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The motion of the magnetic moment is considered for a uniformly magnetized single-domain particle 
in a periodic field parallel or perpendicular to the axis of easy magnetization. It is shown that the 
character of the dispersion of the magnetic susceptibility depends substantially on the ratio 
(T=KV/kT of the magnetic anisotropy energy to the thermal energy. With decrease of the parameter 
(T, there is an increase of the probability of thermal fluctuations in the direction of the magnetic 
moment of a particle (an analog of Brownian rotation), and this leads to broadening of the 
absorption line and decrease of the resonance frequency. A critical value (T= (T, is found, at which 
the characteristic frequency of precession of the magnetic moment in the anisotropy field vanishes. 
Near (T, the characteristic frequency is wo[2«(T-(T.)/S(T.]1I2, where Wo is its asymptotic value as 
(T-'j 00. It is shown that the resonance (Lorentz) lines corresponding to large (T are continuously 
transformed, with decrease of this parameter, to purely relaxational (Debye) lines. 

1. INTRODUCTION 

In the classical paper of Landau and Lifshitz [1] , 

which initiated the modern theory of ferromagnetic res­
onance, one topic considered in particular was the motion 
of the magnetic moment IJ. of a uniformly magnetized do­
main in the internal anisotropy field and an external 
radiofrequency field. If J.1. = MV, where M is the magnet­
ic-moment density and is equal to the saturation magnet­
ization and where V is the domain volume, the Landau­
Lifshitz equation can be written in the form 

(1) 

Here y is the gyromagnetic ratio for electrons; O! is a 
dimensionless damping constant; He is the effective 
field, equal to - aU/IlIJ.; and U is the magnetic energy 
of the domain. For a uniaxial ferromagnetic crystal 

U=-~Heh-KV(en)2, h=H/H, e=f.1/~, (2) 

where K is the constant of effective magnetic anisotropy, 
n is a unit vector in the direction of the axis of easiest 
magnetization, and H is the applied radiofrequency field. 

For H = 0, Eq. (1) describes the free precession of 
the vector Jl. in the anisotropy field HA = 2K/M with 
characteristic frequency Wo = yHA and relaxation time 

-ro= (awo) -t=M/2a"(K. (3) 

In a periodic field H perpendicular to HA, the motion of 
the magnetic moment has a typically resonant character; 
the real and imaginary parts of the magnetic suscep­
tibility have a so-called Lorentz form; the dimensionless 
(measured in fractions of w o) width of these lines along 
the frequency scale is of order a. 

The goal of the present paper is to solve the following 
problem: how does the dimension of the particle affect 
the character of the motion of its magnetic moment? 
The dimensional effects discussed in the article should 
show up in very fine (~100 A) particles, the interac­
tions between which are here neglected. An adequate 
phySical example is a dilute colloidal suspension of fer­
romagnetic particles in any nonmagnetic matrix (whe­
ther solid or liquid is immaterial, since the character­
istic frequencies are so high that motion of the magnetic 
moment with respect to the body of the particle cannot 
excite any appreciable motion of the particle with res­
pect to the liquid[2]). 
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In the range of dimensions in which the magnetic­
anisotropy energy KV is comparable with the thermal 
energy kT, a fluctuational mechanism of reorientation 
of the vector IJ. becomes important. The motion of the 
magnetic moment of a Single-domain particle under 
the influence of thermal fluctuations (first pOinted out 
by N~el [3 1) is analogous to the Brownian rotation of a 
particle in a liquid and can be described by a Fokker­
Planck equation[4 1. Here the Landau-Lifshitz equation 
(1) plays the role of a dynamiC equation describing the 
regular change of the vector IJ.. The coefficient O!y / J.1. 

before the relaxational term in (1) has the meaning of a 
rotational mobility of the magnetic moment, so that for 
the rotational diffusion coefficient in Einstein's formula 
one obtains D = O!ykT/ J.1.. On comparing the character­
istic time of orientational diffusion of the magnetic 
moment. 

T= (2D) -t=MV/2a"(kT (4) 

with the time of rotation of a Brownian particle in a vis­
cous liquid TB = 31]V/kT, we conclude that the role of 
the viscosity 1] in the mechanism of magnetic diffusion 
is played by the quantity M/6ay. We note that between 
T of (4) and To of (3) there is the simple relation 

-r=OTo, o=KV/kT. (5) 

We point out also the analogy between the precession 
of the magnetic moment in the anisotropy field and the 
cyclotron rotation of charged particles of a plasma in a 
magnetic field. In order that it may be possible to speak 
of precession at all, it is obviously necessary that its 
period be small in comparison with the rotational dif­
fusion time (the latter here plays the same role as does 
the free-passage time of the particles of a plasma). In 
other words, over a time T the vector IJ. "forgets" 
about its precession produced by the magnetic torque. 
By (3) and (5) the condition for existence of precession 
WoT» 1 reduces to (J» a; that is, it is satisfied only 
for suffiCiently coarse particles, V » O!kT /K. 

In Sec. 2, the Fokker-Planck equation for the proba­
bility W of orientations of the particle's magnetic mo­
ment is derived, and its spectral properties are analyzed. 
The eigenvalues A of this equation determine the frequen­
cies ImA and damping decrements ReA of the normal 
modes, by superposition of which one can describe an 
arbitrary deviation of W from the equilibrium distribu-
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tion Woo For small (j there are no characteristic fre­
quencies (all A's are real), so that in the absence of an 
alternating field the vector iJ. relaxes monotonically 
into the direction of HA' Complex A's occur at values 
of (J larger than a certain critical (J*, near which ImA 
is proportional to the square root of the difference 
(J--a *. 

Results are presented of numerical (Galerkin's 
method, carried out by computer) and analytic (the 
method of moments) investigation of the function A«(J). 
Values of 

1m A=(i)o, Re A =(~(i)o, (6) 

determined by the Landau-Lifshitz equation, are ob­
tained for the corresponding levels of the spectrum of 
A in the low-temperature limit (J _ 00 , when the proba­
bility of thermal fluctuations in the directions of the 
magnetic moment iJ. approaches zero. 

In Sec. 3 the magnetic susceptibility X is found, in a 
periodic field parallel (Xii) or perpendicular (Xl) to the 
axis of easy magnetization. It is shown how the reson­
ance (lorentz) lines of Xl [11, obtained at a» 1, become 
deformed with diminution of (J and in continuous fashion 
are transformed at (J« 1 to purely relaxational (Debye) 
lines. The dependence of the resonance frequency and 
of the width of the absorption line on (J is determined. 

2. SPECTRAL PROPERTIES OF THE FOKKER-PLANCK 
EQUATION 

The probability W(e, t) of various orientations of the 
magnetic moment iJ. = iJ.e of the particle must satisfy 
the conservation law 

oW 
-at + div(vW) =0, (7) 

where v is the velocity of motion of the tip of the vector 
e along the surface of a sphere of unit radius. This velo­
city is defined as 

de 1 dl' 
v='-=--

dt "dt 

and is made up of two parts-a regular part vr and a 
stochastic (Brownian) part vs. The first of these, accor­
ding to (1) and (2), is 

v,=-y[eH,j-a:y[e[eH,] ], 
H,=-oU/o,,=Hh+2KV,,-I(en)n. 

(8) 

An expression for the random velocity of wandering 
Vs can also be obtained[4] from the Landau-Lifshitz 
equation, by replacing the regular field He in (8) by the 
stochastic field 

H.=-kTo In w/aJl, 

this gives 

kT kT 
v.='Y-[eVjln W+ctoy-[e[eVjJln W. 

" I' 

On substituting v = Vr + Vs in (7), we obtain, after 
simple transformations, the Fokker- Planck equation 

2.W =-iL{ex- l sh+2cc1a(en)n+s[ehJ +2a(en) [enj-iL} W, 
s="H/kT, L=-i[eV J. 

(9) 

(10) 

In the absence of an external field (~ = 0), Eq. (10) in 
spherical coordinates, with the polar axis along n, takes 
the form 

aw 8'W aw 1 O'W 
2't"-=--+ctgit-+----

at ait' att sin'it a<p' 
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a oW aw 
-2-cos it-+ 2asin it cos it--+ 2a(3 cos' it-i) W (11) ex o<p 81t . 

The stationary normalized solution of this equation is 
the Gibbs distribution 

• 
W o=(41lF)-'e""', F(a)= S e"'dx, x ... en=cosit. (12) 

An arbitrary deviation W - Woof the distribution 
function from its equilibrium value can be expanded in 
normal modes, 

W/m(X, <p, t)='¥/m(X) exp {ax'+im<p-'A/mt}. (13) 

On substituting (13) in (11), we obtain for the amplitudes 
of the normal modes >Vlm and for the dimensionless de­
cremen ts ~lm = 2Alm T the equation 

-A'¥=A'¥, 

A=~[ (1-X')~]-~+2ax(1-x')~-2im.!!....x. 
dx dx 1-x' dx a (14) 

The solutions >V (x) of (14) are orthogonal to the solu­
tions of the conjugate problem 

(15) 

where i.: is th~ Hermitian conjugate operator to A. 
The operator A+ looks especially simple if one requires 
orthogonality with weights: 

+I 

S '¥.m(X)tD/m(x)e"X'dx=N6., (16) 

(N = const is a normalizing integral). To obtain the con­
jugate problem, we multiply the equation complex-con­
jugate to (14) by <1> (x) exp (ax2 ) and integrate with respect 
to x: 

+1 

S tDeoX'(A''¥'+A''¥')dx=O, 
-I 

By use of (14), this expression is easily transformed 
to the form 

S '¥'eoX'(A'<l>+A'<l»dx=O, 
-I 

whence follows the equation for <1> (x) 
-A·<l>=A·tD. 

On comparing this with equation (15), we conclude that 
A+ = A*; that is, the operator A+ differs from A only 
with respect to the Sign of the last term in (14). This 
fact enables us to relate their eigenfunctions in a simple 
manner: <1>* = >V. Thus the orthogonality condition (16) 
takes the form 

+I 

S '¥'m (x) '¥ 1m (x) eO.' dx=NB ... 

The nonhermicity of the operator A indicates that its 
eigenvalues ~ may be complex. 

(17) 

Investigation of the spectrum of ~(O') is conveniently 
begun by consideration of the case of small (1. For 
(J = 0, Eq. (14) is satisfied by the Legendre associated 
polynomials 

(0) ./{ 21+1 (l-m)! }'/' 
'¥Im (x) =1 -2- (l+m)! Plm(x), A/m(O)=l(l+1). (18) 

Here the normalization is so chosen that the integral 
N = + 1 for even land N = - 1 for odd. 

For nonzero but sufficiently small (j, the solution 
of (14) can be constructed from series in powers of (J. 
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We shall not give these simple calculations, We point 
out only that the decrements A in an arbitrary order of 
the perturbation theory remain real, whereas the func­
tions +- at a f 0 cease to be even and can be expressed 
as the sum of a real even part (index g) and an imaginary 
odd part (index u): 

(19) 

(for example, an expansion originating from an even 
level contains, at small a, a small imaginary part, odd 
in x). It is nevertheless possible even when a f 0 to 
speak as before of "even" and "odd" solutions, de pen -
ding on which levels of the spectrum they approach at 
a _ O. We remark that the normalizing integrals (17) 

+, 

N= S '¥'e""dx= J ('¥,'-'¥.')e .... dx 

of even functions are positive (since for a -0 tIIu van­
ishes in them), whereas those of odd functions are neg­
ative. 

Thus as long as the series in powers of a converge, 
the perturbations (13) of the distribution function des­
cribed by them decrease monotonically with time. This 
can also be seen directly. If one multiplies Eq. (14) by 
>¥* exp (fJX2), integrates with respect to x, and subtracts 
from the resulting relation its complex conjugate, one 
obtains 

S xl'¥ I'exp (crx')dx 
ImA=2m cr ~-----r---

ct J l'¥I'exp(crx')dx 

The integral in the numerator of this formula, on sub­
stitution of til from (19), vanishes identically (by the 
parity properties). 

Thus the occurrence of oscillatory perturbations is 
possible only for finite values of a, larger than a cer­
tain a*. The latter also determines the radius of con­
vergence of the series mentioned above. On multiplying 
(14) by >¥exp (ax 2 ) and operating further as in the deri­
vation of the preceding relation, we obtain with allow­
ance for (19) 

(A.'-A.) S ('¥,'- '¥ .') e"'" dx=O. 

Hence it is evident that the occurrence of oscillatory 
(A fA·) perturbations for a> a. is preceded by the 
vanishing, at the point (1., of the normalizing integral 
N. This type of singularity in the spectra of nonher­
mitian operators is well known [5]; they occur upon 
intersection of two levels to which, in the real range 
(a < a*), correspond functions with normalizing inte­
grals of opposite signs [6]. 

For investigation of intersections in the spectrum of 
decrements, a convenient method is that applied by Lan­
dau and Lifshitz [7] in the theory of electronic terms of 
molecules. For some a = Uo let two neighboring decre­
ments Al and A2 be real and close together ("quaside­
generate"). Because of the alternation of even and odd 
levels, the normalizing integrals of the amplitudes 'It, 
and oli2 have opposite signs (let us say that N, = + 1 and 
N 2 = -1). The amplitude at a neighboring point ao + E 

can be expressed in the form 

'¥ =c, '¥ ,+c, '¥ •. 

For determination of the expansion coefficients c, and 
C2, one obtains in the usual way, from (14), a homogen­
eous system of two linear equations. On setting the de-
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terminant of this system equal to zero, we find the 
decrements near the point ao: 

A.± = ~[A.,+A.,- (BII-B,,)e )±I.'/.[A.,-A,- (BII+B,,) e)'-B"B"e')''', (20) 
2 

where 
+t &A~ 

B •• = S'¥."W'¥.exp(crx')dx. 
-, 

Proceeding to the analysis of formula (20), we note 
first of all that in the range of reality of the decremen ts, 
where the functions 'lti are expressible in the form (19), 
all the matrix elements Bik are real. The decrements 
A. and A_ intersect at the point a. = ao + E, where E is 
found from the condition that the radicand in (20) must 
vanish. Satisfaction of this condition is possible only 
when B'2B2' 2: 0, since in the case B'~2' < 0 the radi­
cand is essentially positive for all E. When B'2B2' > 0, 
there occurs at the point a. a "confluence" of two real 
levels; the radicand changes Sign at this point, and for 
(J> a. the decrements A. and A- form a complex-conju­
gate pair. A "Simple" intersection, for which the dec­
rements would remain real on both sides of a., is im­
possible, since it requires that the product B'2B21 
vanish identically with respect to ao, and this is known 
not to take place. 

Thus neighboring real decrements either undergo 
confluence at some point a*, forming a complex-con­
jugate pair, or do not intersect at all. 

A calculation of the decrement spectrum was done by 
Galerkin's method. The 'ltt~ of (18), the solutions of 
equation (14) for (J = 0, were taken as the system of 
basis functions. Calculation of the function A(o-) over a 
sufficiently wide range of values of the parameter a 
requires a large number of basis functions. In the in­
terval investigated, 0 < (J < 20, the approximation used 
was 

n 

'" ~ ",,(0) 
"'r = k..J elm "r lm 

with n = 20, and check calculations were made with 

(21) 

n = 30. Diagonalization of the characteristic determin­
ant was accomplished on an electronic computer. 

Figure 1 shows the bottom levels of the spectrum for 
m = 1 and a = 0.1. Their form corresponds completely 
to the general ideas about the structure of the spectrum 
of eigenvalues of equation (14). Evident on the figure is 
the confluence of the real levels All and A21, with pro­
duction of oscillatory modes. The dashed line shows the 
real part of the complex-conjugate decrements. Their 
imaginary part is also shown in the figure. The coor­
dinate of the confluence point is a. = 0.24. This value 
determines the critical volume of the ferromagnetic 
particle, V. = a.kT/K, at which the characteristic fre-
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quency of precession of its magnetic moment vanishes. 
For the critical diameter of a spherical particle at 
room temperature oand with K = 106 to 104 erg/cm3 , we 
get d* = 30 to 120 A. We note that at such linear dimen­
Sions, ferromagnetism as a cooperative phenomenon is 
still fully retained: its destruction, according to an es­
timate of VonsovskH[81, occurs at d ~ 10 A. 

For (J ~ 15, the decrements come out on the asymp­
tote 

Re t.=2cr, Im'i.=±2cr/a. (22) 

Hence for the dimensional decrements A = ~/2T one ob­
tains, by (3) and (5), the asymptotic expressions (6). 

3. DISPERSION OF THE MAGNETIC 
SUSCEPTIBILITY 

The degree of orientation of the fluctuating magnetic 
moment IJ. = /le can be determined by averaging of the 
components of the vector ei and of their products with 
the distribution function satisfying equation (10). ~y 
taking into account the hermicity of the operator L, it 
is easy to write an equation for an arbitrary moment of 
the distribution function. One obtainS, as usual, an in­
finite system of coupled equations. 

In decoupling this system, it is necessary to keep at 
least two equations-for the first and second moments of 
the distribution function: 

,~(e)=-(e,>+an,n.(e.>- ~ e'klnlnm(e.em > 
dt a 

~ 1 + -(h,+ - e,,,h,(e,>-h,,(e,e.», 
2 a 

,!!_ (e,e,>=6,.-:1(e,e.>+cr [n,n,(e,e,>+I1,nl (e,e, >] 
dt 

+ -~. 11,,11, [e"m<e,emen>+e"m<e,eme" >] 
a 

(23) 

By means of the single equation (23) alone, no satis­
factory description of the motion of the magnetic moment 
can be obtained: for any method of closure, this equation 
does not contain the characteristic frequency of preces­
sion of the vector (e) in the anisotropy field. Only 
"entanglement" of the dipole (ei) and quadrupole (eiek) 
branches leads, in full agreement with the results of 
the preceding section, to the occurrence at finite f7 of a 
characteristic frequency of oscillation and consequently 
makes possible ferromagnetic resonance in a periodic 
external field. 

In accordance with the chosen (two moment) approxi­
mation, we .shall seek a distribution function in the form 

(25) 

where W 0 is the equilibrium function determined by for­
mula (12), and where ai and bik are independent of the 
components of the vector e and are small quantities of 
the same order as the amplitude of the radiofrequency 
field ~. On carrying out in (23) and (24) an averaging 
with the function (25) and on requiring only linear ac­
curacy with respect to the quantities mentioned, we ob­
tain for ai and bik the equations 

TX .. a.=- {X"+cr[nlnrnX,,m.-n,n,x,.] }a. 

- (cr/a)eikpn.np[X •• 'm-X •• X,m] b'm+ (~/2) [h,-h.X,d, 
(26) 
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T[X,>lm-X"X1m ]6'm=- {3[X'''m-X~X'm] 

-crn,n.[X •• 1m-X • .x'm ]-crl1.n n [X'nlm- x,nX'm] (27) 
+2crn.n.[Xikr..lm-X .... X 1m ]} b'm + (a/a) nll1" [e,,,.Xip'm +e,"pX""" lam 

+(s/2a)hl[e"mX,m+ e,lmX.m], 

where we use the notation 

X ...... ""'(e,e •... e.>.= (4nF)-' S e,e •... e. exp{cr(en)'}d'e 

for the moments of the function Wo. These quantities can 
be expressed in terms of derivatives of F((J) by means 
of (12), and their tensorial structure in terms of 1) sym­
bols and components of the vector n. For example, 

X .. =~(l- F')c5.+~(F' -~)n.n 2 F' 2 F 3 , •. 

We note also that the first moment of the distribution 
function (25) is connected with ak by the relation 

(e,>=XfAa,.. (28) 

We first determine the longitudinal susceptibility 
X II, supposing that the external field is parallel to the 
anisotropy field: h = n = (0, 0, 1). In this case one ob­
tains for az, from (26), the closed equation 

,X"a,=- [(l-cr)X"+crX,,,,]a, +-t(l-X,,). 

By substituting Xzz = F' IF, Xzzzz = F"/F and using (28), 
we write this equation in the form 

(e,>=-TII-t(e,>+a,,(H( l-F'/F) , 
TII=T[l-cr+crF"IF']-t. 

(29) 

In the absence of an external field, Eq. (29) describes 
a relaxation of the projection of the magnetic moment 
IJ. on the direction of the axis of easy magnetization. 
Thermal fluctuations cause transitions between the states 
with IJ. = ± /In. The transition probability depends on the 
ratio of the height of the potential barrier KV between 
these states to the thermal energy kT; that is, it is de­
termined by the parameter (J. If at the initial instant the 
particle was magnetized along the z axis, then the pro­
jection of the magnetic moment on this axis will decrease 
with time according to the expression exp(-t/TII )-"su­
perparamagnetism" [8l. 

A graph of TII/T, constructed by formula (29, is shown 
in Fig. 2 by the dashed line. The solid line shows the 
function 2~~b( (J) calculated by equation (14) by Galerkin's 
method (by use of the approximation (21) with m = 0, 
n = 20). For (J ~ 2 the solid curve is described well by 
the asymptotic formula of Brown [4] 

whereas the dotted approaches the asymptote 2(J. By the 
Appendix and formula (5), we obtain from (29) 
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't1l=To { cr (cr«:1) 
2cr' (cr»1)' (30) 

In a periodic field H = Hoeiwt parallel to the aniso­
tropy field HA, we find from (29) the magnetic suscep­
tibility of unit volu me 

x,,= (MI H.) (e,) =)(. (1 +i")1;,,) -I, 

M cr(1-F'/F) 
X,,,,,, HA [1-cr(1-F"IF')l 

(31) 

The frequency dependence of XII is typical of relaxa­
tional systems: xii decreases monotonically with increase 
of w, XII has a diffuse maximum at frequency wr = Till. 

In the limit of small a, the "resonance" frequency 
wr = woa /a becomes infinite, whereas the static suscep­
tibility is, to the second order of accuracy, 

x.=~·~cr(1+~cr)= ftM (1+ 4KV). (32) 
HA 3 15 3kT 15kT 

Thus the magnetic susceptibility of a system of fine 
ferromagnetic particles (a« 1) is described by the 
Langevin formula characteristic of paramagnetic gases. 
The real and imaginary parts of XII for a = a = 0.1 are 
given in Fig. 3. 

For a» 1, the fluctuational mechanism of reorien­
tation of the magnetic moment is "frozen" (according 
to (30) Til increases as a2 ). Under these conditions a 
weak alternating field (~ « a, WT II » 1) is incapable of 
insuring any appreciable probability of a transition 
between the states I.J. = ± I.J. n, and for a _ 00 the longitu­
dinal susceptibility (31) approaches zero (XII ~ a- 3 , 

XII ~ a- 1). 

We now consider the magnetic properties of subdo­
main particles in a transverse external field. Directing 
it along the x axis (the z axis, as before, is oriented 
along the anisotropy field), we obtain from (26) and (27) 
the following equations for the components ax = a and 
byz = b: 

Here 

cr F'-F" F+F' 
21:1i=-1>.aa-4 -;- F -F' b + s F -F' ' 

21:1i=-A.b+~a-~S. 
a a 

A.=2[ Hcr(F'-F")/ (F-F')], 
A.=2[3-cr+2cr (F"-F''') I (F' -F") l. 

(33) 

(34) 

The homogeneous system of equations from (33) for 
~ = 0 has the damped solutions 

with a decrement ~(a) determined from the condition for 
compatibility of the system 

(A-A.) (A-A.) + (2cr/a)' (F'-F")/(F-F') =0. (35) 

The roots of the quadratic equation (35) describe well 
the behavior of the curves in Fig. 1. For a = 0 we have 
A1 = .\a(O) = 2 and.\2 = Ab(O) = 6, which agrees with the 
corresponding eigenvalues (18) of the Fokker-Planck 
equation. We note further that for all ferromagnets, 
a « 1. Therefore for nonvanishing but small values of 
a it is sufficient to retain this parameter only in the 
combination a/a in (35). In this approximation, the dis­
criminant of Eq. (35) changes sign at the point a* = am. 
For a = 0.1 we thus have a* ~ 0.22, which is close to 
the value a* ~ 0.24 given in Section 2. Finally, at a» 1, 
Eq. (35 has the roots (cf. (22» 
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AI,,=2cr(1±icCI), 

The dimensional decrements corresponding to the 
values (36) 

(36) 

coincide with the eigenvalues (6) of the Landau- Lifshitz 
equation (1). 

We shall calculate the magnetic susceptibility Xl in 
a periodic field ~. On setting 

(a, b, s) = (a., bo, s.)e'·1 

in (33) and solving the inhomogeneous system of equa­
tions for the amplitudes ao and bo, we find 

a. =1'1.11'1 , 1'1= (I'1+2i(H) (A,+2iw:), 
1'1.=s.(F-F') _if (F+F') (Ab+2i(<l't) + (2cr/a)'(F'-F") l, 

In the determinant A of the system, A1 and A2 denote 
the roots of (35). By expressing (ex> in terms of ax by 
formula (28), we obtain for the magnetic susceptibility 

M (F-F')I'1. 
X.c= H. 2FI'1 

After simple transformations that use (34) and (35), the 
last formula can be put into the form 

M w.(w.R,+iwR.) 
X.c = HA wo'R I -w'+2iwwoR, 

Here the coefficients Ri are functions of a: 

F'-F" (a)' [ F'-F" 1 [ F"-F'''] 
R. = F -F' + -;- 1 +cr F -F' 3-cr+2cr F' -F" , 

ex. F'-F" F"_F'fI 
R, = - [4-cr+cr-- +2cr---] 

2cr F-F' F'-F'" 

F-F' a'(F+F') r F"-F''' 1 
R,=cr-F-+ 2crF 3-cr+2cr F'-F" • 

R.=a(F+F')/2F. 

(37) 

(38) 

Hence, by use of formulas given in the Appendix, we ob­
tain in the case of small a 

R.~3 (~)' (1+~0). R,~2~ (1+_1 cr). 
o W5 cr ro 

a' (' 2) 2 ( 1) R,~2- 1+-0 R.~-a 1+-0 
o 105' 3 '15 

(39) 

the limiting values for a _ 00 are 

R.=R.=l+a'. R,=R.=a. (40) 

In the last case, as should be true for KV» kTj (37) 
and (40) lead to the result of Landau and Lifshitz [1 

_ M (l+a')w.+iaw 
X.c -1 (1+a')w.'-w'+2iaww.' 

while for KV « kT, substitution of (39) in (37) gives 

jtM ( 2KV) 
X. = 3kT 1- 15kT • 

(41 ) 

(42) 

(43) 

where T is defined by formula (4). As KV /kT -0, the 
longitudinal and transverse static susceptibilities (32) 
and (43) coincide. The same is true also of the complete 
susceptibility: on comparing Xl of (42) with the expres­
sion for XII obtained in the limit of small a, we see that 
they are identical. This result is entirely natural, since 
in this limit the particle becomes isotropic (the mag­
netic anisotropy constant K drops out of all the for­
mulas). 
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(the Landau-Lifshitz susceptibility). 
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At fY = 0.1, the graphs of the functions Xl(w) calcula­
ted by formulas (37) and (38) practically coincide with 
the graphs of XII (:tI) shown in Fig. 3. The Xl lines shown 
in Fig. 4 are intermediate between the relaxation curves 
of Fig. 3 and the resonance curves of Fig. 5. At a = 0.5, 
the dispersion of Xl still has a relaxational character, 
although on the xi curve there is already a note at a 
finite value of w, typical of resonance curves. The dis­
persion at a = 1 must be considered rather of resonance 
type. 

Figure 6 shows, as functions of the parameter fY, the 
resonance frequency wr , determined by the position of 
the maximum on the xI(w) curve, and the width 6.w of 
this curve at its half-height. The function wr (a) has a 
minimum at fYo = 0.73. The value fYo may be considered 
a nominal boundary separating the regions of resonance 
(fY> ao) and relaxational (a < ao) dispersion of the mag­
netic susceptibility. Excess of a over fYo is accompanied 
by increase of the resonance frequency and narrowing 
of the absorption line; for fY _ 00, the limiting values 
wr ">$ Wo and 6.w "=l 2CYwo are reached (these approximate 
equalities are more accurate, the smaller cy). 

We note that the value fYo is three times as large as 
the critical value fY* at which the characteristic frequency 
of precession vanishes. This is explained by the fact 
that in the interval fYo ( fY < a* the characteristic fre­
quency, though nonzero, is small, and therefore, because 
of the strong damping of the precession, the character of 
the dispersion of the susceptibility in this range of values 
of the parameter is the same (relaxational) as for 
a< a*. But even in the relaxational region, that is for 
a < ao' there is a maximum on the Xl curves ("reson­
ance"; see Fig. 3 for XII = Xl)' With decrease of fY this 
maximum becomes smoothed out and is shifted in the 
direction of larger frequencies. In the case a« 1, when 
formula (42) is valid, the "resonance" frequency wr 
is equal to T- 1 = cywo/a, so that wr and 6.W become in­
finite for a-D. 
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We have been concerned above with the magnetic 
properties of an individual particle. The magnetic sus­
ceptibility of a system of noninteracting particles, 
whose anisotropy axes are oriented in a random fashion, 
is 

(44) 

where c = nV is the volume concentration of the mag­
netic phase and n is the number density of the particles. 
In the case a« 1, we get for the static susceptibility 
of such a system, by (32), (43), and (44), 

APPENDIX 

nJ,1' 
xo= 3kT . 

Directly from the definition (12) of the function 
, 

F(a)= J e"'dx 

follows the formula for its derivatives at zero, 

( dnF) 1 
don O~O = 2n+1 . 

Thus in the case fY« 1 we have 

F",,1 +'j,a, F',.;'js+'/,o, 
F",;:;:I/~+1/7(]' F"';::::;;1/7-'t- J/ 9CJ. 

(A.l) 

In order to find an asymptotic expansion of F at 
large values of a, we use the equation for this function 

F'=(eO-F)/20, (A.2) 

which is obtained from (A.l) by differentiating with 
respect to a and subsequently integrating the right side 
with respect to x. On substitution in (A.2) of 

F=eOji2a (A.3) 

one obtains for the function f(fY) the equation 

/'+(1-1/20)j=1 

or, on transforming to the variable p = fY- 1 , 

2 d/ ( P ) -p -+ 1-- /=1. 
dp 2 (A.4) 

We seek a solution of the last equation in the form 
of a series 

f= 1: anpn. (A.5) 

For the coefficients an, we obtain from (A.4) the re­
currence formula 

a~= (n-'j,)a n_" ao=1. (A.6) 

On substituting (A.5) and (A.6) in (A.3), we have 

eO ( 1 3 
F=- 1+-+-+ ... ). 

2a 20 40' 

By differentiating this formula, we find asymptotic 
(a» 1) expressions for the derivatives. 

F'= ;:(1- 2~ -4;' + ... ), 

=- 1--+-+ F" eO ( 3 3 ) 
20 20 40' ... , 
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