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It is shown that, under certain assumptions, the quantum collision integral for conduction electrons
scattered by perturbations of the surface potential barrier can be replaced, in the quasiclassical
region, by a boundary condition for the distribution function. The general boundary condiiton and its
explicit form in a semi-infinite metal are obtained for the cases of scattering by small-amplitude
roughnesses, by large but smooth roughnesses, and by point defects distributed within the surface
layer. A correction to the current density due to scattering by small roughnesses under conditions of
the anomalous skin effect is obtained without making use of the boundary condition.

1. INTRODUCTION

In kinetic theory, the surface scattering of conduc-
tion electrons is usually taken into account by means
of a boundary condition that relates the distribution
functions of the electrons incident on and reflected from
the surface. The s1mp1est such condition, first intro-
duced by Fuchs" , is a linear relationship which includes
a phenomenologmal parameter that has the meaning of a
coefficient of reflection of electrons by the surface. The
general form of the boundary condition is that of a lin-
ear relation, integrated over the momenta, whose basic
properties can be analyzed w1thm the framework of the
phenomenologmal approach . Some authors (see the
review in**!) have used semi- mtu1t1ve considerations
to set the kernel of this relation in correspondence with
the probability of electron scattering by the surface,
which is then calculated in simplified models. The sub-
sequent derivations of the boundary conditions for the
two simplest types of surface scattering are presented
in'® ¢ Baskin and Entin'*) have considered the scattering
by locallzed defects randomly placed on the surface, and
have shown that at small concentrations the amplitude of
volume scattering by a single defect enters into the
boundary condition. Fal’kovskil’ 18] has taken into account
the effect of surface roughnesses with small amplitude;
the corresponding boundary condition contains the cor-
relation function of the roughness amplitudes at differ-
ent points.

An essential assumption in the above derivations of
the boundary condition is that the electron wave function
vanishes at the metal boundary, which corresponds to
the approximation of the surface potential by a rectan-
gular barrier of infinite height. A similar assumption
has been used to solve other problems (see, e.g. ,[ 8ly
in which surface perturbations must be taken into ac-
count. The actual finiteness of the height and region of
variation of the surface barrier affects the probability
of electron scattering, leading to a smooth decay of the
wave function within some layer near the surface. To
account for the related effects, and to generalize the
results of* %) to more complex types of surface scat-
tering, we must introduce explicitly the surface poten-
tial of an ‘“ideal’’ boundary, the perturbations of which
will lead to electron scattering by the surface. The prob-
lem then arises of the proof of the boundary condition
for the distribution functions and of its relation to the
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scattering potential. The solution of this problem is the
aim of the present work.

We shall discuss a generalized electron collision
integral that describes the contribution of surface scat-
tering to the quantum kinetic equation for the density
matrix, in the representation of the electron wave func-
tions in the field of the ideal houndary. Under certain
assumptions it is possible to replace the collision inte-
gral in the quasiclassical region with a boundary con-
dition for the distribution functions. This condition is
in the nature of an integral over the momenta, and its
kernel is related either to the matrix elements of the
scattering operator or to the transition probability be-
tween stationary states of the electron near the boun-
dary. We shall show that in the proper approximations
the boundary condition reduces to the results of > ¢
and we shall obtain its explicit form for other simple
cases, when scattering occurs from smooth roughnesses
or from point defects distributed within the surface
layer.

In conclusion, to illustrate the possibility of taking
surface scattering into account without the use of boun-
dary conditions, we shall present the results of a quan-
tum-mechanical calculation of the current density under
conditions of the anomalous skin effect in scattering by
roughnesses of small amplitude. These results apply
to the quasiclassical region, for which the corresponding
analysis based on the boundary condition was given by
Fal’kovskii'®', and include the quantum corrections of
Van Gelder!'°),

2. THE KINETIC EQUATION

The starting point for our discussion is the quantum
kinetic equation for conduction electrons scattered by
a static potential. An equation of this type, as applied
to the calculation of impurity conduct1v1ty was studied
in detail by Kohn and Luttmger vl , whose results have
subsequently been developed further and generalized
(see, e.g.,"'"***)), We have to analyze situations in which
the density matrix in the momentum representation has
significant nondiagonal elements that describe the reac-
tion of electrons in a bounded metal to a spatially inho-
mogeneous electromagnetic field. Since no generally-
accepted treatment of such situations is given in the lit-
erature, we shall describe briefly the derivation of the
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kinetic equation that we use here, so that we can formu-
late the assumptions to be used and show the possibility
of including the specific features of the surface scat-
tering.

It is convenient to begin with the Liouville equation
for the Laplace transform of the single-particle density
matrix p(t):

o(2)= jldt exp (izt)p(2), (2.1)
which is of the form
2p(5)—h'[H, p(2) 1A~ [H., p(s—0) 1 =ip™, 2.2)

where H is the electron Hamiltonian including the scat-
tering potential, H(, is the amplitude of the Hamiltonian
of the interaction with an electromagnetic field varying
like exp(—iwt), and p'™ is the initial value of the density
matrix. In the approximation linear in the field interac-
tion, the density matrix consists of an unperturbed part
Po and a correction p, that is proportional to the field
potential. To obtain the kinetic equation we must average
the operators po and p, over configurations of the scat-
tering potential that are equivalent from the macroscopic

point of view. In our case this averaging (for which we use

the symbol L..)) corresponds to the average over the

shapes of the roughnesses of the metal boundary and
over the positions of the point defects.

By separating the part of the Hamiltonian that des-
cribes scattering,

V=H—(Hy=H—H,, (2.3)

and solving formally the equation for the difference
po(@) —{po(z)) and p,(z) — {p.(z)?, we can write for
{po(z)? and <p1(z)>.a system of equations that includes
the initial value p'™, The stationary value of the density
matrix § = o + P, is obtained with the help of the lim-
iting transition

Po= }ifna(is'(p., @is)>}, p= lim {is<py (@+is) >} (2.4)

in which the parameter s can be assumed to be real. By
?erforming this limiting transition in the equations for
0o(z)? and {p,(z)) we can verify that when the condition

i o[ e+ 257 -~ 25} <o
(2.5)
is satisfied for any w (R(E) is the resolvent of the op-

erator H), the initial value pin drops out of the equations.

Thus, when Eq. (2.5) holds for any p'?, the kinetic equa-
tions for the stationary values Jo and p; must be indepen-
dent of the initial conditions. In the cases considered
here of scattering by point defects and by surface rough-
nesses, Eq. (2.5) is satisfied because the difference
pm —{p 1n) is nondiagonal in the momentum representa-
tion.

The equilibrium density matrix f is determined from

the condition that the collision integral I, in the equation
for B, vanish:

—h~'[H,, pol=I,, (2.6)
which gives

lim <[V, Fy(s) 1>=0, (2.7)

s> 0

Fa(s)=g1i-_jmdaﬂ(e+i—;)[V,f]R(e—iz—S). (2.8)
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Neglecting the change in the electron energy due to
scattering, we shall assume that f is a Fermi function
of the Hamiltonian Ho, and make use of this assumption
to write an equation for the part of the density matrix
that is linear in the interaction with the field. Using the
explicit form of the operator Hy, it is convenient to
replace p, with the difference g =5, —pg,, where PL,
satisfies

oo BI=[HA S, HA=—S-[avAm),  (2.9)
v(r) is the current density operator, and Ay is the amp-
litude of the vector potential. The kinetic equation for

g is of the form
—iog+ii~'[H, g]+C=I, (2.10)

where the field part C and the operator I are specified
by the following formulas:

(€ H=[H.5 1), Hr=e fdry () (), (2.11)
I=—lim W[V, F, () I, (2.12)
F, (s)——jdeH(a+ hm;ls )ﬁ(‘b(s)"'iﬁ“'[V,g]JrI)R(g_ ﬁm;is) ,
(2.13)
S
D(s)= —jdeﬂ(e+ )([Hm,Fa(s)]+[V C])R(s’z—)
(2.14)

Equation (2.10) contains the electromagnetic field amp-
litude E(r) (rather than the potential amplitudes). This
equation is the quantum analog of the Boltzmann equation;
in the absence of a magnetic field, the role of the term
pr, in the calculation of average values is to compensate
for the increments due to the change in momentum in the
electromagnetic field. In the derivation above (in con-
trast to that given inl1® ) there is no need to introduce
unwarranted assumptions about the form of the initial
value of the density matrix in order to guarantee gauge
invariance of the kinetic equation; we have made use
only of the fully justified condition (2.7). It is also im-
portant to note the definition (2.3) of the operators H,
and V; in the case of surface scattering there is a sig-
n1f1cant difference between Ho =(H) and the Hamiltonian
of a free electron.

We now consider the form of the collision integral I
in our problem. We shall discuss surface scattering in
an isotropic semiinfinite metal with a quadratic elec-
tron-dispersion law. The influence of an ideal boundary
will be represented by a one-dimensional potential bar-
rier of height U. Aligning the xy plane with the metal
surface, the eigenfunctions of Hy can be written in the
form

‘/aelxpxk (Z) s

Po () =vu(p, 2) = (2.15)

where p and ik are the projections of the electron radi-
us-vector and momentum on the xy plane, for the vari-
ables x and y we take periodic boundary conditions with
a normalization to a surface area S, and
fik = (2me —‘l‘lzfca)”2 where €, is the electron energy.
Inside the metal (z < 0, € < U% we have the following
asymptotic expression for the function xy(z):

%1 (2) = (2/70) " sin (kz—a (k)), z——oo, (2.16)
in which the phase @ (k) depends on the shape of the bar-
rier; for a rectangular barrier we have tan (k)

= k/VK: — k%, where fiko = vZmU
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To write the collision integral I in the Hy represen-
tation, we introduce from %] the scattering operator
T(E), which satisfies the equation

T(E)=V+VR,(E)T (E), (2.17)

where Ro(E) is the resolvent of Ho. Then Eq. (2.12) for
the matrix elements Ipp’ can be put in the following
form:

Ippr=1lim {< Z [R.,,,(Ep,'i‘fl(x)'i‘is)D”,L;p' (&5 5?')"Lp.:|(5m &)
=0
P1
g et
“Rop (epthotis) Dppr ]+ ZI [Q::- (Sm - 0)2 =

»ipy

)Ru.(e,.+nm+zs)D,.p,

055 (et 5 ) Bonenithortin D | M) (2.18)
Dyp=h™ (Aatistey—e,) gop—ilyy—i0pp (), (2.19)
1 Tt 282 [ =2 )
~(e+ ”"’;“ -r) ] . (2.20)
= & oo 22 -
[ R (6= 2) R+ 252) ] 221)

The summation over p in Eq. (2.18) includes the sum-
mation over K and the integration over k from 0 to =,
taking into account the degeneracy of states with

Ak > /2mU. When the matrix elements of the scattering
operator are averaged over the configurations of the
scattering potential, a diagonal singularity appears in
the momentum representation. In the surface-scattering
case a diagonal singularity appears only in the momen-
tum components lying in the plane of the metal boun-
dary; we then have

<Tpp'>=6xx'<Tpxk'>n <TPnTmp>=6xm<TpxdnTkmp>~ (2.22)

Since the scattering potential is concentrated in a nar-
row layer near the boundary, the dependence on the nor-
mal component of the momentum in Eq. (2.22) is smooth.
It is this fact which determines the principal difference
between the electron collision integrals for the cases of
surface and volume scattering.

3. THE BOUNDARY CONDITION

If the scale of the field inhomogeneity is large in com-
parison with the de Broglie wavelength of the electron,
the matrix elements gpp’are nonzero only for values of
the difference p —p’ that are small compared to the sum
p + p’. In this case, which corresponds to the validity
of the quasiclassical approximation, the form of the col-
lision integral can be simplified significantly.

In Eq. (2.18) we neglect frequency dispersion and the
influence of the electromagnetic field (the term &,,(s)
in Eq. (2.19)), which describe purely quantum effects.
In addition, using (2.22), the first term on the right side
of Eq. (2.18) can be transformed as follows:

Q18 s, Lok = Lt | Al s, = <L™> G,

0

(3.1)

S8

We have assumed that the characteristic scale of varia-
tion of the matrix elements Ty’ as functions of the dif-
ference k —k’ (which is of the order of the reciprocal of
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the effective radius of the surface potential) is large
compared with the scale of variation of gpp’ Similarly,
we have

o

S dk, <0£€hmk;> Eihaaky ~ <Q:ﬁ"> G (3 .2)
0

We can also carry out a transformation similar to
(3.1) and (3.2) in the terms on the right side of Eq. (2.18)
that contain the matrix elements of I, but the role of the
quantity Spp’ will be played by the resolvents R (£p/
+is). In these approximations the collision integral I
is diagonal, and after the optical theorem is used for the
scattering operator, Eq. (2.18) for Ipp =1 takes the

form
nm am
Ip—_;,pp'(Gp_ﬁIP_Gﬂ'+W’P')1 (3'3)
J v=lim{i :fde<T (etis) Tyrp(e—is)>
»p'= i nh J pp' (ETUS) L prp(E—is
. sl
[(e—e,,)"i'sz][(B—SP')Z‘FS’] }' (3.4)

To clarify the meaning of the quantity Gp, consider the
relation between the density matrix (or more accurately,
its nonequilibrium part) gpp’ and the quasiclassical dis-
tribution function. For simplicity, we shall not write out
explicitly the variables (p, k) that correspond to motion
in the boundary plane, which can be taken into account
with no particular difficulty. The quantity gy is re-
lated to the density matrix in the coordinate represen-
tation, g(z, z’) by

= deJ'dZ'xn (2)g(z,2')qu (z") = %J‘ dz[@(z,Q) e+ (z, —Q) e~
(3.5)

_‘p'(z‘ q)ezi(Qx-a(M)_‘p(z‘ _q)e—li(az—a(h))]'

In writing the second part of this equation we have neg-
lected the contribution to the integral from the narrow
surface region, within which g(z, z’) is comparatively
small; this allows us to use the asymptotic expression
(2.16) for the wave functions. In addition, we have set
a(k) = a(k’). The function ¢(z, Q) is the density matrix
in a mixed representation (qQuantum distribution function),
Q = (k +k’)/2, and q = k —Kk’; in the quasiclassical case,
when Q > q and ¢(z, Q) is a smooth function of z, we
can neglect the last two terms in Eq. (3.5) and set Q = k.
Then, taking the definition (3.1) into account, we obtain

B X Pq (k) T g (—Fk), (3.6)

o= [dk'gum [ dagu=0(0,k)+9(0,—k),  (3.7)
where qu(k) is the Fourier transform of ¢(z, k), while
®(0, k) and ¢ (0, —k) have the meaning of boundary values
of the distribution functions of the incident and reflected
electrons. Thus, in the given approximations, Gp is
simply related to the distribution function on the metal
boundary.

In the well-known approach first suggested by Fuchs“],
the presence of surface scattering is described by a
boundary condition in the form ¢ (0, —k) = (1-P)¢(0, k),
where P is the coefficient of diffusivity of electron ref-
lection from the surface®’. It is easy to show that this
boundary condition is equivalent to the introduction,
into the Boltzmann equation for the sum (pq(k) +~'p_q(— k),
of a term Iy that plays the part of an electron-surface
collision integral and satisfies the equation

hk nm
——p _
2nm (Gk Ak Ih) :

L=~

(3.8)
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A comparison of this equation with Eq. (3.3) establishes
the relationship between our collision integral and the
Fuchs boundary condition, and permits us to connect

the diffusivity coefficient (when it can properly be said
to exist) with the operator for the scattering of the elec-
tron by the perturbations of an ideal metal surface.

Equation (3.3) is equivalent to a boundary condition
in integral form. This sort of boundary condition was
discussed in'**], but the existing microscopic justifi-
cations’® ®in the particular models are limited by the
assumption that the potential barrier is of infinite height
that the surface scattering is weak. Our result, which is
free of these limitations, can be written in the form

2
9(0; k%) =0 (03 k)= 3 Loy [0(0; Ky ) — (05 K, ) 1. (3.9)

This condition possesses all the general properties that
were postulated in the phenomenological approach; in
particular, it guarantees the absence of a particle flux
through the surface.

In addition, the analysis above gives an indication of
the limits of applicability of the boundary conditions
for the distribution functions in the solution of the kin-
etic equation. They are specified by the requirement
that the effective radius of the surface potential and the
decay range of the electron wave function near the boun-
dary be small compared with the characteristic scale
of variation of the distribution function.

In the investigation of essentially quantum phenomena
we must use the collision integral (2.18) in its general
form, noting that the specific details of the quantum
numbers p were not taken into account when we wrote
it down. Quantum effects can be important not only in
special conditions, when the quantization of the electron
orbital motion is significant (the quantum size effect,
magnetic surface levels, etc.), but also in the compara-
tively simpler case of the anomalous skin effect!*°),

We obtained Eq. (3.3) for a semi-infinite metal. How-
ever, the derivation can be carried out in an entirely
similar fashion under the conditions of the classical
size effect, where, although the meaning of the quantity
Gp changes slightly because of the inclusion of a second
boundary, Eq. (3.3) remains practically unchanged.

4. SURFACE SCATTERING

In this section we discuss the boundary conditions for

the simplest typical cases of surface electron scattering.

In all these cases we can immediately take the energy
integral in the general formula (3.4), taking the limit as
s — 0. We then obtain

2n
Jm" = _ﬁ'<IT;;r' (6») |2>6(6p—8p'),

T+(e)=lim T (e+is). (4.1)

The combination (27m/Ak)J 'p in the boundary condi-
tion (3.9) can be interpreted as the probability of a
single scattering of an electron from state p to state p’,
perunit interval of the wave numbers k; its summation over
p’ #p gives the total scattering probability w, of an
electron with momentum p in all directions except that
corresponding to specular reflection. By the use of the
optical theorem we can express wp in terms of the diag-
onal element of the scattering operator:

2nm

_ 4.2
1—i T ( )

2
(Tppt (Sp) >

wy=1—
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In some cases the integral operator acting on
¢(0; k, k) in Eq. (3.9) can be reduced to multiplication
by a function of p, which has the meaning of an effective
diffusivity coefficient. If there is an electric field, non-
uniform along the z axis, acting parallel to the surface
in an isotropic semi-infinite metal, the distribution func-
tion of the electrons incident on the boundary can be
written in the form

(4.3)

where the vector D (k, ep) is parallel to the field and does
not depend explicitly on k. The boundary condition (3.9)
reduces to the Fuchs condition in two cases. First, if
Jpp’ does not depend on the direction of k', then the
integral term in Eq. (3.9) vanishes and the part of a
diffusivity coefficient is played by the total scattering
probability wp. Second, if the D(k’) is a smooth function
compared with J,,’, then we can set D(k’) ® D(k) in the
integral term of Eq. (3.9), and the quantity that plays

the part of P is

9(0; k, %) =xD(k, &,),

2nm wn'
P== Z.'J”'(F e )
P

This situation occurs under conditions close to the nor-
mal skin effect, when D(k) depends weakly on k.

(4.4)

The specific form of scattering typical of a surface
is due to statistically distributed geometric irregularities
(roughnesses) of the boundary. The usual treatment of
electron scattering by roughnesses is based on an ana-
logy with the problems of scattering of acoustic and
electromagnetic waves by a statistically irregular sur-
face (see!'®) , and in effect assumes a surface potential
barrier of rectangular form and infinite height. In a
more general approach, the finiteness of the barrier
height and of the region of decay must be taken into
account. For a rectangular barrier of height U, the scat-
tering potential of a rough surface can be written in the
form

V(p,2)=UO(z—h(p))=Vi(z), ©(z>0)=1, ©(z<0)=0, (4.5)

where h(p) is a random function that describes the shape
of the roughnesses, and V,(z) is the potential of an ideal
boundary, specified according to Eq. (2.3) by the con-
dition {V) = 0. The averages must now be taken over the
different shapes of h(p), and we assume that (h(p)) = 0.

When the amplitude h of the roughnesses is sufficiently
small, the scattering by potential (4.5) can be analyzed
by perturbation theory. In this case it should be kept in
mind that the simple expansion of the scattering operator
T in powers of V implies the assumption that the charac-
teristic value h is small compared to the damping scale
of the wave function xj(z) near the surface, i.e., com-
pared to h/v2mU, Strictly speaking, therefore, this ex-
pansion becomes inapplicable in the limit of large U.
However, by expanding the matrix elements of V in terms
of h, we can use Eq. (2.17) to construct a series for T
in powers of h, the terms of which will in general stem
from different powers of V. It can be shown that each
term of this series tends to a finite limit as U —=, and
that the expansion of the matrix elements Tppf in powers
of h will be correct only if k, k' K h™,

The formal result corresponds to a direct ‘‘expan-
sion”’ of the potential V in powers of h(p). In the approxi-
mation linear in h we obtain for a potential of arbitrary
shape

V(p, Z)=f dp’u(p—p’,2) h(p"), (4.6)
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where the kernel u(p, z) describes the effective interac-
tion between the electron and the surface. Then the scat-
tering probability takes the form

Topr=(2m) *h~'SE (=) [uppr |*8 (er—epr), (4 -7)

§() = (2m)~*  dp exp(~ixp) <R (0) e (), (4.8)

where upp’ is the matrix element of the function u(p, z).

For a rectangular potential barrier of arbitrary
height, the quantity h®k’/mmS occurs in place of u,,’.
Then by substituting the expression (4.7) in the boun-
dary condition (3.9) we can easily show that it becomes
equivalent to the Fal’kovskii condition®!, Thus, in the
first approximation of perturbation theory this boundary
condition is correct for a boundary potential barrier of
any height. Note, however, that Jpp’ begins to depend
weakly on U as early as the second order of perturba-
tion theory.

For an arbitrary barrier, when the correlation func-
tion ¢h(0)h(p)) varies slowly by comparison with u(p, z),
we can set X' ® « in the matrix element uy,,/, and from
the applicability conditions of perturbation theory, we
can expand the square |upp'|2 in powers of k and k’ only
when k is small; in this case we again arrive at the
Fal’kovskil boundary condition.

The problem of scattering by roughnesses of relatively
large amplitude, when hk > 1, is also greatly simplified
when the variation of the function h(p) is slow. If the dis-
tance over which h(p) varies is large compared to the
characteristic amplitude h and the decay range of the po-
tential barrier, the scattering potential of the rough-
nesses can be put in the following form:

V(p, z) =W(z—h(p)) —Vs(2). (4.9)
This expression is a generalization of Eq. (4.5) to the
case of a surface barrier W (z) of arbitrary shape. We
can now write the matrix element of the scattering op-
erator in the form

Tow (e) = S“Sdpsdz exp{—i(x —x')0) Xe(2) V (9, 2) 0. (P, 2); (4.10)
then from the Lippman-Schwinger equation we obtain

N (@, 2) =%, (2) + SdP’SdZ’RO* (P — 0", 2, 2'; exr)-exp {ix (0" — p))
x V', 2) i, (0, 7). 4.11)

The assumption that the variation of h(p) is smooth al-
lows us to remove the functions V(’, z’) and nf,(p’, z')
from under the integral over p’ in Eq. (4.11), setting

p’ = p; then the integral over p’ is taken over the resol-
vent Rj only, and the problem becomes one-dimensional.
We can conveniently estimate the omitted terms by writ-
ing down the Schrddinger equation for 7p(p, 2); they can
be considered negligible only if the characteristic gra-
dients of h(p) are small compared to unity and to the
ratio k/k, and the radius of curvature of the surface

z = h(p) is large compared to k™', These assumptions
correspond to the validity of the Kirchhoff method in

the theory of wave scattering by an uneven surface
(see*®), Chap. VII), which is applied to the phenomeno-
logical treatment of electron scattering in, for
instance,!? 7 ', Note that, in the existing literature,
the Kirchhoff method is actually used only to analyze
the differential and integral scattering probabilities.
Our approach, based on Eq. (4.11), allows us first to
formulate the boundary condition for the distribution
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function and then simply to state the applicability lim-
its of the results.

In the approximations cited above the function
ni)(p, z) does not depend on &, and the dependence on p
enters parametrically through h(p). Thus Eq. (4.1) can
be written in the form

Jppr = zh—ﬂS‘: Sdpe“ O=%10 (T (€4, 0) Taw (e 0)D 6 (8 — Epr -+ £ — ex),
(4.12)
where T(g, p) is the scattering operator in the one-di-
mensional problem, and ey = € —€x. By assumption, the
correlation function {7*(0)7"(0)) decays so slowly that
|k —k’'] <k, k’ for the characteristic scattering events
in Eq. (4.12). The conservation of energy is then guaran-
teed by the smallness of the difference k - k' compared
to the sum k + k’. With sufficient accuracy, we can neg-
lect the square of k —k’ compared to (k +k’)?, so that,
because the integral over p in Eq. (4.12) is symmetric
under the interchange of k and k’, we can replace both
k and k’ with (k +k’)/2 in evaluating the integral, Thus,
to specify the expression (4.12) it is enough to find the
diagonal element Tii(€x, p) = T (P).

We note that the function nj(z) satisfies the one-di-
mensional Schrédinger equation with the potential
W(z —h). Therefore ni(z + h) can differ only by a phase
factor from the function ¥j (z) that describes stationary
states with the barrier W(z) and has an asymptotic ex-
pression of the form (2.16) with the phase a(k) re-
placed by @(k). On the other hand, the asymptotic for -
mula for nj(z) from Eq. (4.10) can be expressed in
terms of 7. Thus we have

T]u(Z) _.-VAZL [emz_ram_w. _ e—ilz+ﬁ(h)+fhh]e:‘p(h), Z > — oo, (4_13)
n 2

_2 1 ikz—1ia (k) —ikz4ia (k) ( i 2nm
nh(z)—’VTEi'[e —e 11 e

The phase 8(k) is specified by the requirement that the
first terms in Egs. (4.13) and (4.14) be identical, each
describing a wave incident on the surface; from this
we can easily find 7

T)] 2> —co.(4.14)

2

Rk [1 —e;xp 2i(kh +a(k)—a(k))]
2nm

and after we exchange k — (k + k’)/2 and substitute this
into Eq. (4.12) we obtain

(4.15)

Ty=—1i

2 g BN w—n
T = () S°K (G ) oterme,

K(1)=(2n)"%(k+ k')’fdp expl—i(k + & )yp}<expli(k + k') [R(D)
dh
—h(e) 1) =~ (27) [ dw exp(— i) (exp(mﬁ))- (4.17)

(4.186)

The transition to the final expression in Eq. (4.17) cor-
responds to the determination of the short-wave (hk >> 1)
asymptotic form of K(y).

The function K(y) has the meaning of a distribution
function of the gradients of h(p) and drops off rapidly
for values of y larger than the characteristic values of
Voh(p), which are small compared to unity and to k/k.
For this reason we can expand all the smoothly varying
functions under the integral in Eq. (3.9) in powers of
K —k’ to arrive at the following expression:

©(0; ko) — @(0; — k%) =

a 1 1 0 &
m 2T+ 2k —— [ ;
F{1 2k 5x 2“(1: ak+ak2)}¢(0’k’”)’ (4.18)
I = (Veh () = { dvyK (v)-
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The derivative of the function ¢(0; k, k) =kD(k, ep) with
respect to k is taken at constant energy €. If the skin
effect is nearly normal, then D(k, eP) depends weakly on
k and only the first term on the right side of Eq. (4.18)
is significant, which corresponds to the Fuchs boun-
dary condition with the diffusivity coefficient P = 2T.
The value of this coefficient is small, while the inte-
gral scattering probability, calculated from Egs. (4.2)
and (4.15), is wy = 1 —{exp 2ikh(p)??, and is close to
unity at kh > 1.

In the region of the anomalous skin effect Eq. (4.18)
is valid as long as the ratio of the depth of the skin
layer to the length of the mean free path is large com-
pared to the gradients of h(p). Then the most important
terms on the right side of Eq. (4.18) are those propor-
tional to k%, and the boundary condition for the distrib-
ution function does not have the form of the Fuchs con-
dition, but contains derivatives with respect to k.

An analysis of the scattering by roughnesses shows
that the scattering is strong (diffusivity coefficient of
order unity) when the amplitudes of the functions h(p)
and their gradients are sufficiently large. A detailed
solution of the problem under these conditions encoun-
ters essential difficulties similar to those that occur in
the theory of wave scattering.

We note that the boundary conditions (3.9) that we
have obtained serve to open certain paths for a subse-
- quent phenomenological approach.

Another type of surface scattering of conduction elec-
trons is due to point defects of the crystal surface. If
we neglect interference effects in the scattering from
different defects, it is sufficient to find the scattering
operator from a single defect. By multiplying the tran-
sition probability for scattering at a single center times
the surface concentration of defects, we obtain the de-
sired transition probability. In the case when the effec-
tive radius of the defect potential is large compared to
the decay range of the wave function near the surface,
in solving the problem of scattering for characteristic
momenta much smaller than v2mU we can use the
stationary wave functions for a rectangular potential
barrier of infinite height. Then the matrix element
Tpp’ is proportional to the difference F(k, k; k', k')

- F(k,—k; k', k'), where F(p, p’) is the amplitude of
bulk scattering by the potential of the given defect. A
similar result was obtained inm, where the scattering
by defects of different types was analyzed.

We have considered another limiting case, when the
scattering is from defects whose effective radius is
small compared to the electron wavelength. In thig case,
generally speaking, the behavior of the wave function
near the surface plays an essential role. We must keep
in mind, however, that in a real situation the small-
radius defects are not localized exactly on the surface,
but are distributed with probability density w(z) within
some surface layer. If the layer thickness d is large
compared to the effective radius of the surface potential,
the deviation of the barrier from a rectangular shape
can be neglected, and by assuming the exponential form
w(z) = d 'exp(z/d) we can find the diffusivity coefficient:

fobo kd

= 32nnfid ,
P = S2mnfud ST T 2ka)

(4.19)

where n is the surface concentration of defects, f, is the
length for scattering length from the defect potential,
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and po = Vk2 + k? . To obtain the result (4.19) we made
use of the theory of low-energy scattering and computed
the matrix element TE)P' in a manner similar to that
used in, for instance,l14]. The integral term in Eq. (4.3)
vanishes, so that Ti)p' does not depend on the direction
of k',

According to Eq. (4.19), at pod > 1 the diffusivity
coefficient is a nonmonotonic function of the electron
grazing angle. At kd > 1, the increase of P is inversely
proportional to the sine of the grazing angle as the
direction of incidence deviates from the normal to the
surface; this may be explained by the increased distance
traveled by the electron in passing through the layer of
scattering defects. At kd < 1 this behavior is superseded
by a quantum effect related to the smallness of the ab-
solute square of the electron wave function in the region
occupied by defects, and P becomes proportional to the
sine of the grazing angle. Note that the indicated asymp-
totic behavior of P is practically independent of the form
of the defect distribution function w(z).

5. CURRENT DENSITY IN THE CASE OF WEAK
SURFACE SCATTERING

In Sec. 3 we showed that the use of a boundary con-
dition to take account of surface scattering effects is
related to the neglect of quantum effects due to the de-
cay of the electron wave functions near the surface. The
role played by these effects can be analyzed simply in
the case of weak surface scattering, when the collision
integral can be treated as a small correction in the
kinetic equation, and the scattering can be considered
in the Born approximation. We must then begin from the
complete expression for I (see Egs. (2.12)-(2.14)). We
give here the result of the calculation of the Fourier
amplitude of the current density j,,, (here q is the z-
component of the wave vector) for scattering under the
conditions of the anomalous skin effect, when bulk scat-
tering also plays a part that is small and can be des-
cribed by a relaxation time 7.

The quantity ja‘w consists of three terms:
(5.1)

where o(q, w) is the transverse bulk conductivity; qu
is a quantum correction due to the influence of the ideal
surface, which was studied in detail by van Gelder°’;
and jqw is the contribution from scattering by rough-
nesses. Assuming that the surface barrier has a rec-
tangular shape and infinite height, we have

Jaw=0(g, ©) Ees™+ju+jat,

jo = [ da'P(g,q',0) B (5.2)
, 2eh N
0"(q,q ,m)=mjdxjdx jdk Idk .
. E(” - “') (fp - fﬁ')M:P' (q)M”' (q')ﬁ(e,—e,--i-hm), (5.3)
Mrzp’ (q) =”k'(k+q) (su’ r+g—Ex k—hm—iﬁ/‘r) =
+x'k(k'+q) (ew xiq—ex wHho+ifi/t)"!, (5.4)

where the function £ (k) is as specified by Eq. (4.8). To
obtain Eq. (5.3), we substituted in the total collision
integral (2.12) the value of gpp’ Obtained without taking
account of surface scattering, then replaced R(e) every-
where with Ro(e) and, after passing to the limit s — 0,
kept only the most significant delta-function parts of
the resolvents.
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The quasiclassical limit of Eq. (5.3) is obtained if
we neglect q by comparison with k, and fiw by compari-
son with €,; then, in particular, the difference f ~pr,
is replaced by ~hwaf /8ep. It is easily apparent that in
this limit oh(q, q’, w) coincides with the corresponding
Fal’kovskif’ expression[g]. An estimate of the quantum
corrections shows that they are of the same order of
magnitude as the contribution of ja& in Eq. (5.1) rela-
tive to the bulk part. Thus, for the case of weak surface
scattering a quantum mechanical calculation, which does
not use the boundary condition, leads to a result that
includes the van Gelder corrections.

We are sincerely grateful to Prof. P. S. Zyryanov
for his active and careful supervision of this work. We
deeply regret that our gratitude is posthumous.

DMore commonly, a specularity coefficient equal to 1—P is introduced.
The use of the quantity P in our analysis leads to some reduction in
the length of the formulas.
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