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The distribution of an electromagnetic field in a metal is studied at external-electromagnetic-wave
frequencies close to the cyclotron-resonance frequency. It is shown that if the deviation from
resonance satisfies the inequalities obtained in the present paper, then the electromagnetic field at
distances from the surface approximately equal to an integer number of characteristic cyclotron
diameters should be the short cyclotron wave whose spectrum was previously derived by Kaner and
Skobov. The physical cause of this phenomenon is cyclotron-wave generation in all the internal skin
layers. Thus, under certain conditions, short cyclotron waves may effectively penetrate through
samples of sufficiently large thickness. Conditions under which the waves can be detected

experimentally are indicated.

The amplitude of an electromagnetic field in a metal
attenuates rapidly with increasing distance from the
surface, and differs noticeably from zero only in a small
layer of thickness 6. The situation changes significantly
when a metallic sample is placed in a strong constant
and homogeneous magnetic field, when Q7 > 1. Here
Q = |elH/m*c is the cyclotron frequency, e is the
charge of the electron, H is the magnetic field intensity,
c is the speed of light, m* is the effective mass of the
electron in the magnetic field, and 7 is the mean free
path time. In this case the electromagnetic field can
penetrate into the interior of the sample to a depth
greatly exceeding 8. This anomalous penetration of the
electromagnetic field into the metal is of particular
interest in the region of high frequencies w of the elec-
tromagnetic wave, when the interaction of the wave with
the conduction electrons is of resonant character-cyclo-
tron resonance (CR).

Azbel’™ has shown in 1960 that a system of spikes
of electromagnetic field is produced in a metal near
CR at depths that are multiples of the cyclotron diam-
eters of the resonant electrons Dy = ZCpl(pg)/lelH,
where p, (pz) is the radius of the intersection of the
Fermi surface with the plane p; = const, and p,, is the
projection of the electron momentum on the direction
of the magnetic field. In 1964, Kaner and Skobov(?! have
shown that near the resonant frequencies there exist
weakly-damped electromagnetic oscillations—cyclotron
waves with wavelength much shorter than the cyclotron
diameter. Later, in 1966, Walsh and Platzman"! have
experimentally observed the existence in the vicinity
of CR of electromagnetic waves of a different charac-
ter—with wavelength that is not small, but is to the
contrary large in comparison with the cyclotron diam-
eter. The amplitude of these waves is much 'smaller than
that of the waves considered by Kaner and Skobov (by a
factor D/5), but the longer wavelength causes these
waves to be more intense than the short cyclotron
waves if a depth is appreciable.

Experimental observation of short-wave oscillations
encounters significant difficulties. The reason is that
although the short waves are weakly damped (the damping
length lo is many times larger than &), nevertheless [,
is not large enough in real cases for the electromagnetic
wave produced by the currents in the skin layer at the
surface of the metal to pass without appreciable damping
through a sample of thickness d which is in any case not
less than D,." Consequently, not one of the types of the
short waves in metals considered in the literature (see,
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e.g., the review["]) has a large enough penetrating power
to pass through a sample and be observable. Therefore
the observation of short waves passing through a sample
would be of considerable physical interest.

It is shown in this paper that under certain conditions
cyclotron waves can penetrate effectively through samp-
les of sufficiently large thickness. The reason is the
generation of an electromagnetic field in all the internal
skin layers located at distances that are multiples of Dy
from the surface. The field spikes in these layers gen-
erate waves that are damped over distances of order I,
and consequently if the sample has a thickness equal to
pDe +y(@ =1,2,...), while y < lo, then the wave
passes through the sample. The transmitted signal is in
this case a2 nonmonotonic function of the magnetic field.

Consider a plate of thickness d placed in a magnetic
field parallel to the surface. We choose the direction
of the z axis along the magnetic field H, and direct the
y axis along the inward normal to the surface. The spec-
trum, damping, and distribution of the field of the wave
are determined by the Fourier components of the high-
frequency conductivity tensor of the metal, the expres-
sion for which near the n-th harmonic of the CR in the
case of a quadratic carrier dispersion law isl*
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where N is the concentration of the conduction electrons,
v = 7! is the characteristic frequency of the electron
collisions with the scatterers, and the dimensionless
velocity components wi{u) are given by

@
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wa () =—i(1—p?) "dl. (&) Jde, E=kR(1—p2)";
wy<u>=—l:%1n(§>, wo=pla(8).

Here i = pg/po, Po is the Fermi momentum of the car-
riers, R = cpo/eH, k is the wave number, and Jy(§) is a
Bessel function of order n.

In the vicinity of the CR there exist two types of
weakly-damped electromagnetic oscillations: an ordin-
ary cyclotron wave excited by polarization of the elec-
tromagnetic field E = (0, 0, E), and an extraordinary
wave excited at E = (E, 0, 0). The spectrum of each of
the waves is determined by the diagonal components
0zz(k, @) and oy, (k@) of the conductivity tensor, respec-
tively (as shown in 2], the off-diagonal components of
the tensor 0j) can be neglected in the expression for the
spectrum of the short cyclotron waves).
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To study short-wave oscillations it is necessary to
obtain an asymptotic expression for 0,,(k, w) and
Oyx(k, @) at kKR > 1. Integrating with respect to u in
formula (1) by the stationary-phase method, with allow-
ance of oscillating increments that are small in terms
of the anomaly parameter kR, and determining the field
spikes at distances that are multiples of the cyclotron
diameter we have

(—1)™ sin(2kR+n/4)
uk 0) =04 (k, @) {1 -2 :
022 (K, ©) =00 ( m){ P R)" } (4)
2 sin(2kR—n/4)
2 (K, ©) =00 (k, 11— —
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where A = Hypeg — H)/Hpgg is the detuning from reson-
ance and Hy..¢ = @wm*c/ne.

The field distributions in the plate is determined by

Eo(y)=—2n"'Eo/ (0)Tu(y), a=(z, 2), (M)

where
dk cos ky
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0
At distances shorter than or of the order of one or
several cyclotron diameters, the main contribution to
the integral is made by large k, at which the expression
for oyq(k, w), as seen from (4) and (5) can be represen-
ted in the form

Oaa (K, ©) =00 (K, ©) { 1+am+i)}

R)" (9)

The simple expressions (8) and (9) are sufficient for the
study of the qualitative picture of the distribution of the
field in the metal, if the character of the reflection of
the conduction electrons from the sample boundary is
not close to specular?!,

Substituting expressions (9) in (8) and expanding in
the small parameter (kR)™S we obtain, neglecting the
rapidly oscillating terms under the integral sign, the
function Ty (y) in the form

)

To(y) =T )+ () +. . AT )+ (10)
(m) . 3 dk pm (k)
Ta (y)=(4nioc) ;‘:(kR)‘“[k’—4nimc"oo(k,m)]”‘“ ,
(= O™ [ coslk@mR—y)+mal,  m=2f (11)
P =" {—isin[k(ZmR—y)+ma], m=2f+1
(f=0,1,2,...), where k, satisfies the inequality

R < k, < ko, and ko is a solution of the dispersion
equation and determines the short cyclotron waves?]

(12)
It is obvious that the existence of a weakly-damped

wave is possible only under the condition Imao(k, w)
> Reoo(k, w), which is valid if the inequality

k*=4niwc?c, (k, ®).

Ay (13)

is satisfied. When this inequality is taken into account,
the solution of the dispersion equation (12) becomes

(I 28) s st

Here w3 = 47Ne®/m* is the plasma frequency. The
quantity

(14)
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determines the thickness of the skin layer.

It is seen from (14) that the cyclotron wave (ordin-
ary or extraordinary) generated by the skin layer, is
damped over distances on the order of

L=8A/y. (15)

The damping length [, is comparable with or exceeds the
cyclotron diameter when the relation Awt > R/6 is sat-
isfied; this is attainable only in unprecedentedly pure
samples. In the opposite limiting case

A<YR/S (16)

the amplitude T&”(y) is exponentially small at |y — 2R|

< lo, and at these distances the field is determined by
the second term of expression (10). (This condition leads
simultaneously to the absence of interference between
the waves generated by the various skin layers).

An analysis of the expression for T‘(I“(y) shows that
the distribution of the field near the spike has a rather
peculiar character. It is easily seen that the field ampli-
tude at |y —2R| < 6 is smaller by a factor (ko/R)S than
its value at the surface of the metal. At large distances,
when 6 < |2R —y| = I,, the value of the integral T’ is
determined by the residue of the integrand at the point
k = ko, the evaluation of which yields
nai
18k,

It follows from this formula that up to distances y < 2R
+ 1o the field amplitude increases, after which it de-
creases exponentially with increasing |2R —y|. Naturally,
the maximum field amplitude is smaller in the region of
the spike than at the surface of the metal, and this leads
to the inequality

75" (y)=

(koR) ~*1 kol (2R—y) expliko| 2R—y | +ia sgn (2R—y)}. (17)

2—°(lanR)“=%-(lko|R)"<1, (18)

which was implicitly used in the calculation of the field
distribution. It is easily seen that only in this case it is
correct to represent the field in the form of the expan-

sion (10).

Quite analogously, analyzing the integra} (sl), we
arrive at the conclusion that the function TO,m (y), which
determines the electromagnetic field at distances on the
order of 6§ K |y —2mR| < /o, is a cyclotron wave that
propagates from the m-th spike with an amplitude pro-
portional to the quantity

(koR)=*"[ | ko | (2 R—y) ™.

The wave field distribution is shown schematically in
the figure.
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Substituting in (17) the values of a, s, and @ deter-
mined by formulas (4) and (5), we obtain the field dis-
tribution for the propagation of the extraordinary and
ordinary waves:

A4V H Y .
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19
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36k, (19°)

+ i%sgn(ZR—y)} .

It is interesting to note that even in the case of an
isotropic dispersion there arises an appreciable differ-
ence between the field distributions at different polari-
zations. The amplitude of the field of the ordinary wave
at |y —2R| < /o is smaller by a factor (|koR)* than the
amplitude of the field of the extraordinary wave.

In addition, the detuning limitations at which the dis-
cussed effect takes place are different for the ordinary
and extraordinary waves. The condition (18) under which
the ordinary waves is generated by the spikes is weaker
than the condition (16) for the absence of interference
effects. The situation is reversed for the extraordinary
wave. Recognizing also that the propagation of cyclotron
waves is possible only in the vicinity of the cyclotron
resonance, we write down the final inequalities under
which the considered field distribution in the metal is
produced.

In the case of the ordinary wave
y<A<min(1, YR/9). (20)

In the case of the extraordinary wave

Y<A<1 at  yyR/6>1,

(20')

Y<A<YYR/S at  yyR/6<1.

We call attention to the fact that in the latter case
the amplitude of the cyclotron wave in the region of the
first few spikes is comparable with the amplitude of the
field at the surface of the metal.

We proceed now to consider short cyclotron waves
in metals with anisotropic carrier dispersion. In this
case the cyclotron frequency Q is different for different
values of the electron-momentum projection on the
direction of the magnetic field. Small selected electron
groups take part in the resonance, namely electrons with
extremal effective mass, the extremum of which always
is reached on the central section of the Fermi surface,
electrons with extremal cyclotron diameter, and elec-
trons near a limiting point of the Fermi surface.

In the case of cyclotron resonance with electrons
with extremal diameter, it is a small increment to the
impedance that is resonant. The dissipative part of the
principal term in the conductivity is of the same order
as the imaginary part, and consequently the propagation
of electromagnetic waves near these resonant frequen-
cies is generally speaking impossible.

Near a limiting point of the Fermi surface, there is
no preferred cyclotron diameter, so that this method
of ‘‘dragging through’’ an ordinary cyclotron wave to
an appreciable depth into the metal is excluded.

We consider the propagation of an extraordinary wave
excited at resonance with electrons of the central sec-
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tion, in the case when m*(pz) has a minimum at p, = 0,
To simplify the calculations we assume that the sections
of the Fermi surface at p; = 0 are circles. This makes
it possible to use formula (1) and (2) in the calculation

of the conductivity oy (k, w), but it is necessary at the
same time to take into account the dependence of @

on . Replacing in (2) the derivative dJ,(§)/d¢ by its
asymptotic expression for £ > 1 and substituting in

(1), we get

N 1 . kR A
etk 0) =g ([t () [ g SRRETID T
2nmiokR UJ wu*+A—iy 4 wpt+A—iy
1 o*m’ (21)
K= >0.
2m” op* |l

The calculation of the first integral is elementary.
The value of the second depends on the relative
¢“‘sharpness’’ of the numerator and denominator. The
characteristic scales of variation of the numerator
and denominator are 54, = v5/R and 6. = max(VA, vy ),
respectively.

We consider first the case

Y>6/R. (22)

The numerator at all values of A is then a sharper func-
tion and the resonant denominator can be taken outside
the integral sign. Integration by the stationary-phase
method then yields for the conductivity oy, (k, ) the
expression

O (k, 0) =

3Ne* 1 {1_(_1)"1/ % sin(2kR—n/4) }
2m"iokRY% YA—iy kR VA—iy '
(23)
This expression for Oxyx and the dispersion equation (12)

determine the wavelength and the damping of the extra-
ordinary cyclotron waves. At A> y we have

. 3\"/ wR\" 1 s iy
= (gr) (55) ma(1)-
If the inequality (22) is satisfied, the damping length is

Io = |k#'Awr K R, and the field at the distances
|y —2R| = I, satisfies the expression (17). Substituting

(24)

a=(—1)""Vu/nd, s='f, a=—n/4,
we obtain
AN Y i
7 (= SV oy 2Ry exp{ it 2R—y)
18k,*VA .

—-i—%sgn(ZR—y)}. (25)
From expressions (11) at m = 1 and from (23) it follows
that formula (25) is valid provided the inequality
A<Y'R/% (26)

is satisfied. This requirement is analogous to the ine-
quality (18), which pertains to a quadratic dispersion
law. The condition for the compatibility of the inequali-
ties (13) and (26) leads to the already employed ine-
quality (22).

In the Opposite limiting case y < 6/R, the require-
ment on the detuning at which cyclotron waves can propa-
gate in a metal is more stringent than A > y, namely

A>6/R. (27)

Although in this case the wave generated by the prin-
cipal skin layer attenuates over distances larger than
2R, the satisfaction of the inequality

1<b/R<A<]
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is impossible in experiment at present (this calls for
samples whose quality must ensure satisfaction of the
relation wr = 10%). At A < 5/R, a significant transfor-
mation of the wave spectrum takes place. The frequency
w corresponds to an entire series of waves with lengths
satisfying the equation gA/2 =2R (@ =1, 2, ...) The
only interference with physical meaning between these
waves is the one leading to the existence in the metal of
sharp slowly-damped field spikes™’.

We suggest that it is most convenient to study this
effect by observation of the cutoff of the cyclotron
resonance. Let H, be the cutoff field, i.e., 2Ry =4d,
and let Hy be the smallest resonant value of the magnetic
field at which the corresponding cyclotron diameter is
still less than the thickness of the conductor. By using
a frequency-modulation method (see, e.g.,[”), it is pos-
sible to decrease somewhat the frequency of the reson-
ator in such a way that in the vicinity of the n-th res-
onance the inequality Dy —d < /o is satisfied. Then the
transparency peaks become quite distinct. The measured
signal, which is proportional to T(“(y), as follows from
expressions (19), (19'), and (25), is periodic in A™* in
the case of quadratic dispersion and in A™/® in the case
of anisotropic dispersion of the carriers. All this, in
our opinion, makes it possible to identify the considered
effect uniquely.

The authors thank G. E. Zil’verman and E. A. Kaner
for valuable advice and remarks.

DAL De > d, the character of the CR is appreciably altered [*:¢] and
the question of the existence of cyclotron waves in this case calls for
a special analysis.
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times with the boundary participate in the production of the near-
surface skin layer. The resonant electrons “record” the information
on the skin layer at a considerable depth from the surface, and this
can lead to a change in the picture of the field distribution in the
metal. An analysis of this question is timely for all the presently
known types of anomalous penetration of a field into a metal, and
in this sense the effect studied here is no exception. No solution of
this problem has been obtained so far, however, owing to its great
complexity. It should nevertheless be noted that the very existence
of the indicated effects is not subject to doubt even in this case.
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