interested in solutions y5(x) that correspond to values
from the forbidden bands. It can be established that for
these bands Im p > 0 correspond to two segments:

(0, w) and (w +iw’, iw’) in the complex plane of a,

We now determine the C(t) dependence. Solving
Egs. (6) and using the formulas for the addition of
elliptic functions (seel®)), we find that

Ca(t) =Ca(0) exp [—4g’ (a)t]. (11)

Now, knowing the particular solution of Egs. (5), (6),
we construct the general solution:

F(z,u,0)= [ p(@,0%.() b (0)dat Y M) 4 ()00 (),

where the integral is taken over the entire continuous
spectrum (- < p < »), and the discrete summation
over the values of ap for which Im p(apy)> 0.

The given solution is a general one in the class of
functions which vanish at +w. The solutions p(a, t) and
MZA(t) vary with time according to (11). The values of
p(a, t) and Ma(t), as will be shown below, are connected
with the data on scattering from the total potential
V =uo +u.

3. THE INVERSE SCATTERING PROBLEM

By the inverse scattering problem, we mean the
problem of the determination of K(x, y,t) from a given
F(x, y, t). Here, by virtue of the Marchenko equation
and Eq. (7), there arises a connection between p(a, t)
and Mﬁ(t) and the data on scattering from the potential
V.

Before moving to this problem, we make two obser-
vations. First, it can be shown (see, for example,[®])
that the wave functions pa(x), which correspond to a
continuous spectrum, form a complete set of functions.
Moreover, we can establish the fact that these functions
are orthogonal:

t(w)

(0]

[ %@ ¥ () dz=2x +9@ [sp@+p@).  (12)
Second, the functions yg and yn, which correspond to
the continuous and discrete spectra, are linearly inde-
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pendent. For this reason, the general solution for
K(x, y) can be put in the form

K(z,y) == p(d,09.(2) v () da— " M.2(0)gu(2) 4 (0).

Substituting this solution in the Marchenko equation,
we find the triangular representation for the functions

Pa, ¥n:
9e(@)=ta(2)+ [ K(z,9)%u () dy,
- (13)
@x(2) = (2) + [ K (2, 9) 4 () dy,
where the functions ¢a and ¢p satisfy the Schrodinger
equation
(14)

(7@ ) e=p@a.

i.e., ¢a is a wave function of the continuous spectrum
and ¢p corresponds to the bound state, inasmuch as ¢p
decays as X — «, and, as will be shown below, falls off
also if x — ~ o,

As is well known,[®*] the solutions of the KdV equa-
tion for decaying potentials, which correspond to the
continuous and discrete spectra, can be regarded
separately asymptotically as t — =, A similar proposi-
tion is also valid for the given problem. By virtue of
this, we set all M3 = 0 and consider the asymptote
@a(x) as x — =,

Since, @a(x)tends to ya(x) as x — =, as follows
from the triangular representation, it can be decom-
posed at the other infinity into the functions ya(x) and

YA(X):
P () = (a) $a(z) +B (@) $" (2). (15)

Here the scattering data o (a) and B(b) carry all the
information on the potential u(x). From Eq. (8), one
can easily determine the behavior of a(a, t) and
B(a,t). It can be established directly that a(a, t) does
not depend on time, while g (a, t) varies according to
the law
B(a, 1) =p(a, 0) exp (—4¥’(a)?).

We now establish the connection of p(a) with the

scattering data; it follows from (15) that, as x — -,

K(z, y)=Ki(z, y) +K.(z, y);
Ki(z,y)=— [ 0(a,)a(a) ¥ (@) $u (y) da,

Ki(z,y)=— [ p(a,)B(a,1) 4’ (2) $u(y) da.
Since the functions ya(x) are rapidly oscillating, it fol-
lows that K,(x, y), F(x, y) differ from zero in the
region x ~ -y, and K;(x, y) in the region x ~ y, It then
follows from the Marchenko equations (4) that, as
X — ~w (cf. with!?l)

K, (z,y)+ IK‘ (z,s)F (s, yl)ds=0.

Solving this equation by the Fourier method and using
the orthogonality of the functions §5(x) (12), we obtain
1 p(a)

p(a,t):~7n7 a(a)

Thus the quantity p(a) is connected with the scattering
data for the continuous spectrum. As will be shown in
the following section, the quantities MZ(t) are also
connected with the scattering data for the bound states.
To each discrete level there corresponds a solitary
wave—a soliton.
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4. N-SOLITON SOLUTIONS

We now consider solutions u(x, t) that correspond to
discrete degrees of freedom. We shall first make clear
to what solution of the equations a soliton or solitary
wave corresponds. For this purpose, we keep only a
single term in the discrete sum (13):

K(z,y) =—M.2(t) ga(2) Yn' (1) ;

it then follows from the triangular representation that
0@ =p(@) [ {14020 [lonw)1Pay }

Thus

d d e
V(@ t)=u () +2—K(a, x,t)=u,.(z)+zd—zzln(1+Mn2(t);[ Iwnlzdy).
(16)

We shall call this solution a soliton. We now investigate
it,

The integral in (16) is rather simple to calculate if
Eq. (14) is used:
o(z’+2Rea)o(2’) lo(a)l?
d(2Rea)o(z’'+a)o(z'+a*) ’

It is then obvious that u(x, t) — -2MZ2d| yn|%dx as
X — =, i.e., u decays exponentially as x — «, At the
other infinity (x — — )

z'=ztio’.

illpnlzdx=|1b,.|2

d(2Rea)o(a’)
— P (2t o ,
M2 (Do (a) Yo' (z+2 Re a)exp(—2L° (@) Re a) an

V(z, t)~uo(z+2Re a)

@a(z) >

and the contribution to the potential uo(x + 2Re a) is
exponentially small as x — -,

The solution (16) naturally does not have the form of
a stationary wave. However, this wave moves in the
mean with a constant velocity in the medium. We deter-
mine it from the following: we find the time 7 in which
the soliton passes through one period of the soliton
lattice 2w. Inasmuch as

dg(z+20)=—0(z) exp (2¢(0) (z+a)),

this time 7 = =Im p(a)w/ g’ (a), i.e., the mean velocity
is
v=20/t=—2¢" (a)/Im p(a).

Thus the soliton in the given case represents a non-
stationary solitary dislocation which propagates with
some mean velocity v along the cnoidal wave. By in-
vestigating the sign of v, we can establish that all soli-
tons having a from the lowest forbidden band move to
the right and those having a from the upper band to the
left. A graph of these solutions, calculated on an elec-
tronic computer, is shown in Fig. 2. The completely
natural question arises as to the interaction of two dis-
locations having two different velocities. It is obvious
that there exists instant of time t when the interaction
of the solitons becomes significant. It is clear before-
hand that in a collision of solitons, the parameters a
remain as before. A similar proposition is, of course,
satisfied for N-soliton interactions. As will be shown
below, the collisions are pair collisions; therefore in
what follows we can limit ourselves to study of collision
of only two solitons.

Thus, as t — ==, let there be two solitons with
velocities va, vp (Vp > va). We determine the matrix
of scattering from the two soliton potentials. As
X — w0, let the asymptotic form of @a(x)— ypa(x). We
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FIG. 2. Plot of solutions V(x) for dislocations which are propagated
a) to the right (a = 0.3), b) to the left (a=0.5 +iw"); ¢) for the soliton
lattice (w =1, w' = 1/m).

determine ¢a(x) as x — — =, After the first soliton (a),
we have (17):
_0(2Re a)a(a’)
%= @
This expression represents an intermediate asymptotic
form, as t — -~ =, between two solitons which have
moved a great distance apart. Our problem now is to
calculate the scattering matrix due to the second soliton

®).

The kernel Kp(x, y) is expressed only in terms of
the functions ¢p(x +2 Re a):

Yo (x+2Rea)exp(—2¢°(2)Rea).

K, (z,y)=—M} s (z+2Re a) " (y +2 Re a)
_ M, Py (z+2Re a) s (y+2 Re a)

1+szj lpe(s+2 Rea) I ds

Here the eigenfunction ¢y is determined from the tri-
angular representation (13)

(@) =S(a) (xp_..-(z+2 Rea)

+ [K.(z+2Rea,y+2 R ) b (y+2 Re a)dy) o

As is shown in the Appendix, as x — -,
@a(x) =8 (a, b, —=)P_(z+2Re a+2b*),
6" (atb)

S(a, b, —=)=—S5(a) D)

exp[—§(a’) b].

In connection with the fact that ¢a(x) is proportional to
#-a*° as x — — = it follows that the scattering matrix
is

S(a, b, ty=S(a, b, —=)exp (48’ (a)?). (18)

On the other hand, as t — =, the solitons a and b
change places, Carrying out similar calculations, we
establish the fact that the scattering matrix in this case
has the form

6(2Rea)a(a’)o(a—b)
M (>o)o(a)a(at+b)

S(a, b, 0)=— exp[—2¢° (a) Re a+25(a) b].

The time behavior of the scattering matrix can be
found from this expression by continuing it in time to
small t, Setting the result equal to (18) at t =0, we
find that as a result of collision of the slow soliton (a)
with the fast soliton (b), M3 has been changed:

M. ? -b)

] -2 et ez @),
Repeating these discussions for soliton (b), we obtain

M2 +b) |?

Eil =|Z((‘Z_b)) expl—4 Re (£ (8)a) .

In particular, the conclusion then follows that the
collisions are pair collisions. Only the phase of the
soliton
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Ag=In |M.*/M,|?

is changed as a result of the collisions, Here, in con-
trast with ordinary solitons, an additional phase shift
appears in Ag that is equal to -4 Re (¢ (b)a) for the
fast soliton and to 4 Re(¢(a)b) for the slow one. These
are connected with the fact that the soliton is a disloca-
tion of the soliton lattice. In the case in which the per-
turbation u is a localized one, there is a limitation on
the number of solitons:

Z‘_a,.=p(o+iqm', (p,qg— are integers), (19)

which is connected with the fact that as x — —= the
lattice is unperturbed. From this it follows, in particu-
lar, that the minimum number of possible dislocations
is equal to 2. Expression (19) can be regarded in a
sense as a ‘‘parametric’’ perturbation of the disloca-
tions. In concluding this section, we write out the ex-
plicit expression for the N-soliton solution

2

a InA,

V=u,(x)+2 T

A=det ”6,,m+M,.2(t) I o () B’ (s)ds”.

One can also establish directly from investigation of
this solution that the interaction of solitons is of paired
nature, i.e., the change of phase of each soliton repre-
sents the sum of phases A¢ in the scattering by each
individual soliton,

5. ASYMPTOTIC STATES

In this section, we shall prove that the asymptotic

‘state of any initial condition is a set of solitons. The

latter is equivalent to the fact that the soliton lattice
turns out to be stable, As follows from the results of
the previous section, the lattice can only change its
phase by an amount equal to twice the sum of phases of
all the dislocations which leave on the right.

Thus, we must prove that the effect of the nonsoliton
part can be neglected asymptotically as t — =, For
this purpose, as was shown inl*], it suffices to establish
that as t — « the kernel F(x, y, t), which corresponds
to the continuous spectrum, tends to zero, First we
shall prove the condition of unitarity for the scattering
matrices o, 8. For this purpose, we introduce two func-
tions (Jost functions): ¢g, &3, which are solutions of
Eq. (14):

o(T) > Po(x) A8 T, O () >Y.(z) S z—>—00,

Here, as it is not difficult to see, &3 and &4 are
linearly independent, whence it follows from comparison ,
with Sec. 3 that

@a(z) =0 (a) . (z) +B(a) D, ().

Calculating the Wronskian {¢a, ¢} }, which does not
depend on x, we obtain the unitarity condition

[a(a) |*—]B(a)|*=1.

It then follows that |p(a, 0)| = 1/27. We now consider
the expression
. _ 4 e p(an)

F(z,y,t)—%!Wlba(z)wa(y)da-
We note that g*(a, t) ~ exp(-4y '(a)t), i.e.,as t — =
the given integral is the integral of a rapidly oscillating
function, It then also follows that F(x, y,t)— 0 as
t — «, It is obvious that this is also valid as t — ==,
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Thus the effect of the nonsoliton part can be neglected
as t — « and the asymptotic state of any initial condi-
tion is a set of solitons. This also proves the fact of
stability of the soliton lattice.

In conclusion, the authors thank V. E. Zakharov for
his interest in the work and S. M, Manakov for useful
discussions.

APPENDIX

We consider the expression

a(2) = (@) + | Ko (2, 9) 9 (¥) dy,
, . . (A.1)
Kol ) =M @ w @) [ {14002 ln )1 ay },

where the quantities a and b correspond to values of
the energy from the forbidden bands with Im p(a) > 0
and Im p(b) > 0. We find the asymptotic form of ¢4(x)
as x — «, We first note that the functions ¢a(x)and
Jb(x) increase exponentially as x — -, Further, us-
ing Eq. (14) and the formula for the addition of ¢ func-
tions,!®! we find that the integrals in (A,1) are expressed
in terms of the g function:

Je@nway

L P @)= (b)) § (=)—§’ (a) ]
% (a)—¢ (b) @ (@) —p (b) ® (@) —g (a)

It is convenient in what follows to express this an-
swer in terms of o functions. Using the representation

of the g functions in terms of o functions (seel®,
p. 323):

— L v
=5 b

6 (@) —p (o) = — BTV (@—0)

a* (1) o*(v)
1 i@iz; @,El)) ___c(x+a+b)d(z—a)a(z—b)a(u—b)
¢ @,a B ¢*(z)a*(a)a*(b)
1 9(b) ¢ (d)

we get

e _ o(z'+a+b)s(a)o(b)o(z))
J. o (§) 0 (y) dy=16a (2) 4o () o(at+b)o(z’+a)a(z'-+b)

x
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It then follows immediately that, as x — -,
¢ () =v.(z) 0 (2, a, b),

o(z+a+b)o(a)o(2b)a(z+b)

o(at+b)o(b)o(z+a)o(z+2b)

(A.2)

D (z,a,b)=1—

We now consider the function &(x, a, b). This func-
tion is elliptic in the arguments x, a with poles at the
points a = -b, x = —a, x = —2b and points comparable
with them, Since that the given function is elliptic,
&(x, a, b) has only three zeros in the fundamental
square. The zeros of the function @(x, a, b) are rather
easily calculated: a =b,x =0, x = —a ~ 2b. It then fol-
lows that
a(a—b)o(z)o(z+a+2b)
a(z+a)o(z+2b)o(atbd)

Calculating the residue to ®(x, a, b), for example, at
the point x = —a, we find that C = —~1. Substituting this
expression in (A.2), we obtain

O (z,a,b)=C

a(a—b)

e () =tpa (z+2b) S (a, b), a(ath)

S(a, b)=— exp[2§ (2)b].
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