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General expressions are obtained for the spectra of resonance Raman scattering and resonance
fluorescence excited by a powerful Lorentz pulse. It is shown that for a short pulse the spectra

consist of three and four lines, respectively. It is also shown that the well-known Weisskopf-Wigner
formula for resonance scattering of an electromagnetic pulse with a broad spectrum is the first term
in the expansion of an oscillating function of the field intensity in a power series.

The problem of resonant scattering of electromag-
netic radiation was investigated by Weisskopf and Wigner
immediately after the inception of quantum mechanics.
Their results are very well known."! On incidence of an
electromagnetic pulse with a broad spectrum on a nar-
row atomic level, photons chiefly of the characteristic
atomic frequencies are observed in the scattered radi-
ation. But if the atomic level has a large width, the
spectrum of the scattered radiation is determined by the
spectrum of the incident radiation. These classical re-
sults were reconsidered rather recently after the crea-
tion of lasers, when the problem of the scattering of
very powerful electromagnetic pulses became a timely
one. The results obtained, especially those of Rautian
and Sobel’man,? pertain principally to scattering of
narrow (in the limit, monoenergetic) fields, and their
interpretation is based on a representation of the split-
ting of quantum levels in a monoenergetic external
field.

Subsequently, the results of 21 have been repeatedly
improved and generalized, in particular, to the case of
a field with randomly varying parameters, and have also
been applied to the consideration of several noncoherent
processes (see ©7°1 and the literature cited in them).

However, even in the case of weak fields, the ques-
tion as to the role of the width of the spectrum of the in-
cident coherent radiation is decisive. It is therefore of
interest to clarify this question for strong fields, to which
the present paper is devoted. The treatment is carried
through for a pulse with a Lorentzian spectrum;-how-
ever, the qualitative results that are obtained do not
depend on the form of the spectrum.

1. TWO-LEVEL SYSTEM IN THE FIELD OF A
LORENTZIAN PULSE

Let a quantum system (in what follows, we shall speak
of an atom, for brevity) that was in state 1 at t=—o, in-
teract with a field

E(r, t) =E,e~*" cos (kr—at),

(1)

and let there be a state 2 in the atom such that w,; ~w.
In this case, states 1 and 2 will be strongly disturbed
at a sufficiently large E,.

To find the wave function of the atom in the field, it
is necessary to solve the set of equations
a,=iV exp{—i|t|—ibt}a,,

: (2)
a,=—1.a,+iV"* exp{—A|¢t| +ibt}a,

where a, »(t) are the probability amplitudes of finding
the atom in states 1 and 2, 6= w.;—w, V="%Eod;2, di2
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is the matrix element of the interaction of the atom,
which can be regarded as real, 2y, is the probability

of spontaneous decay of state 2, the quantity y, is set
equal to zero, i.e., it is assumed that level 1 is a ground
or metastable state; in this study we use a system of
units in which c¢=h=1.

A solution of Egs. (2) for t>0 is given in “1 By con-

sidering this set of differential equations as a matrix
equation, we obtained the following formulas for the
matrix U of the fundamental solution in ;¥

) (2)

U(t)=(a’(l) “ )

(2)
a az

al? (120) =B[J1—y () Ty (%) + 70—y (%) Ty () ],

(3

az" (t20) =iBe™ [J1_y (%) Jyms () =T ooy () T o=y (%) ],

2 4
a” (t=20)=iB[J, (%) ] -y (%) —I v ()T, (%) 1, (4)
@™ (t20) =Be™ [ 1, (%) J 1y () HI_y (0) T (%) 1.
Here

_ AHyetid _V o ¥
v= o T Le , A=K = n 5

ax 1 1 . .

- 2 sin v exp{——?},ltl—~—2(*{z+16)t},

J, is the Bessel function.

At t=0 the matrix U becomes unitary and has a
simple physical meaning: if the values a,;(0) and a,(0)
are known, then

a(t>0)=U(¢)a(0), a=(Z)

The latter circumstance is reflected in the notation of
Eqgs. (4): a.}{(t) is the probability amplitude of finding the

atom in the state k at a time t>0 if it was in state i
at t=0 with unit probability.

The fundamental solution of (3) for t=0 can be ob-
tained from (4) by changing the sign of the quantity x:

aA(l) (t<0) :B[JV(Z)JA—\:(%()+J—v(x)]v~1 (%L) ]v

! (t<0) =—iBe [ 1, (%) J s () —J -y (%) I () 1,
6
al® (t<0)=—iB[J,—y (2) T -y (%) oot () T 1=y (%) 1, (6)
a® (t<0) =Be™[J ooy (1) Iy () /1oy (1) 1o (%) 1.

Formulas (4), (6) will be used below for construction of
solutions to the set of inhomogeneous equations of the
type (2).

The particular solution of (2) which satisfies the ini-
tial conditions a;(—=)=1, ax(—=)=0 can be obtained di-
rectly. It is easy to prove that at t=0
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000 (3) e EERY ()

The solution for t>0 can be obtained with the help of
(3)-(5):

i-v

a(t>0)=BT (v) (%)

( —ty (%) Ty (o) FBu () (30) ) (8)
ie® [ty (%) J iy (%0) +By (%) Ty (%) ] /1

oy () =T (%) =Too2 (%),  Bv(%) =Ty () Tyes (%) +7T, (%) T\ (%).

Formulas (7), (8) determine the behavior of the atom in

the

field at all t for selected initial conditions.

2. RESONANT RAMAN SCATTERING

We now consider the process shown in Fig. 1. The
strong field (1), which is resonant at the 1-2 transition
frequency, acts on an atom initially in state 1. A
transition is possible from state 2 to state 3 with emis-
sion of a photon of frequency .

The equations describing the kinetics of this system
have the form

A=iV exp{—A|t|—ibt} 4,
Ay=—v,A,+iV exp{—i|t|+ibt} A, (9)
As=—1sAstive=44,,
Here v is the matrix element of the interaction of

the atom with a weak field of frequency Q: A=w;;—Q;
the terms which describe the excitation of the atom by
the weak field are omitted: In contrast to the previous
section, the probability amplitudes which take the effect
of the weak field into account are denoted here by capital
letters. We shall denote by small letters the amplitudes
found in the zeroth approximation in the weak field.

Equations (9) can be rewritten in the matrix form in

the following way:

A=(L+L)A,

0 iV exp{—Altl—idt} 0O
L=| v expt-nlel+ion _— 0,
( iV exp i Y ) (10)

0 0 —Ys

0 0 0
L'=1{0 0o 0 .
0 ive=™* 0

Considering the matrix L’ as small in comparison

with L, we obtain in the first order of perturbation
theory

A=A (1) +Y (1) J‘ Y-t (£) L7 (') Ao (£) Y, (11)

where Y(t) is the fundamental solution of Eq. (10) for

Ll

=0 and A, is the particular solution of this equation

determined by the initial conditions.

we
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Inasmuch as the matrix L has quasidiagonal form,
have

FIG. 1
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2,(t)

_('® 0 B
Y(t)—( 0 exp(“%t)), A ()= (azét) )

where U(t) is determined by Eq. (3) and the quantity
a,,5(t) by Egs. (7), (8). Substituting (3), (4), and (6) in (11),
we obtain the following expression for the amplitude

As(t) after simple transformations:

A,(z)=iuj expl—1s (t—t') —iAt da, (¢')dr’. (12)

Generally speaking, the energy of the photon that is
emitted in the transition 2 —3 is related to the ener-
gies of the photons emitted in other transitions of the
incipient cascade (in the general case, the subsequent
transitions can also be nonelectromagnetic). Inasmuch
as such cascade transitions are not considered in the
present study, we neglect the possibility of decay of
level 3, i.e., we set v3=0 in (12). The results thus
obtained are valid under the condition ys<<y., which
holds in the majority of cases of practical interest.

With account of the assumption just made, the prob-
ability of emission of a photon of frequency £ =w.3;—A4 is

W(A)=14,() 2= | vj e=a, (t) dt 'r.

Substituting Eqs. (7), (8) under the integral, and using
Egs. (A.1), (A.3), and (A.4), we obtain

W (A)= ]-';—r(v) (—3) Tl iDL () 5eeias () (13)
2
S A PICO) L (1T GO DA AR A CA PRI 9} | ) 8
where u=(>\+72+2iA—ié)/2>\, su,v are the Lommel
functions.

Expression (13), which determines the spectrum of
the emitted photons, is rather complicated. It is there-
fore sensible to consider some limiting cases.

First of all, we consider the weak-field limit: V «< .
Expanding the Bessel and Lommel functions in series,
we obtain
A (vV)?

w = .
= A e AT

(14)

Equation (14) represents the result of ordinary pertur-
bation theory for the 1 —2 — 3 transition probability te1,
However, it is characteristic that this result is obtained
without limitations on the values of ¥, and 6 only upon
the assumption of smallness of the interaction in com-
parison with the spectral width of the exciting radiation.
This becomes understandable if we take into account that
departures from perturbation theory develop only at long
times after the beginning of the interaction. But if the
field has a large spectral width, then its amplitude
decays before the departures from perturbation theory
become significant.

We now consider the case in which the excitation of
the atom is produced by wide lines: A>>7v,, 6. In this
limit, v~% and we can use the relation (A.5) for the
Lommel functions. Also using the known relations for
the confluent hypergeometric functions, we can obtain

W(A)=—14—(1A)2| e F, (1; 1—i%; - m)
—e~™F, (1; 1—i% ; iu) +e-"F, (1; 1+i%; -in) (15)
2

A
—e™ F, (1; 1+iT ; in) | .
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The spectrum of the central part of the Raman scat-
tering line (A <« ) has the form

3
W)= %‘sin’ﬂ.

- (16)

Comparing (16) and (14), we see that for V « 1, Eq.
(16) transforms into the formula of perturbation theory
if we set ¥.=06=0 and A «< X in the latter.

It is interesting to note the singularities which arise
in the case of a strong field (V2 1), when the scattering
probability becomes an oscillating function of the param-
eter V/X. This behavior of the quantlty W(4) is ex-
plained in the following fashion (see ). In the limit
considered (y: << ) the exciting pulse passes through a
region occupied by an atom during a time that is much
less than the lifetime of level 2. Therefore, during the
action of the pulse, the atom does not radiate at the fre-
quency wss, and the subsequent radiation at this fre-
quency is determined by which of the states 1 and 2 is
occupied by the atom after departure of the pulse. A
photon of the combination frequency is not emitted in
the first case, but is one emitted in the second. In turn,
as is well known, in a strong external field the two-level
system oscillates in time between the two states with a
frequency ~V. Therefore, if the action of the field is
limited in time to an interval ~1/. A, then the probability
of observing the system in one of the two states after
the action of the field is an oscillating function of the
parameter V/x

The considerations that have been given are directly
confirmed by simple analysis of Eq. (8). The probability
of finding the atom in state 2 after departure of the pulse,
at t> 1/, is easily obtained from (8) for v="Y%:

|a; (¢31/1) |*~e"* sin® (2V/A).
The oscillating factor here is the same as in (16).

Expression (16) has a singularity at A=0, connected
with neglect of the quantity .. The obvious way of avoid-
ing this singularity lies in replacing (16) by the expres-
sion

2V

W(A)=—" sint
= S1 —
Aty

(17)

In such a form, Eq. (17) is the direct generalization of
the Weisskopf-Wigner results for resonant scattering
of an intense pulse with a broad spectrum at a quasi-
stationary level.

We now consider the wing of the Raman scattering
line, assuming that the external field is strong (A >,
V >2). If ARV also, we can use the known asymptotic
form for the confluent hypergeometric function:"°?

F,(a;c;ct)

a(att) ( fg) +0(lel- )]

~(-9-[1-

C
lel<1.

Substituting this expression in (15), we get

et* e-

W(A)—UZVZ( : )z w=a)* +(V+:) I

(18)

As is easy to see, Eq. (18) has two sharp maxima at
A=1V, The atom emits at just these frequencies on ex—
citation by a monochromatic field of high 1nten51ty

The radiation in this case is of the same nature. The
strong field splits level 2 into two sublevels separated
from each other by an amount ~2V and emission of a
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FIG. 2

photon of frequency £ =w.3+V takes place from these
sublevels with population of level 3. After damping of the
field, the emission at frequencies 2 =w23+V ceases,
leaving only radiation at the unperturbed atomic fre-
quency about which we spoke above.

The case of scattering of a narrow line A <«<vy, was
considered in many earlier studies ®°!. Here emission
arises only at the frequencies w»3+V.

3. RESONANT FLUORESCENCE

We now consider the process represented in Fig. 2.
Photons of a weak field of frequency £ are emitted in
the same transition on which the field acts. The equa-
tions describing the kinetics of the system have the
form

A=iVe =4 Hipe=tid,,
Az=—’YzAz+iVe"“”""'b'A,,

where A=w;;—. The component corresponding to
absorption of the weak field is omitted in these equa-
tions, inasmuch as the processes of absorption and
scattering of the weak field are not considered.

Proceeding as in the previous section, we get for
the amplitude A, in the first approximation in the weak
field

A, (t)=a,(t)+iv ‘[[a(," 0 @)
_“1(2)(0%(”(!')]az(t')exp{*{gtLiAt’)dt’.
The spectrum of emitted photons is obviously deter-
mined by the equation

W(A)= | vjf [ () a™ (¢

(19)
—af® (w)at” (1) laz(t) exp{y:t—iAt}dt ’
Substituting Eqs. (4), (6)-(8) in (19), we get
v I(v) 3-v .
O R et ) I CH OO VA (3%
Lo (=it %) [+ () [Lomsnma i, ) Lo (i) 1) |, (20)

[§

1,.(u,x)=_[ 2ty (xz) ) (xz)dz, e=(A—8)/A.

The integral Ipq with real first argument was en-
countered previously in Ulina study of stimulated radi-
ation and absorption of an exponentially damped pulse.
The expansion of this integral in a power series in the
second argument can easily be obtained by power-series
expansion of the product of the two Bessel functions with
subsequent term-by-term integration:

Ip.(a, %) (21)

_ (—=1)*T (p+q+2k+1) (x/2)Pre+™
T & KT (prgte DT (pHe+ D) T (g+k+1) (pra+2k+1+a)
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Using this expression, we can obtain Eq. (14) for the
spectrum of resonance fluorescence excited by a weak
field, in which now A=w.;—Q.

We now consider the same limiting cases as in Sec.
2. If the excitation is produced by a wide line (A >>1v,, §;
v~ 1/2), then, proceeding in a fashion similar to that of
Sec. 2, we can obtain

W(8)= |i[ £, (1; 1—il;—; -—-2ix) —,F,(1; Hi;m)
’ (22)
2
+,F,(1;1+i%;~2iu)—,F.(1;1+i%;2iu)]l .

For the intensity of fluorescence at frequencies ly-
ing in the center of the line (A « )), we can easily ob-
tain the relation (17). The physical nature of the oscil-
lations of W(4) in their dependence on V/A is the same
as in Sec. 2.

On the wings of the line (A > 1)), using the asymptotic
form of the function ,F; written out in Sec. 2, we get
A

W (A) =402V? (_A )zl (2V:~A)3 + (2V1—A)3|2'

(23)

The maxima at the frequencies w=w,; +2V, in cor-
respondence with what was said in Sec. 2, are formed
when the strong field splits each level into two sublevels
and the atom emits photons of frequencies Q =wy; +2V
in transitions from each sublevel of level 2 to each sub-
level of level 1. The transitions with emission of pho-
tons of frequency w are found in the center of the line
and do not differ from the photons of frequency w; in
the considered approximation (A > 5).

We note that resonant fluorescence was studied in a
recent paper "!! for a rectangular pulse; the discussion
was limited to the case of zero detuning.

Thus, in Raman scattering of intense radiation with a
broad spectrum, three maxima appear at the frequencies
 ~ w3, we3+V. The first of these lines corresponds to
the characteristic atomic frequency and lasts for a time
~1/y2, and its intensity is an oscillating function of the
parameter V/X. The radiation at frequencies wy3+V is
connected with the splitting of the atomic levels by the
fields; its duration is determined by the duration ~1/x
of the exciting pulse.

The resonant-fluorescence spectrum excited by the
strong field contains four maxima: at the frequencies
w2y, w, w2V, The photons of frequency w, w+2V are
emitted during a time ~1/ A, and at A <7y, the maximum
at the frequency w is twice as high as the lateral max-
ima.”! The photons at the frequency w., are emitted
during a time ~1/y, and at A >y, the number of these
photons is an oscillating function of the parameter V/x.

To appraise the possibility of experimental observa-
tion of oscillations of the intensity of the central line of
Raman or unshifted scattering, we shall have in mind a
molecular gas (dipole moment ~1 debye, scattering cross
section ~10™"" cm®). Narrow lines are observed in such
systems—for example, in molecular iodine on excitation
by the second harmonic of a neodymium lasert'?}; the
excited states have a lifetime of ~107° sec %7,

The period of the oscillations is determined by the
change in the pump field intensity by an amount AE,
~10? V/cm if the pulse length ~107% sec. Therefore, for
a ‘“‘carrier’’ pump field intensity ~10° V/cm at a focal
area of ~0.1 cm?, the necessary energy of radiation of
the laser in the pulse is ~0.1 J. In this case, ~10*?
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photons will be scattered in one pulse at a pressure of
~1 Torr.

We express our gratitude to N. B. Delone, B. Ya.
Zel’dovich, L. P. Rapoport, I. L. Fabelinskil and
I. L. Chistil for useful comments and a discussion of
the experimental possibilities.

APPENDIX

We present here some relations for the Lommel func-
tions used in the body of the text.

A Lommel function is defined by the integral repre- .
sentation

Suv(2)=

[ 1.(2) _[ 2I_,(z)dz—I_, (2) J’ x“J..(J:)dz:] . (A1)

2sin v

and the function S, ,(z) is related to it by

2u—1 — +
S (2) =830 (2) + — P(“ VH)F(“J” 1)
sin iy

2 2 (A.2)

— +
. []_,(z)cosu—q—v-n—fv(z)cos ol n] .

2

Integrating (A.1) once by parts and using the relations

d]v(z) [ v
p _:z:z—lv(.):Flm(Z)’
we obtain
F -t +1
(=5 (D)= 5——[ 1) j 2, (2)deH - (2) I (@) da ]

(A.3)
A known indefinite integral for Bessel functions is !

_[ 27, (2)dz=(u+v—1) 2/, (7) Su=1,4-1 (z) —2], (z) 5, ().

Applying (A.2) and the formula
Ju(2)7-4(2) +Jv_1(z)J,v(z)=isin v
nz

and taking account of the behavior of syy as z —0:
Suy (2) ~27/ [ (nF1) 2=V,

we obtain

= — vt (2) =21 (2) 844 (2),
Jz"lv(z)dz (n+v—1)274(2) Sim1.v-1(2) (2)s0.(2) Ad)
Re p>—1.

When the second index of the Lommel functions is
half-integer, these functions can be related to the con-
fluent hypergeometric function, since Bessel functions
in the integral representation of (A.1) can be expressed
in terms of elementary functions:

izt '3 . : 3
Su,i-/.(z)=——2u+1 [1F.(1;u+?;—zz)+,F,(1;u+7;zz)]. (A.5)

DThere is an error in [’]; in all the formulas of that paper one must
change the common sign of the quantities a,(? and a,(V.
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