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A theory of crystals consisting of Bose particles of a single type (e.g., He*) is developed by quantum

field theory methods. Under the assumption that single-particle excitations in such crystals form a
Bose condensate, the collective excitation spectra are determined and a number of exact relations are
derived, e. g., the relation (1.4) between the normal and the superfluid densities.

1. INTRODUCTION

In our previous works [1,2] carried out in cooperation
with Levchenkov (in what follows [?J will be referred to
as I, and equations from it as (I, ...)) we used methods
of the quantum field theory to build a theory of crystals
consisting of Fermi particles (e.g., He®). We have exam-
ined most extensively the case when the Fermi crystal
contains low-lying single-particle excitations forming a
Fermi liquid at T = 0, The possibility of such situation
was first suggested by Andreev and Lifshitz &1, Our re-
sults differ from those of Andreev and Lifshitz in that
they regarded the Fermi excitations as crystal defects
('vacancions' and "impuritons'), assumed that their
number is small, and treated the whole problem in the
gas approximation, whereas our results depended neither
on the number of Fermi excitations (there could be at
least one of them per unit cell) nor on the intensity of
interaction.

The idea of Andreev and Lifshitz holds also for the
case of crystals consisting of Bose particles (e.g., HeY).
Treating the problem phenomenologically [3], they der-
ived a system of hydrodynamic equations for a crystal
possessing the property of superfluidity. Furthermore,
within the framework of the gas approximation, they
have studied the thermodynamic properties of a Bose
crystal with a small number of defectons.

In the present work we consider the properties of a
Bose crystal at T = 0 by methods of the quantum field
theory for an arbitrary number of bosons in the conden-
sate and for an arbitrary interaction strength.

The main physical results consist in the following. If
a fraction of the particles in a Bose crystal are in the
condensate, of density n,, and, moreover, if the distribu-
tion of the condensate particles is nonuniform, i.e., the
"wave-function' of a particle in the condensate is per-
iodic with the crystal period 8, i.e.,

(1.1)

then in such a crystal there exist four branches of col-
lective low-frequency excitation, and their spectrum is
given by the following system of dispersion equations:

@o(r+a) =@ (r),

(@*—cimkikm) —inikiwu,=0,
(1.2)

(Pi(rn) o - Nitmikeikm)u; + iuuk:mq) =0,

where c¢;; and k;; are tensors having the symmetry of the
crystal, p;;” is the normal-density tensor of the crystal,

and X is the lattice elastic-moduli tensor (cf. I, (4.18),
(4.19), and (4.20)).

One of the branches in (1.2), which corresponds to the
variable ¢, stems from the phonon branch in a uniform
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superfluid Bose system. The other three, described by
the vector u;, are genetically connected with the three
acoustic modes of vibration in ordinary crystals. As is
apparent from (1.2), these two groups of excitations are
coupled together in a Bose crystal with condensate.
Their interaction is described by tensor Kije

Along with the normal density there exists the super-
fluid density

oy’ =micia, (1.3)

where Cij is the tensor that appears in the system of
equations (1.2) for the excitation spectrum, m is the
mass of the free atom, and a is a new constant. The
tensors p{JH’ and p{jS) satisfy the obvious relation

(n)

i + 05 = mnb, (1.4)

where n is the particle-number density of the crystal, so
that p = mn is its specific weight.

The superfluid current is related to the superfluid
veloicty by the usual expression

L@ (0 ()
i =pi V;

O) (1.5)

=mlatciv; .

As in the case of a fluid, rotation of the crystal can be
shown to cause dragging of only the normal part of its
density.

Finally, a physical interpretation of the constant a in
(1.3) is given by the expression for compressibility
(cf. I, (5.20)):

aP n/m

o ____wm (1.6)
dp at + MiAiimNim

The tensors A and 7 are basically defined as in I.

On going to the case of a lignid, njj ~ P — 0, Kij — 0,
and Cij ——coij. The expresisons (1.3), (1.4) and (1.6)
yield .

o®a an _m 9P

c= = =

m*  m ' n dp

whence one obtains the familiar result for the spectrum
(1.2):
2 aP 2
® —Ek L
In the absence of condensate, A is the inverse of the
elastic moduli tensor 2, njj = néij, and (1.6) reduces to

the trivial relation for the bulk modulus:
_ 1 dp
Ay = -—p—a—P .

The existence of four gapless branches of the Bose
spectrum, described by the dispersion system (1.2), fol-
lows from a well-known theorem by Goldstone 3 about
broken symmetry. The branch corresponding to param-
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eter ¢ is due to the noninvariance of the state with con-
densate under the wave-function transformation ¢ o(r)

— cpo(r)e1 An equivalent formulation of this property
is given by the Pines-Hugengoltz theorem [*] (see alsol ]
Sec. 25). The other three branches of the spectrum are
brought about by the broken symmetry of the system
under the operations of infinitesimal translation; this
type of broken symmetry has been already considered

in I. Peculiar features of the effect of broken symmetry
in the case of Bose systems are discussed in Sec. 2. The
system of dispersion equations (1.2) is derived in Sec. 3.
In Sec. 4 the relation (1.3) for the superfluid density is
derived. According to the results of Sec. 3, in the pres-
ence of condensate all the four excitation branches of a
Bose crystal are determined by poles of the single-
particle Green’s function. It is clear that as no — 0 at
least three of the four branches persist. The only differ-
ence is that at no = 0 their spectrum is determined by the
poles of the two-particle (four-point) functions. In the
last section, the density and current correlation functions
are obtained, the formula (1.4) is proved, and the limit
as no — 0 is discussed.

2. GREEN’S FUNCTIONS

In the presence of the Bose condensate the Particle
creation and annihilation operators ¥*(x) and ¢ (x) (Where
X = (r, t) is the space-time coordinate) averaged over
the ground state with a given chemical potential, remain
finite in the infinite-system limit

E(r) =(p () >0, & (r) ={p*(2) )70. 2.1)

Owing to this circumstance, the usual form of the quan-
tum field theory technique fails to describe the Bose
systems with condensate. The necessary formalism was
developed by Belyaev (7], The appropriate derivation
was carried out for uniform systems, but it can be read-
ily generalized to the case of Bose crystals, since the
uniformity is not an essential factor.

The starting point of Be}yaev’§ formalism is splitting
the Heisenberg operators ¢ and ¥* into two parts:

B(@)=E () (2), $* (2) =E" (1) +9'* (), (2.2)

where the functions £(r) and £*(r), defined by (2.1), des-
cribe the state of the condensate and are c- -numbers in
the thermodynamic limit, and the operators z/) (x) and
lp'*(x) correspond to the anmhllauon and creation of
above-condensate particles.

On substituting (2.2) in the Hamiltonian of the system
the diagram expansion assumes its conventional form.
The quantities £(r)-and £*(r) in this case play the role
of external fields which are determined from the condi-
tion that the ground-state energy E be a minimum for a
given number of particles N.

According to the definition (2.1), the quantities £ (r)
and £*(r) have the symmetry of the system’s ground
state and reduce for the uniform case to the constants
E(r) = £*(r) = nb’? (no being the condensate particle den-
sity). On the other hand, in crystal these quantities as-
sume the form:

() =n0 (1),

where the function ¢o(r), normalized to unit volume, is
an invariant of the space group of the lattice. Owing to
the symmetry of the system with respect to time rever-
sal, the quantities £ (r) and £ *(r) must be equal apart
from a coordinate-independent phase factor. Having the
freedom of choice for this factor, in what follows we
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£ =ng0 (1), 2.3)

’

shall use the gauge corresponding to a real condensate
wave function
@0’ (1) =qo (r).

As in the case of uniform Bose systems, in addition
to the normal Green’s function G(x, x )
= —i{T(§'®)9"(x’))) (T is the time-ordering operator)
in a crystal with a condensate there exist also the anom-
alous functions

G(z, o) =—KT (¥ () ¥ ('), G(x, &) =—iT (Y (x)*(z)).

For convenience we shall use the Nambu 37 matrix
formulation in which the Green’s functions are combined
to form the matrix

Gap(z, o) =—KT (b’ (2) %'+ (@)D, b=V, b/=¥"  (2.4)

From the symmetry of the system with respect to
time reversal and from the definition (2.4) we have the
following relations:

Gy (r, t; v, t) =Gy, (x/, —t's v, —t), Gau(r, t; v, t')=Gun(x, —t'; r, —1),
Gil(ry tr, t’) =Gy (r/, _t/; r, —t), Gn(fy t; l", t’) =G:2(r/y v, r, t)v
Ge(r, t; v/, ') =G, (x', t'; x, t). (2.5)

In the absence of external fields, taking into account the
translational properties of the system, the Green’s func-
tion Gy(x, x') can be represented in the form

dk . .
Gop(z,2") =I —@n—)‘ Gop (0, k; £, 17) eM===" (2,6)

= e G (0 gule) () e,

where k = (k, w), kx =k*r —wt, dk = dkdw, we integrate
over w from — to «, and the integration over Kk is
bounded by the volume of a unit cell of the reciprocal
lattice (the Brillouin zone). {d)n(r)} is an arbitrary com-
plete orthonormal set of functions invariant with respect
to the lattice translation group. In (2.6) and below we use
the convention that repeated indices are to be summed
over.

For convenience in the following analysis, we shall
choose the basis {q.')n(r)} so as to include the condensate
wave function ¢(r) (n = 0) as one of its components.
Three more components of the basis ¢i(r) (i=1, 2, 3)
will be taken to be proportional to 9¢,/drj. We shall
choose the coordinate axes in such a way that the func-
tions ¢;j and ¢j (i #j =1, 2, 3) will also be orthogonal to
each other. The other components of the basis ¢p(r)

(n #0,1, 2, 3) will be regarded as arbitrary. In what fol-
lows ¢>o(r) will be referred to as the scalar and the set
¢i(r) as the vector components of the basis {¢on(r)}.

The function G (w, k) is related to the Green’s

function G of the nomnteractmg system by the Dyson
equation

G=GO+G"3G. (2.7)
In the coordinate representation the self-energy part
Zaﬁ(x, x') satisfies the same symmetry relations that
the Green’s function (2.5). It is convenient to define the
bare Green’s function éo then takes the form

nm Sam nm
Gm“ (0,k)= i 6 ,
otp —otp

(ﬂ)nm

12 (0
where u is the chemical potential.

(n)nm

22 (0, k)=

2.8)

Jk)=G 7 (0,k)=0,

Let us now proceed to derive the relations which fol-
low from the broken symmetry property of the system
with respect to gauge and translational transformations.
We note first that since £ (r) and £*(r) minimize the en-
ergy E of the system at a constant total number of parti-

. E. Dzyaloshinskii and P. S. Kondratenko 595



cles N, the thermodynamic potential @ = E — Ny satisfies
the conditions
6Q ) _
( O

These relations, as well as the quantities E and 2, are
invariant under the gauge transformation

E(r)>E(r)e?, & (r)—~E(r)e™

We subject the relations (2.9) to this transformation,
and then, since « is arbitrary, differentiate them with
respect to @ and thereupon let @ = 0. As the result, we
obtain

(69

8E(r) )u=0' (2.9)

Zil‘“(oy 0) _2120' (0,0) (2.10)

We have taken into account here the fact that the quanti-

udor=

ties 6°E/6£*(r)6¢ (r') and 6°E/6£*(r)6¢*(r') are determined by

sets of G-line-irreducible graphs containing, respec-
tively, an incoming and outgoing or else two outgoing
G-lines, and, therefore,

82E/8%" (r)8E (r') =2, (0, 0; 1, 1),

8°E/8E" (r) 88" (') =212(0, O; r, 1').

The energy and the thermodynamic potential of the
system, and hence the expressions (2.9), also remain
invariant under a displacement of the crystal by an arbi-
trary vector a. Upon doing the transformation

E(r)~E(rt+a), E(r)~E (rta),

@.11)

we differentiate (2.9) with respect to &, and then let a = 0.

As the result, taking (2.11) into account, we obtain

ué.=2i{ (0, 0)+Z (0, 0). (2.12)

We recall that subscripts i = 1, 2, 3 correspond to the
functions 8¢,/or;.

Let us emphasize that the relation (2.10), being a
consequence of the broken symmetry of the ground state
with respect to gauge transformations, is a generaliza-
tion of the Pines-Hugengoltz theorem [s] to the crystal
case. Relation (2.12) results from the broken symmetry
of the ground state of the system with respect to arbi-
trary translations. It has no analog in the case of uni-
form systems.

3. EXCITATION SPECTRUM

Let us investigate the s1ngular1t1es of the Green’s
functions which, as is well—known[ determine the ex-
c1tat10n spectrum of a system. We shall first prove that

(w, k; r, r') has a fourfold degenerate pole at w, k
= 0 To do so, we observe that the poles of this function
correspond to nontrivial solutions of the system of homo-
geneous equations.

| ar'Gut (o, 1 1) X () =0, (3.1)

G (0,k; 1,7) =Gy " (0,k; 1,7) — Zap(0, k5 1,). (3.2)
Whence, taking into consideration (2.8) and (2.10), we

see that one of the solutions of (3.1) at w, k =0 is

2w=-00( _})

Three more solutions of the system (3.1) at w, k =0
follow from the theorem (2.12):

o252 ().

The residues of the Green’s functions at the above poles

596 Sov. Phys.-JETP, Vol. 40, No. 3

are obviously propor’uonal to b111near combinations of
the functions X°(r), X1(r) with X°@’), Xi(r").

In order to elucidate the structure of the Boles at
w, k # 0, we determine the self-energy part Z:gm(w, k)

which is irreducible in the scalar and vector components
of the bare function Gg’é“m (n, m =0, 1, 2, 3) and reduci-

ble in all its other components. The function Emn

connected with the irreducible self-energy part Emél by
the obvious equation

3 [
zuﬂ"m — Eap"m + zay"!Gvn Ebﬂlm-
1940,1,2,3

3.3)

If we now change from Z to T in the Dyson equation
(2.7) we can then isolate in the infinite system of equa-
tions (2.7) an independent finite subsystem for the func-

i kv = 2, 3):
tions Gaﬁ(w’ k) (u, v=0, 1, 2, 3)
Gy’ (@,K)8, + 6o (0, K) T (0, k)G (0, k).

Gur™ (0, k)= G, (3.4)

We consider first the case k = 0, w # 0. Because of the
symmetry, the quantities 201 (w, 0) and 2:1 (w, 0)

@ =1, 2, 3) vanish, and the system (3.4) sp11ts into two
subsystems:

Gos™(@,0)= G (0,0)+ G (@,0)Zw” (0, 0) Gs” (0,0),

3.5
Gas(@,0)= G (,0)85+ G (0,0 (@,0)Gy’ (0,0). 3-5)
It can be readily seen with the help of (3.3) that the rela-
tions (2.10) and (2.12) also remain valid if we replace

% by Z. In view of this, the solution of (3.5), to within
terms nonsingular at w — 0, can be written in the form:

G (0,0) = G"(— o, 0)-—~—n0(1+m

{—11,,”
2‘1 00 ) !

G (0,0)= G2 (0,0) = — —= 1o,
[0}

(3.6)
Gui?(0,00=Cr*(—0,0) = o™= (I-5,, (I-TL) 0]}y
G (0,0) = G (@, 0) = % o,
We have here used the notation

a H“I)D) _—2—”00 (Ptl‘m -

P 1,

12
Pc(jn)= no(itz_l[ (1 - ﬁ“)z + E«z(f)u + 1;12) ])iiy
2“00=2“00 (07 0) ’ (Z:;up) “-=Z,,,"j,

0 — ~ d -
L™ = e Z0p lomo,  Ilap= a—mzad w=0y

o — -~ o -

Papno = W Zaﬂoo | ©0=0y Paﬂ = W Zapl @=0.
In deriving the expressions for Gg (w, 0) use has been

made of the fact that the crystal structure of solid He* is
either cubic or hexagonal. Due to the appropriate sym-

metry, all the components = , g(w, 0) are symmetrical
tensors which can be brought into diagonal form in a
common coordinate system.

The functions GgE(w, 0) in (3.6), to within terms
regular at w — 0, can be written in the form

Gas™ (©,0)= 5" (@) Dyv (0,008, (0); (3.7
Du(0,0)= o, Dylo,0)=p}"" 1
o
Dis(®, 0) =Dy (o, 0)=0; (3.8)
s 1-—- Huw
52 (0)=—5:(— @)= n;" (1 +o—— )
zzlzﬂo
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S (@)=8(—w)= n;h [Gu_ —2(‘)“(23".(i - ﬁu) )-’j] ’
8% (0) =8," (@) =0.

(3.9)

An examination of (3.4) shows that the factorization
form of GZE in terms of the subscripts « and 8 is pre-

served as we go over to the case k = 0:

G (0, k) =82 (0) Dyv (0, K) S " (o). (3.10)

A substitution of this expression in (3.4) leads to the
following system of equations for D, ,(w, k):

Dy (0, k) =Dy’ (@, k) +Du’ (0, k)a~"x:(, k) Du (o, k),

Dy (@, k) =Dy (0, k) a~"x,(0,k) Do (0, k), (3.11)

D;,(m, k) =Dii° (o, k) —Dy (0, k) G_II’M' (o, k)Do:(ﬁ), k),
Dm(‘”, k) =Dnoo((0, k)a_ll’%i'(ﬁ)y k)D:'i((n), k),

where the functions DJo(w, K) and Dj;(w, k) are defined by

a
Dy’ (0, k) = —-——,
o0’ (@, k) O —cimbiikim

3.12)
Dy (0, %) =p @ —Auimilerem,

and the quantities ¢, , Ailmj’ and «;(w, k) are equal to

(_2“00 (01 k) __E“uo (Oy k)) Ixum

Cim=an, az
ok 0k

A > 3.13
39 B 0K 42 (0.)) s (3.13)

Nitmi=Ny

%:(0, k) =a"roSe (@) Zay (00, k) S5 ().

Using (3.9) and the symmetry conditions (2.5) we find
easily that «;(w, k) is an odd function of frequency.
Therefore, to within the required accuracy it can be
written in the form:

(@, K) =iox.k.

(3.14)

The dependence of the frequency on the wave vector
at the poles of D, ,(w, K) is given by the requirement that
a nontrivial solution exist for the homogeneous system
corresponding to (3.11), Taking (3.12) and (3.14) into ac-
count, this system assumes the form (1.2), which gives
the sought system of dispersion equations for four low-
frequency excitation branches of the Bose crystal. All
are the result of the broken symmetry of the system
(gauge invariance and translational symmetry). Let us
emphasize that the dispersion law of the four branches is
linear:

(‘)u(k)=cu(k/|k])lk|-

It should be noted that the system of dispersion equa-
tions (1.2), which we obtained on the basis of a micro-
scopic theory, is identical in its structure to the appro-
priate system of Andreev and Lifshitz *J, The param-
eters they use have the following correspondence to the
constants introduced in the present section:

ﬂp) m? dp ) m_ m
o =T, +pi =
(5}1 vy, a (aun mn Pt a !

(uy; is the lattice deformation tensor).

4. SUPERFLUIDITY

As is well-known [9], systems of interacting Bose
particles, containing the Bose condensate, possess the
property of superfluidity. Let us determine the Bose-
crystal macroscopic mass-current density j(s) which
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corresponds to the motion of the superfluid component
with a given velocity v(S),

In the linear approximation this relation should be of
the form:

...(-)_ ) ()

i ERZEN (4'1)
where pi('S) is a symmetrical second-rank tensor which

can be naturally called the density tensor of the crystal’s
superfluid component.

In order to relate the tensor pi(jS) with the constants
that have already been introduced in the theory, we note
that, since in the diagram technique the condensate plays
the role of an external field, the vector j; is a functional
of the quantities &(r)and £*(r): j; = j;{&, £*}. Inthe ab-
sence of true external fields, j; = 0 for static boundary
conditions and for a condensate at rest. If we keep the
first two conditions and go over to the case of slowly
moving condensate, the current density will then take the
form:

Lo 0j:{E, 87} 8j&, &)
1= o | 8% ()

Since the indicated transition corresponds to the trans-
formation

8E (r)+

6(r) |-

E(r) —>E(r) exp (imv*'r) =n:'q3n(r)exp (imv®'r),

E*(r) =+E"(r)exp(—imv*'r) =n;”rpo (r)exp (—imv™r),

we obtain the following expression for the current den-
sity in the approximation linear in v(S):

N ' e 7B EY  §dEED
lim 5 f drndgu(e)e ( 85 (r)  oE(r) ) @2)
In writing this formula we have used the fact that, ac-
cording to the symmetry conditions, the integral

87.{E, &}
Jr =56
is an odd function of k as k — 0, Comparing (4.2) with
the relation (A.14) derived in the Appendix and keeping
in mind that j; stands for the quantity (ji(x)) averaged
over the dimensions of unit cell, we obtain

L)
Ji =my;

Po(r)e™

.(8) P (%)
ji =mic,v; /a.

whence, from the definition (4.1), we find the expression
for the superfluid density tensor of the crystal,

5. CORRELATION FUNCTIONS

We introduce the correlation functions R “V(x, x")
(4, v =0, 1, 2, 3) by the formulae

Roi(z, ') = —KT (n(2)ji())?,
Ry(z, z') = —KT(f(2)](z))),

Roo(z, ') = —iKT(n(z)n(2)),
(5.1)

Ru(z, 7') = —KT (j:(z)n(z')) >,
where
n(z)=y*(z)$(2),

L A ap(@) o) -
julz)= 2i (‘p (2) ary ar; w(z))

are the particle-density and mass-flux-density operators.

We are interested in expressions for the functions

di ; )
Ry (w, k)= Iv—rf dz’ e=™—"R, . (z,z")

ve

(5.2)

in the long-wave and low-frequency domain (w, k — 0);

Ve is the volume of the lattice unit cell,
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It is clear that each function R p corresponds to a
set of diagrams having one incoming and one outgoing
line for interactions with either the scalar of the vector
field, depending on the values of u and v.

It is convenient to represent Ruu as a sum of two

terms, one irreducible and the other reducible with
respect to the Green’s function:

or in the equivalent analytic form:

By (0, k) =RtA (0, k) Dy (0,k) Ay (0, k). (5.3)

As w, k — 0, the Green’s functions D y are the only
source of singula_gities of the correlation functions. The
irreducible part Ru y can therefore be regarded as a

constant equal to its value at w, k = 0.

Apy(w, k) is given by a set of graphs which have one
incoming line for the D-function and one outgoing line
for the interaction with an external field. The latter is
either a scalar or a vector, depending on whether the
subscript v takes the value 0 or 1, 2, 3. Similarly, AL*;}
is given by a set of diagrams each having one incoming
line for the p-th component of external field and an out-
going line for the D-functions.

The symmetry property of the system with respect to
time reversal enables us to establish the following rela-
tions:

Auo(m,k) =—Aon("‘ﬁ), k),

Ay (0,k)=Au(—0,k), Aw(o,k)=4,(-0,k),

Ay(0,k)=—44(—0,k), A7 (0,0)=—4u(0,k), 4% (0,k)=Au(0,k);
(5.4)

i,j=1,2, 3; n=0, 1, 2, 3. From this, and using the
equality

4,,(0,00=4,5"(0,0) =0,

which follows from the physical requirement that
R“V(O, k) and Ry y(w, 0) be finite, we obtain in the long-
wave and low-frequency limit

Ago=bm' Aoi=di!kly

(5.5)
A= —inuk,, Ay=—ih;o,
where dil’ Nips and hil are symmetrical second-rank

tensors.

The constants b, dj;, 7j;, and hj; are not really inde-
pendent, and can be expressed in terms of the constants
introduced before. It is shown in the Appendix
[(A.4), (A.8), (A.12)] that

b=a"",

(5.6)

From the conservation of total particle number and total
momentum it follows that

R, (w, 0)=0,

(n)
diy=mcyla,  hiy=py .

whence, in view of the equalities (5.3)—(5.6), we have

Ro=—a"', Ry=R,=0, R=—p". (5.7)
Two more relations follow from the identities
moRy—k:Ri(n=0,
(5.8)

m*@*Ro—kik;Ri=nmb;,
which are a consequence of the continuity equation satis-
fied by the operators mn(x) and jj(x)., Substituting (5.3)
in (5.8) and using (5.4)—(5.7), (3.11), and (3.12), we ob-
tain
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(5.9)

-y () )
Ny=m='py —a "%,

(5.10)

(n)
py tm*a~icy=nmdy.

In view of the formula (1.3) proved in the preceding sec-
tion, Eq. (5.10) reduces to (1.4). The expressions
(5.3)—(5.10) give a complete solution to the problem of
Bose-crystal correlation functions. Using these results,
we shall prove the statement that only the normal part of
the density is carried along by a crystal’s rotation. To
do so, we note that the increment of the system’s Hamil-
tonian, which arises from the rotation and is linear in
its angular velocity 2, is of the form

H=— (@] (@), v)=[rxQ].

Hence, if we turn on the rotation adiabatically slowly at
t — —, the average value of the mass-flux density will
then, according to linear-response theory and definitions
(5.1) and (5.2), be equal to

; . dk -
== .[d' J_(WR"(O' k) e™ =y (r).
Substituting here the expression

R;,(O, k) =__p‘;n)_ ﬁz‘cﬂklcjmkm
a  crk.k,

which follows from (5.3)—(5.7), we obtain the formula
. (n)
Ji=Pis Vs
which proves the above statement.
Let us now derive the compressibility formula (1.6).

For this purpose we make use of the expression for
Roo(0, K) which, according to (5.3)—(5.9), is equal to

Roo (0, k) =—a~'+nakiD:;(0, K) Njmkon, (5511)

where, in agreement with (3.11), (3.12), and (3.14)
D (0, k) =—Aitmikik m.

Next, we pass to the limit k — 0 in (5.11) taking into ac-
count the effect of the finite size of the crystal. Substitu-
tion of the result into the formula
P _ n (dn
vy
(which follows from the thermodynamics) leads to (1.6).

)“ = — " [lim Ry (0, k) ]-*
m  x.o

As another application of the correlation functions we
determine the linear response of the lattice structure to
an external scalar field 6pelkX, To do this, one should
follow the method applied in I to exactly the same prob-
lem for the case of a Fermi crystal. Omitting the details
of the derivation, we present only the final result for the
deformation tensor

wa (R, t) =dus(R, t)/6R,

(where u(R, t) is the displacement vector of the lattice
sites and R the macroscopic coordinate):

wa (R, t) =kDi(o, k) Nim (0, k)&, dpe'*F=2, (5.12)
where the function njm(w, k) is of the form:
Tym (0, K) =Ty a~" i — o (5.13)

—crkeok,

In conclusion, we shall discuss the limiting case of
vanishing density of the Bose condensate, no — 0. In the
absence of condensate there exists only one type of
broken symmetry, namely with respect to arbitrary
translations. Therefore, at no = 0 there are grounds for
only three gapless excitation branches, corresponding in
this case to acoustic phonons. At no # 0 the poles as-
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sociated with these branches are contained in the single-
particle G-function. Since three-point vertices exist at
no # 0, the indicated poles also belong to the two-particle

vertex part of I':
¢
E:f:z/ * e w k

According to the results of Sec. 3 the singular terms
in the G-functions are proportional to n,. Let us prove
now that the poles associated with acoustic phonons,
which vanish in the G-functions, nonetheless remain in
the vertex I'. It is essential here that the singular part
of T turns out to be equal to the limit to which
the second term in (5.14) tends. To proceed with the
proof, we observe that a simultaneous displacement of
both space arguments of the self-energy part » (x, x’) as
well as of the arguments of functions £(r), £*(r) (of which
Z is a functional) by an infinitesimal distance 6a leaves
the function T (x, x’) invariant. This implies that

92 (z,, xa) 0Z (24, xa)
ar, ars'

Z3 z,

r| = (5.14)

Z z,

+Vn, J'd'

Ao (x)) [GE(xu ) 62(1‘,%) ] _
ar’ 6E (1' 65 (r

From this equality, in view of the remark made in the
Appendix in derivation of (A.14), it follows that at k =0
the three-point vertex g;(x1, xs; k) is equal to

2 (21, 2s)
ary

+ 62(14, I.q) ]
ars*

The factor ng' arising from the product g,(x;, Xs; k)
gj (x2, X4; —k) cancels the factor noto which the G-func-

tion at the pole in the second term of (5.14) is propor-
tional. Therefore, the contribution to the pole due to the
second term in (5.14) remains finite as no — 0. In this
case, the residue of T" at k, w = 0 can be readily seen to
coincide with the residue of T in the case of Fermi crys-
tal (see I, (3.13)).

gz, 20 0)=—ns " [

APPENDIX

We shall prove here a number of the above-employed
identities which follow from general symmetry proper-
ties of the system.

To establish the first of them, we consider a uniform
external scalar field 6pe” ! whose interaction with the
system is described by a Hamiltonian of the form:

Hp=8ge~*N, N— [dr v (2)9(2), (A.1)
Since the total particle~number operator N commutes
with the main Hamiltonian of the system, we note that, as
this field is turned on, the Heisenberg operator ¥ (x)
transforms according to the following law

- - o
(@)~ exp (e
Whence the linear response of ({(x)) to the field (A.1) is
of the form
6<“‘P(x)> =—6-§—e"°” I'(p (r). (A.2)
On the other hand, by virtue of the general diagram
technique, this quantity is determined by a set of graphs

each having one incoming line for the particle field and
one outgoing line for interaction with the external scalar

field:
i(jz(-l')) = e—————O--
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(A.3)
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The circle in the graph stands for the quantity A go(w, 0)
= bw, introduced in Sec. 5. Comparing the equalities
(A.2) and (A.3), in view of (3.8), (3.9), we obtain the iden-
tity

b=a~t, (A.4)

The second relation will be derived by considering the
linear response of the system to a uniform external vec-
tor field of the form

Hu—bvie= [ drji(z) (A.5)
(where fi(x) is the mass-flux density operator of the sys-
tem). Taking into account that the total mass flux coin-
cides with the total momentum and the latter operator
commutes with the main Hamiltonian of the crystal, we
obtain the following expression for the linear response
of (¥ (x))

8P (2)>——i v, LU 99

) 17r‘

This quantity can also be determined by considering the
vector component of the diagram relation (A.3). In this
case, the line with the arrow will correspond to the ex-
pression S11 (w)D z(w, 0), and the circle will correspond

to the quantity A.-(w, 0) = —ih-

(A.6)

;w defined in Sec. 5

ij
a<¢(x)>——zﬂs:‘ (@) Dy (©,0) Ay (e, 0) 6v,e=™".

(A7)
Comparing (A.6) and (A.7), and taking (3.8) and (3.9)
into account, we obtain

hy=py - (A.8)
One more identity will be established by considering
the response of the system to a static vector field

Honi=00: j dr e“"}.- (x). (A.9)
As k — 0 the switching-on of such a field is equivalent to
changing to a coordinate frame which moves with the
velocity 6v;, and, therefore, the appropriate transforma-
tion of the operator zp(x) is of the form

B(@) > p(z)emer,

where m is the mass of an isolated crystal atom. This
gives us an expression for the linear response of the
average value of the y-operator:

8¢ (2) > =—irdvn,’ go(r) m. (A.10)

On the other hand, the scalar component of the diagram
relation, in the case of interaction with the field (A.9),
yields

Svduk,
ceikecks

6(@(1))=—n., e'**p,(r)a (A.11)
We have recognized that in this case the circle in (A.3)
corresponds to the quantity A0‘1(°’ k) = dilkl and the func-
tion Dgo(0, k), according to (3.11), (3.12), and (3.14), is
equal to —a/c gkKg.

Going over in (A.11) to the coordinate representation,
and then assuming that the typical dimensions of non-
uniformity of the external field (~ |k|™) exceed the size
of the system, we obtain, on comparison with (A,10),

(A.12)

According to (2.1), the quantities £ and £* enter in
the Ham1lton1an of the system symmetrically with the
operators zp and zp . Therefore, if we have two sets of

di;=mcij/a.
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diagrams # and Q which differ only in that the graphs Q
have an additional input for the scalar line Dgo at w = 0,
then, in view of (3.9) and (3.1), the analytic expressions
for # and Q are connected by

8P 8P )

_ e —ikr _
0= om0 (Feg 55
We now take as £ the set of diagrams for the mass
current j;(x) = (ji(x)). Then, considering the definition
of AOj (w, k), given in Sec. 5, and the formulae (A.12), we
obtain from (A.13)

(A.13)

megk; - 1 oo ,
—$=—;;“ drjdr eMr=rp @o(r’)

a

8Gi(z)> 6<ic(z)>] (A.14)
8E°(r') 8g(r) 1”

In this expression, as in all preceding derivations,
the long-wave limit is assumed for the quantities in-
volved. Symbol ¢ under the integral denotes integration
over the volume of a unit cell of the crystal, which is

equal tov c
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