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The problem of scattering of particles at ultrahigh.energies is considered within the framework of the
reggeon diagram technique. The problem reduces to the problem of self-interaction of the pomeron
field. Application of strong-coupling methods and of an € expansion allows one to derive the
asymptotic behavior of the total cross section and of the amplitude of elastic diffraction scattering.
The matching of the solutions obtained here with perturbation theory is investigated. The position of
the bare pole is determined for small coupling constants. The solutions obtained here exhibit scale
invariance with anomalous dimensions in the £,p representation, where £ is the rapidity and p is the

impact parameter.

INTRODUCTION:

In high-energy hadron collisions the produced par-
ticles are emitted preferentially in the forward direction.
The transverse components p; of their momenta are
bounded by a quantity of the order of the particle masses
& ~ 300 MeV/c. This means that the interaction between
the hadrons occurs at relatively small impact parameters
P> 1/u. A mechanism for such an interaction is the
multiperipheral particle generation, for which the sim-
plest model has been proposed and studied in detail by
Amati, Fubini, and Stanghellini[‘]. In this mechanism the
density p = dN/dy of the produced particles in the space
of rapidities y = In(p; /1) = In(E/u) is constant p(y)
= po for high energies in the physical region 0 < y < §
and also does not depend on the rapidity ¢ = In(Eo/u) of
the incident particle. Correspondingly, the average
particle number, i.e., the average multiplicity, increases
logarithmically with the energy: N = poé.

Physically, multiperipheral production corresponds
to a process of independent particle production, without
any correlations between the magnitudes of their mo-
menta for large relative rapidities. The diffraction scat-
tering amplitude in the multiperipheral model is deter-
mined by the Regge formula. It can be considered as a
good zero-order approximation, but the interaction with
large relative rapidities becomes more and more im-
portant with increasing energy. This interaction pro-
duces, in particular, nonuniformities of the density of
the produced particles in rapidity space. Thus, two par-
ticles with rapidities y, and y. and with y, —y>>> 1 can
produce multiperipherally (y, —y:)po additional particles
in the rapidity interval y, = y < y,. As a result the par-
ticle density in this interval is doubled. It is also pos-
sible that these two particles absorb all other particles
in the indicated interval of rapidities, and a hole is
produced in the distribution density p(y).

The corresponding corrections to the Regge formulas
are described by the reggeon diagram technique of
Gribov!?), Historically, this technique grew out of an
analytic continuation to nonintegral j of the t-channel
unitarity condition ) and the analysis of asymptotic
behavior of Feynman diagrams in the s-channel by
means of the Sudakov method’, The mentioned connec-
tion between reggeon diagrams with multiple production
processes and the s-channel unitarity condition was es-
tablished recently in the interesting paper of Abramov-
si, Gribov, and Kancheli'®!,
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The asymptotic behavior of the elastic scattering
amplitude is determined by the contribution of the so-
called ‘‘enhanced’’ and ‘‘unenhanced’’ ‘including ‘‘semi-
enhanced’’) reggeon diagrams. Some of these are illus-
trated in Fig. 1. For ultrahigh energies, when the rapid-
ity of the incident particle is large, £ = In(E/u) > 1, the
principal role is played only by the enhanced diagrams
which contain powers of the quantity r’t, where r is
the coupling constant for the decay of one reggeon into
two others. For r’f > 1 the contribution of an infinite
number of different enhanced diagrams is important
and the problem of summing these diagrams arises (this
problem is in itself equivalent to a problem of interac-
tion of a nonrelativistic quantized particle field[”). This
problem has been considered by Gribov and one of the
present authors!®®!, where two versions for its solution
were proposed, consistent with the t-channel reggeon
unitarity conditions®,

The first version (strong coupling) corresponds to
a significant change of the trajectory and residue of the
Pomeranchuk pole for r®( > 1 on account of pomeron
interaction. In the second version (weak coupling) the
effective vertex for the decay of a pomeron into two
pomerons (the three-pomeron vertex) vanishes like the
square of the reggeon momenta in the region kiz <r?
as kf —- 0. The corresponding corrections to the pomeron
Green’s functions and to the scattering amplitude in
the low-momentum-transfer region turned out to be
small as £ — =, Among these versions one was supposed
to select the one which satisfies the s-channel unitarity
conditions.

The weak-coupling version with a three-pomeron
vertex falling off linearly as k; — 0 seemed at that time
to be the most attractive on account of its simplicity
(theoretically, in the whole energy region it reduces to
simple perturbation theory formulas). However, further
development of the theoryshas shown that the weak coup-
ling can be brought into agreement with s unitarity only
at the price of a whole set of artificial additional selec-
tion rules for vanishing pomeron momenta. It turned out
that one must forbid the scattering of pomerons on pom-
erons and the decay of a pomeron into three pomerons'® 7},
the emission of particles by pomerons 9], the production
of resonances and particle jets on a pomeron[“”, etc.

Experiment does not confirm these selection rules.
The cross section for the production of resonances on
protons at high energies exhibits no tendencies!!! to
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vanish at zero momentum transfer, i.e., as —t =~ pl —0.
The three- pomeron vertex r(pl) which can be de-
rived“® **' from the ISR"*) and NAL""’**! data on inclu-
sive spectra also turned out not to decrease with de-
creasing p, of the pomerons The experimental data indi-
cate more readlly that as p} — Oittends tothe constant value
r =~ 10 'a/"? (@), is the slope of the vacuum trajectory).
Thus, experiment reveals no tendencies for the decrease,
corresponding to the weak coupling hypothesis of the in-
elastic cross sections as p] — 0.

All this gives serious reasons to revise in general
the problem of pomeron interactions, dispensing with
the weak coupling hypothesis.

The experience accumulated over the past few years
in investigating analogous problems, particularly in
the theory of phase transitions"®!8! shows that in such
cases strong coupling occurs, accompanied by a screen-
ing phenomenon, i.e., the suppression of the interaction
amplitudes on account of particle repulsion. It was pos-
sible to obtain a simple form for the solution of the prob-
lems of phase transitions on the basis of the hypothesis
of scale-invariance*® ') and Wilson’s e-expansion
method 8],

The method of € expansion is applied below to the
pomeron interaction, and on its basis we have obtained
a simple solution of the problem corresponding both to
reggeon strong coupling for r’¢ > 1, and to the previously
estabhshed (8] scale-invariance condltlon In the region
r’ < 1 the solution joins smoothly with the perturbation
theory series and exhibits physically reasonable proper-
ties. We have not been able to find a rigorous proof of
the s-channel unitarity of this solution, but have con-
vined ourselves that it does not involve those contradic-
tions which, as we have seen, appeared in the weak
coupling case.

We shall describe the pomeron interaction below by
means of a Lagrangian for which the perturbation theory
reproduces exactly the contribution of all the reggeon
diagrams of Gribov. We apply the e-expansion method
to this Lagrangian and in the first part of the paper we
consider the purely theoretical question: what are the
consequences of the three-pomeron coupling in the region
of strong pomeron coupling for r?¢ > 1?

One should not right away that the dimensionless con-
stant r (we measure all quantities in units of &/ or
f)”z) may turn out to be—and indeed seems to be-very
small; from the experimental data on inclusive
spectra[”’ 14215] it follows that r ~ 1/10. Therefore
the region r’ > 1,i.e., £ = In(myE/u?) > 10% is far
beyond the limits of energies that will ever be reached.
Nevertheless, for an analysis of the general situation
it is very important to understand what happens as
¢ = i.e., what the theoretical asymptotic behavior of
the solution is. The region of attainable energies where
the situation may be cardinally different from the region
ri > 1 is briefly discussed in the last section.

1. THE REGGEON DIAGRAM TECHNIQUE AND
PERTURBATION THEORY

The regqeon diagram technique has been formulated
by Gribov'“’ in the w, k representation, where w +1 =j
is the complex angular momentum and k is the two-di-
mensional momentum transfer. This representation is
convenient for analyzing the singularities in the j-plane
but the general properties of a number of quantities are
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more easily formulated in the p,§ representation ob-
tained by means of a Fourier-Mellin transform

e 5 de

(the integral with the vertical arrow denotes integration
along a path parallel to the imaginary axis). The two-
dimensional vector p has the meaning of an impact
parameter, and the rapidity £ =~ In(p, /1) of the particle
corresponds to the imaginary ‘‘time’’ t'=i£.

e 30 do
2mi

At very large energy s = w?eé and small momentum
transfers —t = k® ~ 1/£ the most important contribution
comes from the so-called ‘‘enhanced’’ diagrams[2
Fig. la, constructed from reggeon propagator lines.
They begin and end in the t channel in a one-pomeron
line and are constructed from three-pomeron vertices.
The partial wave ¢ (j, t) of the t-channel is determined
by the Green’s function of the pomeron: ¢(j, t)
= giG(w, k), where g is the coupling constant for the
emission of a pomeron by a particle. The whole scat-
tering amplitude is determined by the well-known Som-
merfeld-Watson representation in the form

T(g, t) =n4Im T(g, 1,

S imT 0 = -\ s G, et~ \ewgiG & 5L,  (1.1)
it ad N L d
S i
where 7. is a signature factor and
i {( k
GE o) = 106 (0, 1) 55 5 = OIT (b E )P0, 00> (1.2)

is the pomeron Green’s function in the £,7 representa-
tion. In this representation the pomeron is described by
the complex wave field

Y& p) = Zakei“"”z

K

with a non-Hermitian Lagrangian of the form

L (&P =9 ea (V) b+ 5P b (HHY), (1.3)
where r is the three-pomeron vertex and €o(k?) =4, +k*
is the bare pomeron spectrum; its slope (deo/dk® =0
is by definition taken to be unity, i.e., k =a¢'’p,, where
p, is the transverse momentum in conventional units.

The Lagrangian (1.3) describes the motion of the

FIG. 1
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pomeron in the sense that the perturbation theory de-
rived from it for the cubic (anti-Hermitian) interaction
1/2irY"Y(p + ¥°) reproduces exactly the contributions of
all enhanced Gribov reggeon diagrams to the Green’s
functions. Such quantum-mechanical quantities as the
energy of the ground state or the i function have no
physical interpretation in this problem. The corrections
due to unenhanced diagrams can be taken into account by
introducing correction terms into the definition of the
partial wave, and will be discussed in the sequel.

The pomeron energy spectrum w =—¢(k’) is deter-
mined by the poles of its exact Green’s function

G (0, k) =1/[o+e, (k) —2 (o, k)] (1.4)

in the w representation (it would be logical to call

E =—w =1 -j the pomeron energy; here

1 do’ ¢ d*k’

b k)= — —— bl ’'2 PN —k’)2

(0, k)=~ — szj —rG(w', k)G (00, (k—k)?) 1.5)
X I'(o,k; o—o’,k—k’)

is the pomeron self-energy and I is the three-pomeron
vertex part. The spectrum determines the position of
the Pomeranchuk pole:

a(—k*) =1—e(k?). (1.6)
The parameters r, €,(0) = Ao of the Lagrangian have to
be chosen such that there be no gap in the spectrum, i.e.
that

1—a(0) =€ (0) =0. 1.7

For this it is necessary that the bare spectrum have a
gap Ao = €0(0) # 0, depending on the constant r. The free
Green’s function, which is obtained when we set r = 0
in (1.4), (1.5), corresponds to the contribution of the
“‘bare’’ Pomeranchuk pole, G(w, k%) = (0 + €o(k?)!, i.e
to the Regge scattering amplitude

b

—1-T“’(s, —k?*) =ig*exp[—Eeo (k%) ]. (1.8)
8ns

We show that at high energies, i.e., at £ > 1 and at
a small coupling constant r, perturbation theory corres-
ponds to a series expansion in the parameter r’t and
that the ‘‘bare’’ gap depends on r in the following
manner

2 2
A.,='—1n!L+0(ﬁ).
b t

% (1.9)

Indeed, the contribution of the simplest loop diagram
to Z(w, k?) is obtained by setting G =Goand I" = r in

(1.5)
5 jtu,/(«'} =< .,{:}wa- )
(1.10)
_ _ri.[ d*k’/n
2 J ote,(k?) +e [ (k—k')?] '

and the integration with respect to w’ is done by means
of residues. For low frequencies and small momenta
w ~k*®~1/& < 1and for A, < 1; this integral is
logarithmically large:

2(1)(wyk2)=__i.[-————-—dkz i
2 J o +2A,+k/2+2k™

- L ' (1.11)
=-—In —+ ( )

4 o +2A, kY2 InL
(L ~aiu® ~ 11is the cutoff radius, corresponding to the
bound p,; < & on the transverse momenta). This yields
the pomeron spectrum in the first order of r?:
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r L
s“’(k)=e.,—2“’(—e.,(k),k)=A.,+k’+—4—lnrkz/2-. (1.12)

In order that there be no gap in the spectrum one must
choose
r* L
A, +Tln?°= 0.
To logarithmic accuracy this yields the condition (1.9).

Substituting these values of eo(k?) and T ~ £ into

G (w, k%) we note that allowance for the interaction be -
tween the pomerons in first order of r’ at w ~ k® leads
to the appearance in G (w, k°) of terms of order r’/w
(apart from a logarithmic factor). Inthe &, p represen-
tation this yields terms of the order r’¢ (since w& ~ 1
in (1.2)). Corrections of the same order are also ob-
tained in the three-pomeron vertex

I'(o’, ¥; o—o’, k—K)=r(1+0 (% 0.)),
by computing the contributions of the two simplest
correction diagrams in first order of r’; here W is
the largest among the quantities w’, w, w —w’, k° k'?,
and (k —k')°.

Higher-order diagrams contribute to G '(w, k°) in
proportion to higher powers of the parameter r?/w™
or to r’ in the & representation. The powers of the
same parameter rz/wm also appear in the higher-order
approximations to the quantity T'. At r’ > 1 all these
corrections add up to yield a contribution of order one
to wG™ or I'/r, and alter these quantities substantially
(even at r® < 1). This is the region of strong coupling
between the pomerons. The magnitude of the gap A, is
determined by the value of Z(w, 0) for —w =€ = A
~ r’In r’. Therefore the higher-order corrections to
= (w,, 0), having the order (r’/w)? ~ (1/In r®)" for
In(1/r®) > 1, are small and the magnitude of the bare
gap which was found above does not change as r®> — 0
when all higher order terms are taken into account in G™.

8]
’

Thus, as r® — 0 the gap Ao has a nonanalytic depen-
dence on r. As can be seen from (1.9) the gap turns out
to be negative, i.e., the bare Pomeranchuk pole a,(0)
=1-Aofor t =0 is situated to the right of 1. Without
taking into account the interaction of the pomerons this
would lead to a violation of the unitarity condition in the
s channel (the Froissart theorem).

We calculate the scattering amplitude
. n d
&0~ (it ‘g7a—g) Im 7(5, 1),
substituting into (1.2) the Green’s function which we

have determined in first order of r’:

P 4
G (0, k)~ 1 [ FRTRL ML
(0,K) / © Z Votk2
(1.13)
1 r /4

otk het) N etk
Calculating the simple contour integral with respect to
w we obtain®’

1 r 1 ¢ dv  e—1
= =21+ (-
8ns Im 7 (5 1) =¢ {1 4 E[ln (4r)21,E ;‘.(e 2 v + z ]}’
(1.14)
where z = k*¢/2 and y, = 1.78 is the Euler constant.

This amplitude corresponds to a slowly increasing
total cross section

o 70
S

=8ng’{1+—r[;§1ni}, (1.15)

r't/4

where C = e/y ~1. In the region of energies attainable
at the present time, where £ = In(s/u?) ~ 5-10 for
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r? ~ 107, the corrections are small, of the order of
1-2%. Here they are considerably smaller than the cor-
rections due to the unenhanced diagrams of Fig. 1, c,
which are of the order '®! of several dozen per cent.
Corrections of the same order of magnitude as (1.15),
but that decrease otot as t increases, come from vir -
tual lines in the pomeron vertices and correspond to
the semi-enhanced diagrams of Fig. 1, b. All these
corrections, except those taken into account in (1.15)
do not grow with £, and are therefore unimportant in
the region r’t — «; they are discussed in the last sec-
tion of this paper.

In order to verify the consistency of this theory it is
important to obtain a theoretical asymptotic expression,
due to all the approximations, of the amplitude as
¢ —=, In fact, for this it is necessary to obtain a solu-
tion for the Green’s functions and vertex parts corres-
ponding to the Lagrangian (1.3) in closed form. We
begin solving this problem with an investigation of a
simple model for it, different from the exact problem
only in the assumption that the impact parameter space
p is four-dimensional rather than two-dimensional.

2. THE FOUR-DIMENSIONAL MODEL AND THE
SCREENING OF THE INTERACTION

If the space of impact parameters p in the interaction
Lagrangian (1.3) is four-dimensional (this corresponds
to a six-dimensional space-time for the original partic-
les), the integrals for the reggeon diagrams will acquire
logarithmic divergences as L —« and the theory exhib-
its renormalizability. At r® < 1 but r®/ ~ 1 the theory
has an exact solution, which can be found explicitly by
summing the contributions of the leading diagrams.
Here

(2.1)

W, is the largest to the quantities wj and k§ which are
important in the problem.

The first corrections of the renormalizable pertur-
bation theory, corresponding to the contribution of the
one-loop diagram of Fig. 1, a (or the diagram of Fig.
2, b) to the Green’s function

k

r : 1
-1 2) 2__ —_ [ — 4 2.2
G (0, ) =0+~ (m+ : )ln — 0 (2.2)
and for the three-pomeron vertex (Fig. 3, b, c)
r 1
T(@, ki; g k) =r (1—71nTm) 2.3)

are of order r’l in the four-dimensional theory. Pertur-
bation theory is valid only for r’l < 1. In the region
r’l> 1 the solution has the structure

o B ., 2y
G(o,k )—m’ (o4, k' 0, k) =T(),

ifw,~Nw, ~w=w, +w, ~k> ~k3 ~ k% = (k; +ko)>

(2.4)

By means of the equations of the renormalization
group one can show in a general way*°! that all quan-
tities B(), R*(Z), T'(!) are proportional to powers of the
invariant charge, the latter having the form

P
M= = Trar 2.5)
i.e.,
B=(/r)s,  R=(/r)™ T=r(Mrf)=.

The coefficient a and the exponents a; are easily deter-
mined by comparing, at r’? < 1, these general formulas
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6,7 = 2 4 Yooy e ek
w-w,’
a k-k; c d
b
FIG. 2

(Uz,ﬁz

Wy, ky

with perturbation theory (2.2), (2.3). This yields a = 3/4
and

B =(1+a)",  RE(l)=(1+7r0) ",
T () =r(1+)r1) .

(2.6)

In distinction from the perturbation-theory series
this solution is also valid for r®> ~ 1, when the invariant
charge A(7) is small. In other words, at r* < 1 it is valid
for any frequency, and at r’ > 1it is valid only for very
small @, for 7> 1, when A(!) = (4/3)! < 1.1In the
asymptotic region which interests us wy, —0,i.e.,

I = it is valid for arbitrary r

We note that if the interaction were Hermitian, i.e.,
if ir = r, were real, the invariant charge A (f) would in-
crease with / and for values of I close to I, = (4/3)r?
the solution would become inapplicable. Apparently
there are no physical solutions at all in this case, on
account of the instability of the vacuum. In our case of
anti-Hermitian interaction the reggeon repulsion sta-
bilizes the vacuum and no contradictions appear.

A characteristic trait of the solution found here is
the screening—a suppression of the pomeron amplitudes
for wy, — 0,7 —~= owing to the repulsion of the pomer-
ons. Thus, as I —~= the three-pomeron vertex I" tends
to zero in (2.6) like

s

Tar (%) 0. @.7)

We calculate the vertex I''(w,, k;; w,, k2) describing
the emission of a particle by the pomeron (correspon-
ding to the operator T'g)"y for the emission of a particle
by the pomeron). In first order in r® this vertex is des-
cribed by the contribution of the single. diagram b in
Fig. 4, in place of the two analogous diagrams b and ¢
in Fig. 3 for the vertex I'. Accordingly, in this order it
is determined by

I (04, ky; 0, k) =T (1—"/1), (2.8)
in which the correction term is twice as small as in
(2.3). The screening factor for this term is obtained by
means of the renormalization group in the form

I (01, ki; @2, k2) =I‘o!(1+3/4"21)—'/’. (29)

3. THE ¢ EXPANSION AND SCALE INVARIANCE

In order to go over from this four-dimensional model
to the realistic case of a two-dimensional p or k space,
one must generalize the theory to an arbitrary nonin-
teger dimension d = 4 — €. A detailed discussion of
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/ 4
r'= ¢ +w’,/r 7 + .
P r
“nt Wrky
a b
FIG. 4

such an analytic continuation from the integers d =1, 2,
3, . .. (dimensions of the space) to noninteger values
can be found in the papers of Wilson"*®’, who has pro-
posed the method of € expansion. The idea consists in
retaining for nonintegral d the symmetry property: in-
variance under translations, dilations, and rotations

of space. These requirements suffice in order to deter-
mine the value of the Feynman integral for noninteger

d up to a common factor which renormalizes the coup-
ling constant and is therefore inessential.

For example, the contribution of the simplest pomeron
loop (Fig. 2, b) to the pomeron self-energy is defined
as®":

(5, k) = —

2!

di . dq, . k*
T(iGXP[~§q:—§Fk—q) 1= %j.m exp [—ZEq.‘—‘é >

—=Sew (-85 ) @0 [T exp gy == -exp (- %) e,
(3.1)

where we have successively performed the translation

q =k/2 +q, and the dilation q, = (2¢£)"9/2q,. Under the

latter, by the definition of the dimension d of the space,

the integral acquires a factor (2¢)~d 2, The remaining

integral

dtl
j 13: exp(—q.*)

leads to a renormalization of the constant r?. Redefin-

ing Ny, i.e., the units in which the momenta are measured,

one can normalize this integral as desired. We shall ad-
here to the natural normalization

Ne= [ e=td'q=n""T (d/2)
(for which the last equality in (3.1) is valid).

Carrying out a Mellin-Laplace transformation it is
easy to calculate the singular part of the self-energy as

w, k* ~0:
Kk d/2—1
(u)+—) .
2

For d=4-¢€,€ —0, when T'(1 — d/2) ~ -2/e, this ex-
pression becomes

2 (0, k) = [emm (5, k) dg=—

v

r’I'(1—d/2)

2(1+d/2) (3.2)

) 2 rt
S (0,k)= T(m

(0+k/2) =1
E

+k—)

+Reg.
2 °8

(3.3)

It differs from the four-dimensional case by the substit-
ution

lzln;“’ln ! 2 —1 1
o+k*/2 “om 7(@"’2 - )'

(3.4)

where W, = max(w, k?). In other words, for d # 4 the
logarithmic integral (2.1)

dk ¢ dk?
Sww 1%

should everywhere be replaced by the power-law integral »
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dk ¢ dk
] a T @2k ke

One can also show[“’], that for all the other quantities
one can use for € — 0 the four-dimensional solutions of
the preceding section, making in them the substitution
(3.4).

Thus, the solution with dimensions d = 4 —e€ differs
from (2.5) and (2.6) only by the substitution (3.4). As
w=w, -0, ie.,asl~2/ew¢ 2 _.» it will have the
following power-law form:

—e¢/12

B=(r*/re2) om +0 (e?),
R=(r*/r?) 'uon " +0 (&), (3.5)
T=r(r*/r) " an" +0(e);
I'=Ty (P/r) "o +0(e%), (3.6)
where rZ = 2¢/3. From (2.4) it follows that
(3.7)

rﬂZ 1/18 o3
I'=r, (T) DOm .
This solution corresponds exactly to the one found
earlier by Gribov and one of the authors® on the basis
of an analysis of skeleton reggeon diagrams in the fol-
lowing general form:
G(o, k') =Z0'"f(F*Rs*/0"),

kl’an kzZRol sznZ &)

’
(D‘v [0F3

(3.8)

P((ﬂh ka; W2, k:) =Zo_'h R:n m’F(

v v

[0) [0F3

where Z, and R are scaling factors (dependent on r?),

1, v, V are universal numbers, independent of r, related

by the scaling relation
2y—3n+vd/2—2=0, (3.9)

and f and F are some universal functions of the indicated

variables, with w = w, + w, and k;, +k. in (3.8).

The relation (3.9) is a consequence of the requirement
that all skeleton diagrams for G, I', and for the other
quantities have the same homogeneity exponent (of the
form y or ', or —1 —n for G). It is easy to see, e.g., by
comparing T with the contribution from the simplest
triangular diagram (Fi%. 3, b) that this requirement
leads to the condition®®

MG wki~1, (3.10)

which yields the equality (3.9) upon substituting (3.8) in
the region ®w ~w, ~w, ~k® ~ki ~ ki —0. The terms
which are singular with respect to the indicated variables
in the right-hand sides of the Schwinger-Dyson equations
for G and I are all of the same order of magnitude and
reproduce'® "] the left-hand sides of these equations

(for a definite form of the functions f and F, independent
of the choice of r?), and the regular terms together with
the contribution of w + k® or r cancel in both sides of
these equations.

It can be seen that the solution (3.7) has exactly the
form (3.8), where as € —0 the exponents 7, y, and v
have the value

n=e/12+0(e*), Y=¢/3+0(e?), v=1+e/24+0(e?), (3.11)
and as € — 0 (when d = 4)
Zo= (PIrd) = (2P [26) ", RE=(P[rd) "= (3r°[2€) ™,
Hz)=1/(1+z), F~(2e/3)"=const. (3.12)

For such values of n, ¥ and v the scaling relation
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(3.9) is valid to first order in €; it must further be
valid in each successive order. The relation becomes
particularly clear and intuitive in the p, £ representa-
tion, where it reduces to the invariance condition for
the n-point Green’s functions with respect to scale
transformations‘'"? of the pomeron field, of the form

1 E/%0) (3.13)

—v/2

(P, &) &P (pEo
with
A="/vd—1/m, (3.14)
where £, is an arbitrary parameter. Choosing &, = £
we note that i has the dimension £A and the impact
parameter o has the dimension £7%/#4, Scale invariance
means that the n-point Green’s functions have the dimen-
sion £ 1A in particular
G(p, 8) =<O|T(d(p, &)¥* (0, 0)) |0>=E**g.(p/E"?),
‘e 1 [ P &
Ol , E LENYH(0,0))100= — g ——, ) -
(o, PP ) (0.00) 10— g ( O I;,)
A transformation to the w, k representation yields for G
and T indeed exactly the value (3.8).

We shall show how the e-expansion method allows one
to determine not only the exponents 7, y, v, A =1—¢/4
+0(e?) and all the other dimensionless parameters, but
also the explicit form of the functions of type f and F
which enter into the theory. In order to obtain the lat-
ter one must take into account the already mentioned
universality of these functions, i.e., their independence
of the constant r® of the ‘bare’’ interaction **’

We pick this constant inthe formr(e) = a€® + be® + . .
in such a way that in each order in € the solution ob-
tained in perturbation theory should have the structure
(3.8) (by means of the renormalization group method one
can prove in general form®°! that such a function r*(e)
exists indeed). In first order in € one can consider

® = ae, and the space as four-dimensional. Then the
perturbation theory corrections (2.2) and (2.3) can be
regarded as the result of an expansion in powers of
€ (i.e., a series in r’) of the exponents of the powers in
(3.8)

'J
G(0,0)=0+ 5@ In o't/

. kz 2 kz r3/ 164,
-1 2\ L2l EalPpUR XY S
G40, )=k Pl k(? ) ,
T' (04, 0, @z, 0) =r(1+'/or* In 0) =re™*+,
i.e.,

r r 1+n r
=—+00", y=—+0(("), ——=1+—,
=3 o, > () ; ;

where it has been taken into account that G™*(w, k?) in
(3.8) can be written in the form

(3.15)

-1 2\ __7 —1 2) (14 /vf —1 3
G (0, 1) =Zo7 () i (o)
with f,(1/x) = (Rf,x)(1 + n)/vf(x). Substituting these values
into the scaling relation, we find that as € =4 —-d -0 it
will be satisfied if

rP=r?=2e/3+0(e?).

For 7, v, and v this yields the values which were found
above. The condition r’= 2¢/3 can also be understood as
the requirement that the invariant charge (2.5) for
I=2w€/2-1)/

x(1)=[riz+2%(m—m—1)]_' (3.16)

should coincide with its asymptotic value as w —0.
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The universal functions f(x) (with x = Rk*’/w”) and F
in (3.8) are also easily constructed for small €, con-
sidering their perturbation expansions (2.2) and (2.3) for
r? = 2¢/3 as power series in €. Thus, for G(w, k%) we
obtain from (2.2) up to €®

2

k
G (o, k*) zmne/iz{/l + -

(0]

2

€ k? k
+—(1+—)ln(1+ )}
12 20 20

Comparing this with the general form (3.8) of G™* for
r? = 2¢/3 and choosing at the same time

Zy=1, Ro=1+"neln2 (3.17)
so that £(0) =1 and £ '(~1) = 0, we obtain
Fr@=trat o[ (1+5)

(3.18)

XIn(2+z) —~(z+1)In 2 ] .

At € = 0 this function coincides with its zeroth approxi-
mation (3.12). In the same manner one can find the ex-
plicit form of the function F in (3.8).

Calculating the next approximations of the renormal-
izable perturbation theory in four-dimensional space one
can find the corrections of order €%, €, etc. for all the
quantities. By analogy with the theory of phase transi-
tions one may hope that even at € = 2 the succeeding
terms turn out to be small compared to the first one,
owing to numerically small coefficients like € /12 and
€/24 in (3.11), (3.12), (3.18).

Let us analyze in more detail the matching up of the
solutions (3.7)-(3.8) in the region of strong coupling,
where w, k* = r?, to the perturbation-theory series,
which converge for w, k*> r?.

The simplest case is that of the function G(w, k%) for
k® = 0. In the weak and strong coupling regions we have
(cf. (1.13), (3.7), (3.8))

1 rll 4w -
——Ih—, o
4o o
[0G(0,0)17=) : (3.19)
(55) o<

where 7 = 1/6 and v* = r?/r?(4), with r(4) the three-pom-
eron coupling constant for d = 4 (it is convenient to
choose the constant r dependent on the space dimension
d). For v® = 0.11, i.e., for (v®/3)"® =~ 0.52, both curves
(3.19) join smoothly in the region w ~ r® (Fig. 5, a).

A similar situation holds also for the vertex function
T'(w,, k;, W5, Ks). The first perturbation theory correc-
tions, corresponding to the diagrams of Fig. 3, b, c,
yield

. (TR 1
I'=r [1—r‘ J " —
n [ot+k+ (k—k')*][o+ (ki—k’) 2+ (k. Tk')?]

+(0.k=w0.k,) ]
or, if k, =k, =0,

In the simplest case w, = w, = w/2 we obtain from this
and from (3.8) :

21n2
1—— o>r
T o/r*
= = ) . s
TlEe) e
3 r

where y =~ 2/3. At the same value v® = r?(2)/r*(4)
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fw6(w,0)”
1.5
I: ;- bn (Yw/rz)
Yw/rz
7

2.5
0.52(Yw/r2)e
1 1 1 Il J
0 z
r/r w/r2
1k b
0.26(w/rt)
o5 D
1 | L 1 L
’ z y
w/r?
-p5lL _ Zn2
5 = wjrz
© -1
FIG. 5

=r’/r’(4) ~ 0.11 (i.e., at (4v*/3)** ~ 0.23), both func-
tions join smoothly, as can be seen from Fig. 5, b.

4. THE ASYMPTOTIC BEHAVIOR OF DIFFRACTION
SCATTERING

For ultrahigh energies, when ¢ = In(s/un%) > 1, the
elastic scattering amplitude (1.1) is proportional to the
pomeron Green’s function in the £k representation:

(i1 Rtk (1)

25t (4.1)

and can be expressed, according to (3.8), in terms of a
function of the single variable T = R2k*¢":

n [ oy (FRN 1 do ZgE
G k)= | e 2f () g o = Fe® (42)
where
_ AL
(;)('r)—[‘(i-i-'q)jf ef( y“)ﬁ e (4.3)

is some (real) function normalized so that ¢ (0) = 1. The
most interesting feature of the amplitude is the growth
of the corresponding total cross section:

SJTgnzZn
I'(1+n)

0 (8)=—Im 7 (s,0) = grovee, (4.4)
where the e-estimate of the exponent 7, as we have
seen, yields

n=¢/12+0(e*) ='/,.

The angular distribution of the scattering depends on
the explicit form of the function ¢(7):

g O

Y q>z (szZEV) dzk‘
JU

T
do,= |'4;| (4-5)
where k® ~ —a't. Substituting into (4.3) the e-expansion
of the function f(z) and of the exponents 7 and v and cal-

culating the contour integral in the usual manner (cf.

footnote 1)
. d - ' 1
-[, ejf(y—t) y“'*/" = j,e { Tty * :2

we obtain

(y+1/2)In(y+1/2)—'/,tln 2 } dy
(t+y)? 2’

(1) =e*[1+!/ex (1) ], (4.6)

where

/2

T 2 T dv
—e2 {4+ — o 4)—
x(t)=e 1 21n70+(1 2)_[(e 1)v
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2\ 1T /2
=(2+lh—)—-) ——— 4.

( 1 70) 2 ,.th' n(n—1)n! @.7)
is some standard function of T (y, = 1.78), the graph of
which is shown in Fig. 6. The same figure also shows the
graph of the function e7¢(r) for € = 2, as well as the
graph of the effective slope of the angular distribution

—he®@_y_ 2, (4.8)
T

127

As can be seen, the corrections to the Regge law 8 =1

are of the order of 20% in the interval 0 = 7 < 5, As the

energy increases the slope of the diffraction cone in-

creases: Bo = Beff (O)R5 £V, where v =~ 1 +¢/24 ~ 13/12.
The total cross section for elastic scattering de-

creases as the energy increases:

T
= -[ Iéns

where, for the exponent @, which in general equals

Bets (D)=

lzdk= const-E~%, 4.9)

a="/vd—2n, (4.10)

we obtain by means of the e-expansion
a=2—Te/12~%/,.

We note that the value (4.9) of the elastic cross sec-
tion '

& 0y 23K [ g (g 1) 30 1
== [lee ) - jte 49 (@, K)o (4.11)
is determined by the contribution
A‘”(m)=%j G(m',k')c(m—m',k')d: % (4.12)
: t

of the two-reggeon diagram of Fig. 7 for d =4 —¢ = 2.
It is convenient to estimate the contribution of diagrams
of this sort by recognizing that in the integrals (4.11)
and (4.12) the values k> ~ w'Y, w’ ~w ~ 1/£ are impor-
tant, ayd by replacing the differentials dk’ by k’d
~wVd/2 and dw’ by W’ ~ w. Taking into account that

G ~w 177 we obtain for this contribution the estimate
A® ~@vd’2=21-1 From this we again obtain the es-
timate (4.9) and (4.10):

0 ~0A?~0Ge (kz) 42, vdr2—2n

5. SCATTERING AT ATTAINABLE ENERGIES

All these estimates are valid only in the theoretical
region of strong coupling, where r®In (s/s0) > 1, i.e.,
practically for unattainable energies In(s/so) ~ 10%, if
r® has a value close to 1072 (cf.!'??*)), In an article dedi-
cated to the theory of particle production we shall con-
sider processes of inclusive production taking into ac-
count the pomeron interaction and shall give theoretical
arguments in favor of such a small value of r?

At r? ~ 107? the pomeron interaction remains weak
for all practically attainable energies, since r’ln (s/s,)
< 1 always. Regarding it as a small perturbation, we
find the elastic scattering amplitude as a series in the
powers of r’£. Its t-channel partial wave

sk Xi)
2 etp(7) f=1
I ________ -_—
/’n’f’f’ i
aq & /1
FIG. 6
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®(, t) = ga (@, k*) gg(@, k*) G(w, k?) was determined
earlier (cf. (1.13)) in first order in r?/w by taking into
account the main pole diagram and the simplest one-loop
enhanced diagram (Fig. 1, a). In practice, corrections
that are not small (of the order r In £) also come from
semi-enhanced and unenhanced diagrams. The semi-
enhanced diagrams of Fig. 1, b yield correction terms
(corresponding to the pomeron loops indicated in Fig. 8)
to the vertices gp = ga (w, k?) describing the emission of
a pomeron by particles, of the following form:
Nur o dk 1
2Va’ f “n otk (k—K)?
. . Bar K
e[+ (o).
where in place of k’ we have introduced the variable
q =k/2 + Kk’ and the integration with respect to q° was
cut off at g* ~ 1. The quantity By =N, /2/@ g} can be
estimated by using for the two-reggeon emission vertex
N4 the value Nj > Ca(ga)?, corresponding to the eikonal
approx1mat10n for Cp = 1. The constant Cp can be ob-
tained!®! from the experimental data on diffraction scat-
tering of particles; for protons, i.e., for A =p

C,*=1.3%+0.1.

galo, k) =g~
(5.1)

Thus, Bp ~ CagA/2/@’ and we obtain for the partial
wave amplitude of the t-channel, multiplying the ver-
tices (5.1) and the Green’s function (1.12):

0, t)=g4"8s" [H—p_;l ( +%)] [1+—ﬁ'i7rln (m+i;i)] (5.2)

1 r w+k*/2

S it ioti): i }

The individual terms in this expression (which are
of the order r and r?) correspond to the pole pomeron
contribution, the contribution of the one-loop enhanced
diagram of Fig. 1, a and the contribution of the three
‘‘semi-enhanced’’ diagrams of Fig. 1, b. Substituting
this expression into the Sommerfeld-Watson integral
(1.1) and calculating it in the standard fashion (cf.
footnote 1) we obtain for the total contribution of these
diagrams A’ =Im T'(s, t)/87s to the imaginary part of
the amplitude the following value

A7 (5, K) =u (, k=>ga<§,k2)e-'*‘{1+——[1n

Yor*g
(5.3)

In (v/z) dv}

* dv e —1 r :
- —1)—+ s | ettt
J:(e ) v z 2 B Jlne vtz

where z = k%¢/2, and
Za(E k) =g {1+ ra [ln

dv
_1)—U]}. (5.4)
We recall that the amplitude T/87s itself can be ob-
tained from here!® " by replacing everywhere®
& =In(E/u) = In(s/2mpu) by & —in/2.

If B = B = 0in (5.4), then (5.3) yields the expres-
sion (1.14) obtained for the amplitude without taking into
account the semi-enhanced diagrams. Their contribution

’V'Z) /Vf)

4
9/4 -
+ ”’/xkr ;:”:(UH’
wk?

FIG. 8

jﬂ(lu k2)
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does not involve the factor &, but is in practice not very
small, since it is proportional to r rather than r?, and
also to the quantities and BB which are not small
(for NN scattering, e.g.'™), 8o = 8B = 2). The same
value (5.3-(5.4) for the amplitude

T/8nVs=A (E—in/2, k?)

is easily obtained directly, developing the perturbation
theory in £-space, starting from the Green’s function
of the free pomeron

Go (g, k*) =cxp [— (K*+A0)E], (5.5)

where A, is the bare shift (1.9) of the Pomeranchuk
pole (this method allows one to obtain a somewhat more
accurate formula than (5.3) and (5.4), which also take
into account the difference of the ranges of various
pomeron vertices ga, r, Naoa). The equations (5.3) and
(5.4) for the contribution of the enhanced and semi-en-
hanced diagrams differ from the analogous expression
obtained by Gribov and one of the present authors"’
under the assumption that the vertex r vanishes for
vanishing pomeron momenta. In particular, at k* = 0
the corrections from these diagrams to (5.3 and (5.4)
do not vanish (in distinction from!")) and yield for the

total cross section
1 rBs 1
wE)(H ~In ‘{og)

o (8) =gy 1+ 2% rPa
rZ
X [1+—§ln

In
2

(5.6)

Yor'g

The first two factors, which are due to semi-enhanced
diagrams, lead to a small decrease of oo with the growth
of the energy, and the last term leads to its increase. For
very high energies, for £ > 1, the last term, which leads
to a logarithmic growth of ot tot , is of fundamental impor-
tance (as we have seen, the logarithmic growth goes over
in the strong coupling region, for r’ > 1 into a growth of
the form £'®). However, in the region of attainable
energies E ~ 10—-10° GeV, the effect of the first two
terms prevails and otOt decreases weakly.

Taking into account the four-pomeron interactions
As@@*/31 and A,0°0*?/4 leads to the diagrams of Fig. 4,
which yield:

a) additional terms at the vertex (5.4), corresponding
to the diagrams of Fig. 9, a, b:

()
NA AIJ

Aga(§,0)=— ExT

where N = Cjgj is the vertex describing the emission
of three pomerons by the particle A;

b) an addition to the pomeron Green’s function
G(&, 0) of the form

/V;Z)
A A
Ja (/]
Ars
s A2z
A1g
AJs
(3) (2)
Ng Ng
a b c d
FIG.9
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l"!z
AG(§,0)= Whl Yok,

corresponding to the three-pomeron self-energy part
of Fig. 9, c;

¢) an addition to otot of a term

which determines the total contribution of all the dia-
grams of Fig. 9, d with any number of pomeron scat-
terings on pomerons in the t-channel. Here?*!

NA =CAhgh and & is a constant of order unity

(60~ £(E = 20 GeV)). The contribution of the first of
the diagrams of Fig. 9, d is determined by the same

expression with the square bracket replaced by
1/2x20In(yo€ /£0).

Figure 10 illustrates the cross section

o (§) =8 [ (1+ B2 CrBhn ) Ty TRy A

2 Yok 18a'E 4 e
s Cr'gs’ Yok
+ —_ —_— —_—
5 In 7.,5) + Bt AzzIn 5

as a function of the laboratory energy E for pp interac-
tions. In the computation it was assumed that &, = &,
=£(E =20GeV)and £ =In E +Rj/a’, where E = Ej,)
in GeV, R§ /ap ~ 4.2, r =1/12,Ch = 1.3, and

gs = 5.20°],

As can be seen, for small X,s and A». the quantity
otot’ decreases on account of the growth of the two-pom-
eron corrections to the vertices g(&, 0). Only for
A2 = A2z = 0.4 this increase is compensated by the be-
havior of the three-pomeron terms. A rough estimate
of the constants A,3 and A,, yields smaller values for
them, of the order 0.2.

{12

This result means, apparently, that the experimen-
tally observed*! growth of the pp-cross section in the
region from 70 to 1400 GeV (by approximately 3 mb) is
due to the contribution AA(£, k?) of unenhanced diagrams
of Fig. 1, c, which were not taken into account here. It
can be represented approximately?*! in the form

o = Ni"’N;")exp(—k’g/n)
A R)=) Py Ao T

(5.8)
n>»2
where A(¢, k%) = A’ + AA, where A’ is the contribution
(5.3) of the enhanced diagrams. Here NX‘), Ng‘ are the
vertices describing the emission of n particles by the
colliding particles A and B. For N3’ = Cpgh "’ **! with
CA = 1.3 the contribution of the two-pomeron term is
large, of the order 20-30%. A crude estimate of the other
terms on the basis of the relation

(n) -t

Ni =Ca ga, (5.9)

which is difficult to justify theoretically, leads to the

1
97
Ejap, GeV

1 1
10 10° w?

FIG. 10
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‘‘quasi-eikonal model®), In the framework of this
model the total cross section

Go+Ac=8n[go*+AA (&, 0] (5.10)

turns out to be rising (even without taking the enhanced
diagrams into account) on account of the ‘‘dying out’’ of
the main two-pomeron contribution in (5.8) at § =,
For the pp interaction it increases!*®’ ?*] by about 2 mb
in the indicated region.

As can be seen from Fig. 10, a similar behavior is
exhibited by the total cross section

0" (§) ="' (§) +8nAA(E, 0),

obtained by taking into account the contribution (5.7) of
all the enhanced diagrams (for A, =x. = 0.4). A small
change in the contribution of the higher-order branch
points in (5.8) (e.g., a reduction in the contribution (5.9)
of the three-pomeron term ~N% N5’ can give an even
steeper increase of otot and lead to an enhancement of
opp for an energy E ~'2 x 10° GeV (ISR) by 3-5 mb, rath-
er than the 2 mb of Eqs. (5.8)—(5.10), in agreement with
the experimental data of{%?,

DAl integrals required for the calculation reduce to two basic types:
(@o—wn)t

j (en-1) d—:

In(0+,) do 1
— el

I = I*exp[(m+mo)§] 0+wo 2 Yok

dulnu

In?(0+@s) do ul
u+i

I, = j.'eXP[(ﬁHmo)ﬂ

2 .
2 -
= 2( expl (@00t (@+1)]
0
and can be obtained by differentiating these identities with respect to
wo and w;.
IThe differentials ddq, ddpl of the vectors q and p, etc. in a d-dimen-
sional space will be abbreviated everywhere as dq, dp; .
9n conventional variables we replace z = k2£/2by Ap,?/2, where

§ irn $ in So
h=(ln ——) ap’ (0)= (ln(—) ——) ap’ +R?, R*=qa'lnp——.
2myp 2 S0 2 2myp?
The data on the angular distribution in NN scattering for sq = 2mNE,,
Eo =1 GeV yield [*°] for R? a value close to 1.8 (GeV/c)™.
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