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It is shown that weak gravitational waves in a nonstationary isotropic universe can be amplified to a 
greater degree than indicated by the adiabatic law. It is a necessary (but not a sufficient) condition 
for the amplification that there should exist such a stage in the evolution of the universe when the 
characteristic time for change in the background metric is less than the period of the wave. In an 
expanding universe the wave is the more amplified the more strongly does the rate of evolution of 
the universe differ from the one which is dictated by matter with the equation of state p = E/3, and 
the earlier the wave had been "started." The superadiabatic amplification of gravitational waves 
denotes the possibility of creation of gravitons. An exceptional position is occupied by the "hot" 
isotropic universe with p =E/3, in which the superadiabatic amplification of gravitational waves and 
the production of gravitons is impossible. An estimate is made of the converse reaction of the 
gravitons on the background metric. Apparently, the production of gravitons forbids at least those of 
the iostropic singularities near which p > E/3. 

An amazing property of the Universe surrounding us 
is its homogeneity and isotropy on a large scale. One 
reason for being surprised is that the universe is ade
quately described by a rather special solution of a com
plicated system of Einstein's gravitational equations-the 
Friedmann solution. It is difficult to imagine that the 
universe, even in its youth, would not "have a desire" 
to be more anisotropic and inhomogeneous. And yet as 
we increase our knowledge this epoch is pushed back 
to evermore earlier stages of its development. It re
mains to assume that there exist mechanisms for the 
smoothing out of anisotropy and inhomogeneities, the 
effectiveness of which increases without limit as a 
singularity is approached, so that only that solution 
turns out to be free of contradictions which in the main 
is homogeneous and isotropic practically from the in
stant of singularity. No less surprising and requiring 
an explanation is the fact of the existence of the 30 K 
residual long wavelength radiation which apparently 
provides evidence that near the singularity matter was 
described by the equation of state p = E/3 and not by 
some other one. 

Apparently Misner was the first to begin a system
atic search for mechanisms of smoothing out the 
"random" initial inhomogeneities and anisotropy. He 
proposed to utilize for this purpose the concept of neu
trino viscosity[l] and the so-called phenomenon of 
mixing[2, 3]. Unfortunately, a detailed investigation of 
these processes has shown that the domain of their 
applicability is not great and they can not solve the 
problem that was posed[4-e]. A more universal and 
promising mechanism appears to be the one proposed 
by Zel'dovich involving the gravitational effect of Rar
ticles created in an external gravitational field[?' 8 • 

The production of elementary particles in a gravitational 
field had also been considered earlier (cf., for example, 
the bibliography given in the paper by Zel'dovich and 
Starobinskil[8]), but primarily in connection with an 
attempt to explain the origin of matter surrounding us. 
The production of particles in a homogeneous isotropic 
cosmological model have been studied in particularly 
great detail by Parker [9-11] who has also investigated 
some general principles connected with this phenomenon. 

The quantum problem of the production of particles 
in an external gravitational field begins with the solu
tion of the corresponding classical wave equation. If 
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there exists a process for the amplification of the clas
sical wave, then in the quantum theory one should expect 
the possibility of production of particles. We shall con
sider weak classical gravitational waves in an isotropic 
nonstationary universe with a flat space and we shall 
show that the waves can be amplified over and above 
the adiabatic law. 

Since the metric of an isotropic universe is confor
mally Euclidean, then an important property of the 
equations which govern free wave fields is their con
formal invariance. The Simplest generally covariant 
generalizations of the equations of the electromagnetic 
and massless spinor fields are conformally invariant [12]. 

Arguments are given favoring the choice of an equation 
for the massless scalar field also in a conformally in
variant form [13]. This property of the equations is phys
ically embodied into the impossibility of a superadia
batic amplification of waves and of creation of corres
ponding massless particles [1 3-15,9-111. 

For weak gravitational waves there is no lack of 
uniqueness in the choice of equations. Gravitational 
wave equations are a direct consequence of the Ein
stein equations, and in order to alter them one would 
have to alter the Einstein equations. The equations for 
weak gravitational waves in a filled universe are not 
conformally invariant and as a result of this there exists 
a possibility of amplification of gravitational waves and 
the production of gravitons. The only exception is the 
isotropic universe filled with matter subject to the 
equation p = E/3. In this case the scalar curvature R 
is equal to zero and the wave equation is reduced by a 
conformal transformation to the equation in a flat uni
verse, where, evidently, no alteration in the properties 
of the wave occurs. 

A necessary (but not a sufficient) condition for the 
amplification or weakening of the wave is the existence 
of such a stage in the evolution of the universe when 
the wave ceases to be a high frequency one (cf., Secs. 
1 and 2). In other words, during that epoch the rate 
of evolution is so great that the characteristic time 
for the change in the background metric is less than the 
period of the wave. In an expanding Friedmann universe 
this condition is satisfied near the singularity. It turns 
out that the gravitational wave becomes the more 
strongly amplified the more the nature of the evolution 
of the universe differs from the one which is dictated 
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by matter subject to the equation of state p = €/3, and 
the earlier this wave had been "started" (cf., Sec. 3). 
In terms of quantum physics this means that gravitons 
are produced with particularly great intensity near the 
singularity (more accurately, near the Planck instant 
of time tp = (Gfl/C 5)1/2), in universes which do not have 
a "hot" beginning (p ,;, €/3). One can make an estimate 
of the nature of the reaction of the gravitons being pro
duced on the background metric (cf., Sec. 4). Apparently, 
the consequences of the production of gravitons are 
particularly catastrophic for models with an equation 
of state stiffer than p = E/3 (Le., for models with the 
equation of state p> € /3). There are grounds for as
suming that in this case production of gravitons ceases 
only after the law of expansion takes on a form char
acteristic of a "hot" universe (p = €/3). 

Having investigated effects associated with the pro
duction of particles in an anisotropic gravitational field 
Zel'dovich arrived at the conclusion that anisotropic 
cosmological models end in "suicide" due to the "first 
viscosity of the vacuum,,(7J. Using this terminology it is 
apparently possible to state that because of the gravi
tons produced as a result of the "second viscosity of 
the vacuum" at least some of the isotropic cosmological 
models (those with p > € /3) end in "suicide." 

1. WEAK GRAVITATIONAL WAVES ON AN 
ARBITRARY BACKGROUND 

One arrives at a physically perceived concept of 
gravitational waves by regarding them as small correc
tions oscillating in space and time to a certain back
ground metric of space-time. In this case gravitational 
waves are completely analogous to electromagnetic 
ones. They are of a transverse nature, propagate with 
the speed of light, their rays are the light (isotropic) 
geodesics of the background space-time, the totality of 
such waves behaves as matter with the equation of 
state p = €/3, etc. (16-i9J 

Weak gravitational waves are an inevitable conse
quence of the Einstein theory of gravitation. Indeed, let 
the space-time metric gJ.1.V be representable in the form 
of a sum of a background metric y W' and small correc
tions hJ.1.v: gJ.1.V =Yllv +h IlV ' One can introduce auxiliary 
quantities?/i Il V = h llV -1!2YIlVh and such a system of 
coordinates in which the gauge conditions 

(1) 

are satisfied. Then in the approximation linear in the 
quantities ?/illv and their derivatives the Einstein equa
tions in a vacuum are reduced to the system of wave 
equations 

(2) 

In (1) and (2), the operations of covariant differentiation 
and transposition of indices, and also the construction 
of the curvature tensor of index (0), are carried out 
utilizing the background metric Y Ilv, 

The gauge conditions (1) remain unaltered under the 
small transformations "X.!l = xll + ~ 11 which satisfy the 
equations 

and this reduces in vacuum to 

6.;«;«=0. (3) 

Utilizing this additional degree of arbitrariness one can 
reduce the number of unknown functions and Simplify the 
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equations. This can be particularly easily achieved in 
the case of a flat background universe. If Y IlV = 1/ Il v is 
the metric of a Minkowski universe, then in addition to 
conditions (1) one can achieve, for example, that the 
conditions?/i = O,hllVu v = ° are satisfied where U V is 
an arbitrary covariantly constant 4-vector(18J. In par
ticular, if U V = (1,0,0,0), then hoa = 0, while the field 
equations reduce to 

In the case of a warped vacuum background one can 
partially utilize the allowable arbitrariness (3) and ob
tain ?/i = 0, as a result of which the equations assume the 
form[18J 

The question of how one can get rid of the remaining 
nonphysical degrees of freedom has not been solved. 

(4) 

If the universe is filled with matter with the energy
momentum tensor T IlV' then the right-hand side of (2) 
does not vanish. It is natural to define the free (source
less) gravitational waves by the requirement that the 
perturbed value of the tensor T~(I) should be equal to 
zero. This requirement corresponds to the intuitive 
concept that a free gravitational wave is an alteration 
in the metric, and not in the matter which fills the 
universe. In the case T~(ll = ° the Einstein equations 
reduce to R~(I) = 0 and taking (1) into account assume 
the form 

Comparing this with (4) we see that with such a defi
nition of a free gravitational wave the field equations 

(5) 

in an empty and a filled form coincide. At least in some 
special cases one can achieve that the whole set of 
requirements attainable in a flat background universe 
are satisfied, and in particular 

(6) 

This holds, for example, in the case of free gravitational 
waves on an isotropic (Friedmann) background where the 
role of U V is assumed by the (noncovariantly constant) 
4-vector of the unperturbed velocity of matter. We note 
that Misner, Thorne and Wheeler (18) consider it impos
sible to satisfy globally the conditions 'p J.1. vu lJ = 0 at the 
same time as ?/i1lJ' = 0, and explain this by the fact that 
the background 'curvature in the general case "does not 
permit the vector field U V to be covariantly constant." 
In actual fact the existence of a covariantly constant 
vector field although it is a sufficient condition is not 
a necessary condition for the possibility of the choice 
?/illvuv = ° together with ?/ir: = 0. 

We shall speak of a gravitational wave as being 
weak if its relative amplitude h~ is small compared to 
unity; we shall say that it is short if its length.\. is as 
small compared to the characteristic radii of curvature 
L of the background space; we shall say that it is high 
frequency if its period T is small compared to the char
acteristic time e for the change in the background met
ric. Short high frequency waves are propagated with the 
velocity c, i.e., for them.\. and T are related by the 
equation .\./T = c. The definitions introduced above have 
a relative character, they relate the properties of the 
wave with the properties of the background space and 
time. 

The structure and the evolution of the background 
universe are determined by the matter of filling the 
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universe and to a greater or lesser degree by the en
ergy and the pressure of the gravitational waves them
selves. It is important that in the different regions of 
background space or in the process of its evolution the 
corrections to the background metric which we identify 
with gravitational waves generally speaking cease to be 
oscillating and small. In other words, the gravitational 
waves cease to be short, high frequency or even weak. 
If in two regions of space-time the wave is short and 
of high frequency, and somewhere in the intermediate 
region, say, the property of it being a high frequency 
wave is violated and instead the inequality T» fI is 
satisfied, then in this region the corrections to the 
metric lose the usual attributes of a "wave," but we 
shall as before speak of them as of a wave, albeit a 
low frequency one. 

2. AMPLIFICATION OF GRAVITATIONAL WAVES 
IN A "DIRECTED" ISOTROPIC UNIVERSE 

Weak gravitational waves in an isotropic universe 
have been investigated in the famous paper of E. Lif
shitz in 1946(20). We restrict ourselves to a background 
metric with a flat 3-space 

ds'=a'(Tj) (dTj'-dx'-dy'-dz'). 

From Eqs. (5), taking conditions (6) into account, we 
obtain 

where the prime denotes a derivative with respect to 

(7) 

(8) 

TJ, while the comma denotes derivatives with respect to 
the spatial coordinates. According to Lifshitz the wave 
corrections to the metric c:IP be represented in the form 
of a sum of term hf = v(TJ)Gi , where Gf is the tensor 
eigenfunction numbered n of the Laplace operator, con
structed in accordance with the metric dl2 = dx2 + dy2 
+ dz 2. Then for v we obtain the equation 

a' 
v" +2 - v' +n'v=O. 

a 

The number n indicates the spatial periodicity of 
the wave. Evidently in the case of a flat 3-space any 
wave corresponding to any n I' 0 is short, since the 
radius of curvature of the background space is infinite. 
In the process of the evolution of the background the 
true wavelength A (so to speak measured in centimeters) 
varies proportionally to a, but the ratio between A and 
a remains unchanged: n = 21Ta/A. Thus, as a changes the 
wave ::loes not cease to be short, but the property of the 
wave of being of high or low frequency can be violated. 

The specific form of the function a(TJ) is determined 
by the matter filling the universe and depends on its 
equation of state. We consider first the case of the 
"directed cosmology" (engine-drive cosmology using 
Wheeler's expression), assuming that a varies in ac
cordance with a previously prescribed law. Let a as 
TJ ~- 00 and TJ ~ + '" tend respectively to the constant 
values a, and a2, while in the interval it varies in an 
arbitrary sufficiently gradual manner. We consider 
some one component h (we do not show the indices) of 
a monochromatic wave field depending on 17 and x. In 
a manner analogous to the way this was done in [a) we 
use the modification of the Lagrange method[2'). We 
seek the solution of Eq. (8) in the form 

h = A (Tj) e-in(n-x) + B( Tj) ein{n+x) 
a a 

with the additional condition A' e -in 17 + B' ein17 = o. 
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Instead of one equation of a second order we obtain two 
equations of first order: 

1 a" 1 a" 
A' =-i-(A+Be2inn ), B' = -_i_(B+Ae-2inn ). (9) 

2n a 2n a 

A consequence of these equations is the equation 
IAI2 -IBI2 = const. 

As 17 ~ - '" and TJ ~ + '" A and B tend to the constant 
values A"B , and A2, B2. The characteristic time for a 
change in the background metric 8 = a/a' as '7 ~ ± 00 is 
much larger than the period of the wave T = n, and we 
have here short high-frequency waves with an adiabat
ically varying amplitude h ~ const . a -I (20). The con
stants A"B, and A2,B 2 are connected by the equation 
IA,12-IB,12 = IA212 -IB212. 

As can be seen from (9), A and B are strictly con
stant only when a" = O. If a" f 0 and for 17 -- 00 a wave 
is prescribed propagating in only one direction (for 
example, Al 1= O,Bl = 0), then in future its A-amplitude 
varies and, moreover, a wave propagating in the opposite 
direction appears, a B-amplitude appears. As a result 
for 17 ~ + 00 we obtain an initial wave which has been 
amplified as compared to the adiabatic law 
IA212 = IAll2 + IB212 > IAll2 and a generated wave 
propagated in the opposite direction. If as 17 _ - 00 there 
exists a standing wave I Al12 = I B112, then for 17 _ +'" it 
remains a standing wave, IA212 = IB212, and its amplifica
tion or weakening depends on the initial phase. After 
averaging over the phase one always obtains wave am
plification. 

In prinCiple superadiabatic amplification of a wave 
occurs for any law of variation of a (except for the 
case a" = 0), but a Significant superadiabatic amplifica
tion (by a factor of severalfold) occurs only under such 
rapid variations of the background metric that 8 :S, T. 
In future we shall have in mind just this kind of ampli
fication. 

We illustrate what has been said above on a specific 
example. We introduce the true time t in accordance 
with the equation cdt = adry and rewrite the equation for 
v in the form 

d c~nZ 

~~t-3-v+--v=O. 
a a2 (10) 

Let a = const = Rl for t < 0 (region I); a = vt + Rl for 
Os t s T (region (II); a = const = R3 for t> T (region 
lIT). In regions I and lIT the solution has the form 

v,=A, sin ( ;~ t+<p, ), v,=A, sin ( ;, t+<p,) , (11) 

where A and cp are arbitrary constants. In region II the 
nature of the solution depends on the relationship be
tween fI = t + Rl/v (the time during which a varies by a 
factor of severalfold) and the periods Tl and T3. In 
going over from region I into region II we have 
e 1 = Rl/v , and in going over from region III into region 
II we have 83 = R3/V. In both cases fI/T = nc/v. If 
nc /v ;?> 1, then 

1 [( c'n' ) 'I, ] v,=A, - sin -,- - 1 In a+<p, , 
a v 

and we as before have short high frequency waves with 
adiabatically varying amplitude. But if nc/v « 1, then 

(12) 
where 

a=-l-(l- ::n')'" ""-2, ~=-1+(1- c:~' f ",,_+C:7'. 
We note two modes of the solution-the first and the 
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second term in (12). The characteristic time T2 = Iv/vi 
for the variation of the wave correction is equal to 
la-Ia/al <=:j e for the former and 1t3- la/al » e for the 
latter, and in both cases the high frequency condit~on 
e» T has been violated. The phase velocity of propa
gation defined as u = AV /v for the former mode is larger 
by a factor of v /cn compared to c, and for the latter it 
is smaller than c by the same factor. 

In order to find the relation between the amplitudes 
Al and A3 one must join the solutions (11), (12) at the 
points t = 0, t = T requiring the continuity of v and V. 
We introduce the notation x = RI/R3' Let the universe 
contract from R3 to RI. Then Al is expressed in terms 
of A3 and Cf>J in accordance with the formula 

(~)' 1 {2(X-'"+X-"-2~X') 
A, x'(~-a)' v' 

+2 (x-'-x-") sin [2 c; (1-x)+2cp3+1j> ] [x-'"+x-"+2 (1-2 c:~' x' ) fl. 
(13) 

where 

We consider two possibilities for the choice of the arbi
trary phase CP3 in the case of which sin [2cn(1-x)/v 
+ 2cp3 + <p] is equal to +1 or -1. These possibilities 
correspond to the transition between the regions III 
and I in accordance with the two modes of solution (12). 
We assume that x« 1 and take into account the fact 
that cn/v « 1. Then in the former case from (13) we 
obtain AI/ A3 = 1/x2 , while in the latter case AI/ A3 = 1. 
But if the transition between the regions III and I occur
red slowly (adiabatically), then the ratio of the ampli
tudes would be equal to AI/ A3 = l/x. Thus, compared 
with an adiabatic transition we have an amplification 
of the wave in the former case and a weakening of the 
wave in the latter casel ). 

Small deviations from the extreme choices of the 
phase considered above behave differently. They alter 
the coefficient in the law AI/ A3 = 1/x2 only to a small 
extent and very rapidly alter the law AI/ A3 = 1 itself. 
In order to find out what effect occurs in a "typical" 
transition from region III into I, we must average (13) 
over CP3. As a result we obtain «AI/ A3)2)1/2 = l/x\f2", 
i.e., we again have amplification. . 

In an expansion of the universe from RI to R3 the 
amplitude A3 is expressed in terms of the initial ampli
tude Al and the phase CPI in accordance with the formula 
which can be obtained from (13) by the replacement 
Al -A3,RI -R3,CP3 + nT /R3 - CPl. The two extreme cases 
of the choice of phase CPI correspond to As/ Al = 1 and 
A3/ Al = x2 , where as before we have x = RI/R3 « 1. 
Averaging over the initial phase CPI leads to the equa
tion «A3/AI)2)1/2 = 1/12"", i.e., it leads again to an ampli
fication of the wave compared to the adiabatic law 
A3/AI = x. 

The effect of amplification of a gravitational wave can 
occur only when the condition cn/v « 1 is satisfied. 
This condition can also be rewritten in the form 
A» c(t + RI/v). In this form this condition means that 
the wavelength must be large compared to the distance 
to the horizon of the particle whose world line began at 
t = -RI/v. 

We introduce the energy density of gravitational 
waves in accordance with the definition Eg = KV2, where 

412 SOY. Phys.-JETP, Vol. 40, No.3 

K is a constant coefficient. In regions I and III Eg 
averaged over a period is equal, respectively, to 

1 c'n' 1 c'n' 
Eg' =-2 KA t 2

- R,' ' 8g3=-KA32--. 
2 R,' 

In the case of a slow variation of the background 
metric, Eg averaged over several oscillations behaves 
as l/a 4, i.e., as matter with the equation of state 
p = E/3. An adiabatic invariant in this process is the 
quantity E/W, where E is the total energy in a volume 
element, W is the frequency of wave; E = EgV '" l/a, 
W '" l/a, E/W = const. In the case of rapid variation of 
the background metric (solution (12)) Eg corresponding 
to the first mode varies as 1/a6 , i.e., as matter with 
p = E, while Eg , corresponding to the second mode, 
behaves as l/a 2 , i.e., as matter with p = -E/3. 

The ratio of the densities Eg1 and Eg3 can be ex
pressed in terms of the ratio of the amplitudes Al and 
A3: 

so that the amplification of the wave implies an increase 
in the energy density over the adiabatic law 
Eg1/Eg3 = 1/x4. 

One should not think that a wave field of any arbi
trary nature is subject to amplification. For example, 
we consider free electromagnetic waves in an isotropic 
universe. It can be easily verified that the generally 
covariant Maxwell equations 

OF" + OF," +~=O 
ox" ax" Ox' ' 

FfJ,'Y;"'=O, 

(14) 

(15) 

written in the metric (7) reduce to (14) and to 

(16) 

where 11va is the metric tensor for a flat universe: 

ds'=dT]'-dx'-dy'-dz'. (17) 

Thus, from (14) and (16) we obtain for F Jll! the same 
solutions as in a flat universe. It can be easily shown 
that the energy density of the electromagnetic field is 
equal to Ee = Too/goo = Tg = a-~e, where Ee is calcu
lated in terms of F JlV with the aid of the metric (17) 
and after averaging over a period does not depend on 
the time at all. Consequently, E e always varies in ac
cordance with the adiabatic law irrespectively of the 
nature of the variation of the scale factor. In particular, 
if the evolution of a begins with the constant value RI 
and ends with the constant value R3, then no matter how 
complicated is the behaviour of a in the intermediate 
region we always have Ee1/Ee3 = (R3/RI)4. For EgWe 
obtain the same relation only under the condition of an 
infinitely slow transition between RI and R3. The mathe
matical reason for this difference consists of the con
formal invariance of the Maxwell equations and the con
formal noninvariance of the gravitational wave equations 
(cf., Sec. 4). 

3. AMPLIFICATION OF GRAVITATIONAL WAVES 
IN A FRIEDMAN UNIVERSE 

The example considered above of a "directed" 
universe was artificial. It explained the possibility of 
amplification of gravitational waves in an isotropic 
universe and illustrated the difference in the behavior 
of electromagnetic and gravitational waves. We are 

L. P. Grishchuk 412 



particularly interested in the real Friedmann universe 
in which the scale factor is determined by matter with 
a sensible equation of state. Let p = qlO, where 2) 

0:5 q :::1. From the Einstein equations for a homogeneous 
isotropic Universe (7) we obtain in terms of 1)-time 

or in terms of t-time 

a=bot2/ 3 (q-H) • 

We introduce /1. :: alJ and rewrite (8) in the form 

ft"+ft(n'-a"la) =0, 

(18) 

(19) 

Substitution of (18) into (19) reduces it to the equation for 
Bessel functions with the exact solution 

11=1']'1. (C./a (nl']) +C,N" (nl']) ), 

where CJ. :: 3(1-q)/2(1 + 3q), while C l and C 2 are arbi
trary constants. For the sake of Simplicity we assume 
that CJ. is nonintegral and rewrite the solution for lJ in 
the form 

The applicability of a linear approximation assumes 
that I vi « 1. 

(20) 

The condition that the wave is a high frequency one 
a/a» lJ //1 in this case can be rewritten in the form 
n1)>> 1. For n1) » 1 (20) reduces to the asymptotic 
expression 

(21) 
where 

2 'I, B=( -;,:;-) (C,'+C,'-2C.C,sinn~)"', 

-C, sin (n~/2) + C, cos (n~l2) 1 
tgljJ= ~-a C,cos(n~I2)-C,sin(n~I2)' - -'2' 

(The parameter (3 is convenient because it vanishes when 
q = 1/3.) At this stage we have short high frequency 
wave s of amplitude proportional to l/a and with an 
energy denSity 109 ~ 1/a4 • 

In terms of t-time solution (21) has the form 

" = const ' + exp { inc S ~t } , 

It is obtained from (10) if the term 3alJ /a is small com
pared to the remaining terms. But if the last term in 
this equation is small, then from D + 3alJ /a :: 0 we ob
tain two modes analogous to (12). One of them yields 
VI = const . a-3 , while the second one yields lJ 2 = const. 
A more detailed investigation in this latter case leads to 

[ 1 c'n' (2+~)' vz=const- 1 __ ~ ____ t2/(2+11)] 
2 b,' 2~+3 ' 

In the case n1) < 1 the high frequency property of the 
wave is violated, and this creates conditions for its 
amplification. The difficulty consists of determining 
the amplitude of the "wave" in this epoch3 ). In order to 
resolve it we adopt the following approach. We assume 
that for 1) 'O! 1)0 (where n1)o» 1) the scale factor has the 
expression (18). while for 1) < 1)0 it is constant: 
a = const = ao1)~/ (3q+l) • One can easily find the amplitude 
of the wave for 1) < 1)0 in such a universe with a "break" 
in the scale factor, but one should take into account 
the distortions introduced by the break itself. The quan
tity which is of interest to us is the amplitude of the 
wave which exists when 1) < 1)0, after subtracting the 
distortions introduced by the break. We illustrate this 
on an example. We consider a universe filled with mat-
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ter subject to the equation of state p = lO/3 (q =1/3). In 
this case a" = 0 and the solution of equation (19) is given 
by 

ft=B sin (nl']+ljJ) , 

where Band ¢ are arbitrary constants. On the added 
interval of the scale factor, where a = const :: ao17o, 
the solution of (19) also takes the form (22): 

I1=A sin (nl']+<p \, 

(22) 

(23) 

but the amplitude and the phase are distorted by the 
break and differ from Band ¢. Indeed, a"becomes in
finite at the point 1) = 1)0 so that a" = ao1)oo (1) -1)0) and 
/1.' undergoes at this point a discontinuity equal to the 
value of /1. at 1) = 1)0. This discontinuity leads to the fact 
that the amplitude and the phase of solutions (22) and 
(23) do not coincide. A subtraction of these distortions 
(in the present case a return to Band ¢) is automatic
ally achieved by a matching of /1. and /1.' of the solutions 
(22) and (23) at the point 1) = 1)0. We shall utilize this 
approach also for other values of q. We emphasize that 
this procedure is not a construction of a solution in a 
universe with a break in the scale factor (in such a 
solution /1.' must indeed undergo a discontinuity at 
11 = 110), but a method of chOOSing the appropriate solu
tion for 11 < 110 and thereby a determination of the 
amplitude of the wave. This approach would not have 
been needed if there existed a satisfactory description 
of the energy of the wave not only in the high frequency 
region (n11» 1), but also in the low frequency region 
(n1) « 1). 

Equation (19) has the form of a Schrodinger equation, 
in which the role of the potential is played by a"/a: 

U (I']) =a"la=~(1 +~) 11']', 

The potential falls to zero as 1) - "> and reaches a max
imum or a minimum value (depending on the sign of a'~ 
at 11 :: 1)0. To the left of this point it vanishes identically. 
The solution of equation (19) for 1) 'O! 110 has the form (20), 
while for 11 < 110 it has the form (23). A continuous join
ing of /1. and /1.' at the boundary 11 = 110 enables us to 
express C l ,C 2 in terms of A and qJ, and, in the final 
analysis, to relate A to the value of B from formula (21). 
Just as in Sec. 2, B can be expressed in terms of A and 
qJ (for (3 = 0 the term depending on the phase disappears), 
so that in an expanding universe both an amplification 
of the wave (B > A) and a weakening of it (B < A) is pos
sible. After averaging over the phase we obtain the fol
lowing connection between the amplitudes B and A: 

( B)'= n(nljo) {[1+(~~-)'] [/';,+o+/~,I.~,+2sinn~/.t.HL".-,1 
A 4 cos' n~ nl'], 

+ 2 -~-[/.t.-,I _",_.-1',,+,1 -'1 ... + sin n~ (/.t. .. I'I.-,-1 -'1.-,1-'1.+0) 1 
nl'], 

(24) 

where the Bessel functions are taken for the value of 
the argument equal to n1)o. Just as expected, for {3 = 0 
we obtain B/ A = 1 for any value of 1)0. In this case the 
wave is neither amplified nor diminished compared to 
the adiabatic law of variation lJ ~ l/a. 

Let us see to what effect we are led by small devia
tions in the equation of state from p = lO/3. Let 
I {31 « n110 « 1. The Bessel functions can be expanded 
in powers of the argument n11o, and then each term of 
this series can be expanded in powers of the parameter 
{3. First of all we note that if for the time being we 
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leave aside the term 

( B) 2, 2 
-' - [J'I.H(n'lo)+LI.-~(nr)o)+2sinn~J'.H(n'lO)J-,,,_~(nr)o)], (25) 

nTj, 

then the remaining expression in curly brackets in (24) 
is symmetric with respect to the replacement of {3 by 
- {3. Consequently, all the terms with odd powers of {3 
in this remaining expression will mutually cancel. The 
principal term, which does not contain {3 at all, is equal 
to 4/1TI111o. The first correction to it is proportional 
to (n11ofl{32Zn2(n11o) and turns out to be smaller than the 
principal term in the expansion (25), and in particular 
smaller than the quantity (2/1TI111o)({3/n11o)2. Writing out 
the principal terms in the expansion of (24) we obtain 

(l!.-) '= 1+~(-~ ) 2 

A 2 nTjo . 

Thus, for small {3 the function (B/ A)2 is symmetric with 
respect to {3 and attains at {3 = 0 a minimum equal to 
unity. The coefficient of amplification 
K = (B/ A)2 - 1 = 1/2({3/n11o)2 is the greater, the more 
the equation of state differs from p = E /3, the longer is 
the wave under consideration, and the earlier it had 
been "started". 

4. CONFORMAL INVARIANCE OF WAVE 
EQUATIONS AND THE PRODUCTION OF 
GRAVITONS 

An important property of homogeneous isotropic 
metrics is their conformal Euclidean property. This 
means that the linear element ds can be rewritten in 
the form ds = Qds, where ds is a linear element of a 
flat universe, while Q is a conformal factor which de
pends, generally speaking, on all the coordinates. In 
the case of the metric (7) of interest to us the conformal 
factor coincides with a. The property of being confor
mally Euclidean is important because the equations for 
certain free fields written in terms of a homogeneous 
isotropic metric may be reduced by a conformal trans
formation of the metric and of the field functions to 
equations in a flat universe. This applies, for example, 
to the conformally invariant generalization of the equa
tion for a massless scalar field and to Maxwell equa
tions (14) and (15)(13, 23 J. It is evident that in a flat uni
verse with wave solutions nothing happens, and the 
initial field functions differ only by.being multiplied by 
conformal factor taken to the appropriate power. Con
sequently, processes of nonadiabatic amplification of 
waves and production of particles are impossible[9J. 

Equations for weak gravitational waves on an iso
tropic background are, generally speaking, not confor
mally invariant. Indeed, if they were such, then by a 
transition to the metric (17) and the field function 
(J = arv, where r is a number, we should have obtained 
from equations (5) instead of (8) an equation of the form 
(f" + n2(J = O. The best situation that we could obtain by 
a choice of the number r = 1 (J1, = av), is equation (19), 
in which there is an extra term a'1a. Generally speaking, 
it is not equal to zero, since 

a"/a=-i/eaZR(O)=i/da2.T(O), 

where R(O) is the background scalar curvature, while 
T(O) is the trace of the energy-momentum tensor. Thus, 
only in the case T(O) = 0 and, consequently, for a = ao11 
+ const the equations turn out to be conformally invari
ant with respect to the transformation with the confor
mal factor Q = a. 

Parker asserts[gJ that massless particles of any 
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arbitrary spin s> 0 are not produced in a non stationary 
isotropic universe, referrinfi with respect to this 
to the result due to Penrose 13 J, according to which the 
simplest generally covariant generalizations of the 
field equations for s> 0 are all conformally invariant. 
But Penrose's result for s = 2 refers to a field in a 
vacuum, where TJ1,v == 0 and, therefore, T == O. In a 
filled isotropic universe, as we can see, the equations 
for weak gravitational waves are conformally invariant 
only in the case T(O) = 0 and, consequently, only in this 
case amplification of waves and production of gravitons 
are not possible. We note that equation (10) coincides 
exactly with the equation for a massless scalar field 
in its Simplest generally covariant (conform ally nonin
variant!) generalization. For T = 0 Parker's result[9J 
concerning the absence of production of massless par
ticles is valid. 

The correct method of taking into account the reac
tion of the particles being produced on the metric re
quires the solution of the self-consistent quantum prob
lem. Certain aspects of this process can be modelled 
with the aid of the solution of the gravitational equations 
in a filled universe with an energy-momentum tensor 
containing viscous terms, where it is assu med that the 
coefficient of viscosity is switched on at a certain in
stant of time. We quote, for example, certain results 
which refer to modelling the production of particles in 
an anisotropic gravitational field. The production of 
particles in a vacuum Kasner model [aJ and their reac
tion on the metric can be apprOXimately described with 
the aid of joining at a certain instant of time to two 
solutions of Einstein's equations. For t < to this is a 
vacuum Kasner solution, for t> to it is a solution with 
a Kasner metric ds 2 = c2de - a 2dx2 - b2dy2 - c2dz 2 and 
with an energy-momentum tensor with first viscosity. 
It is assumed that the coefficient of viscosity ,\ is 
switched on sufficiently gradually at the instant to. 
In the case of a sufficiently gradual switching on, one 
can achieve, for example, that at that instant of time 
the values of the metric and of its first derivatives 
would be continuous, and the values of the density and 
the pressure and their first derivatives would be equal 
to zero. Since in virtue of the Einstein equations we 
have 

. (abc)' 
E+(e+p)--= AniOn", 

abc (26) 

where 1Tik is the tensor of the anisotropy of the defor
mation, then for t> to E > 0 and p> 0 will appear4 ). 

Due to the gravitational effect of the matter that has 
appeared the expansion tends to become isotropic and 
the right-hand part of (26) disappears. As a result one 
obtains the isotropically expanding Friedmann model 
filled with matter. Of course, the artifiCiality of such 
a construction consists of an arbitrary prescription of 
the law for the variation of the coefficient of viscosityS). 

In an analogous manner we can attempt to model the 
production of gravitons in an isotropic universe with 
the aid of the second viscosity. Let the energy-momen
tum tensor consist of two terms: TJ1,v = TJ1,v(l) + TJ1,v(2» 
where TJ1,v(J) corresponds to matter with the equation 
of state PI = qE" TJ1,v(2) corresponds to matter with the 
equilibrium pressure P2 = E2/3 and second viscosity?;. 
We assume that individually the following equations are 
satisfied T~(l);v = 0, T~(2). = O. Then the Einstein 
equations in an isotropic urlYverse (7) reduce to the 
system 
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C, 
£1= a3jlH) , (R) 

where K is the Einstein gravitational constant, C, = const. 
It is sensible to ass ume that 1: has the form 
1: :: X(11)la"/al, where X (11) increases sufficiently gradually 
and then falls off in the neighborhood of a certain 110. 
Let us examine the limiting case of a Ii-like switching 
on of viscosity. We write 1: = ± XIi(11-11o) a'/a, where 
X is a number, the sign plus or minus is chosen respec
tively for a"> 0 or a"< O. Then E2 = ± 3xa-4(a'af2)111::110' 
and for the determination of a we obtain the equation 

1-3q 
3a"=x[C a""'I+O)±~"(a"a") 1_] R =~-. 

, ~f,. • "', ~ 1+3q 

From this equation it can be seen that for (3 < 0 
(PI> E 1/3) and sufficiently large 11 > 110 we have 
a ~ k,11, where k, = [± Kx(a"a f2 )1 11=11)'/2, i.e., the law 
for the expansion of the universe with p = E /3. 

In conclusion we note that if the gravitons were 
created near the Planck instant of time to ~ 10-43 sec 

(S) 

(X ~ ctp ~ 10-33 cm) and after a period of mutual trans
formahons involving other particles have survived 
until the present, then they must now exist in the form 
of gravitational waves in the range of wavelengths of 
fractions of a centimeter. In principle such waves are 
amenable to experimental discovery, for example with 
the aid of the technique of electromagnetic detection[271. 

The author is grateful to A. A. StarobinskH' and 
particularly to Ya. B. Zel'dovich for useful discussions 
and for an attentive reading of the manuscript. 

I)Naturally, the wave must remain "weak" also after amplifciation in 
order that linear theory within the framework of which we are 
operating should be applicable. 

2)In fact, the relations obtained below are also valid for -1/3 < q < O. 
3)An analogous difficulty is encountered in the quantum problem of 

the production of particles [9,14,15]. In the classical problem one must 
somehow "brake" the evolution of the universe in order to give the 
possibility for the wave to become "established" and to determine its 
amplitude, in the quantum problem one has to "brake" the evolution, 
in order to have time to count the particles the number of which is 
continuously varying. Quantization of weak gravitational waves in a 
closed Friedmann model was considered in [22]. 

4)In this case there exists, of course, an interval of time during which 
the condition of energy dominance iToOj;;' Tih [24,25] is not satisfied. 

5)Recently the self-consistent problem of the production of particles 
(not of gravitons) and of its reaction on the metric has been solved 
under certain additional assumptions by Lukash and StarobinskiY [26]. 
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