
Effect of a magnetic field on the fluctuation conductivity of 
layered superconductors 

A. A. Golub 

Institute of Applied Physics, Moldavian Academy of Sciences 
(Submitted February 6, 1974) 
Zh. Eksp. Teor. Fiz. 67, 706-711 (August 1974) 

The effect of a constant magnetic field on the fluctuation conductivity of pure, layered 
superconductors with a Josephson interaction between the layers is investigated. The fluctuation 
correction to the conductivity is calculated with the paramagnetic effect taken into consideration, and 
it is shown that the latter may lead to an appreciable enhancement of the effect of the 
superconducting fluctuations. The role of the paramagnetic effect is large if the critical temperature 
Tc (H) is determined with the aid of excited Landau orbits. 

Layered superconductors with a Josephson (weak) 
interaction between the layers were experimentally in­
vestigated in the articles by Morris and Colemanl1 ] and 
by Thompson, Gamble, and Koehler.[2] Such supercon­
ductors can be obtained upon intercalation by the mole­
cules of layer compounds of the type TaS20 Layered 
superconductors have been theoretically investigated 
in[3-8]. In particular, Bulaevskii [4] has shown that the 
critical field Hc2 for superconducting nucleation can be 
found without taking the motion of the electrons between 
the layers into consideration, i.e., to regard the motion 
of the electrons as purely two-dimensional. 

In experiment[1] a slow increase of the resistance 
P II toward the normal-state resistance was observed 
for small angles of inclination of the magnetic field H 
to the surface of the layer. It was conjectured[4] that 
this is connected with an increase of the superconduct­
ing fluctuations due to the paramagnetic effect, which 
facilitates the appearance of superconducting regions 
with dimensions of the order of VF / J-lH (VF is the 
Fermi velocity of the electron, J-l is the Bohr magne­
ton). Impurities play an important role in this case. The 
analysis carried out by Bulaevskii[4] indicates that an 
intermediate case in regard to purity may have been 
realized in the experiments of Morris and Coleman. [I] 

An investigation of the effect of a magnetic field (with­
out taking the paramagnetic effect into account) on the 
fluctuation conductivity of "dirty" superconductors was 
carried out in the series of articles[7-9]. In the present 
article the fluctuation conductivity of pure, layered 
superconductors with a Josephson interaction between 
the layers is calculated for the case when a constant 
magnetic field is applied to the sample. The influence 
of the paramagnetic effect on this conductivity is inves­
tigated in detail. 

The dispersion law of an electron for such com­
pounds in the normal state is determined by the expres­
sion[3,5] 

e (pq) =p'/2m+2b cos q, (1 ) 

where O:s q:s 21T is the quasimomentum for the motion 
of the electrons between the layers, p is the quasimo­
mentum along the layers, m is the effective mass, and 
b determines the probability for electron transitions 
between the layers. This probability is assumed to be 
small. In what follows in this article, the interaction 
between the layers is not taken into consideration. One 
can obtain a concrete estimate for such an approxima­
tion by starting from formula (4) (see below) in which 
allowance for the interaction between the layers leads 
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to the appearance of an additional term ~b2/ (ITT)2 (T 
denotes the temperature). Therefore, the approximation 
being used is valid for b « T ;:. Tc( H), where Tc( H) is 
the critical temperature. If T is not too close to zero, 
then apparently this criterion can be satisfied for cer­
tain layer compounds. 

The main contribution to the correction to the con­
ductivity of pure superconductors, connected with the 
superconducting fluctuations a', is determined by the 
Aslamazov-Larkin diagram.[lD) In the case of a mag­
netic field H directed at an angle e to the surface of 
the layer, the expression for a' = all can be written in 
the form[7] 

1 1 S ' ') a" = S i",o d'rd'r L'.Q(rr "'0, "'0-+-0; 

AQ( ") ( e' )' 4TI: imn(r",.",)inm(r'-""",+) 
Ll rr!", =-.- . 

, 2m om" N'E" (",+)Em (",) , 

(2 ) 

where wlJ = 2rr1T, W = 2rrkT; I and k are integers; Sis 
the surface area; W+ = W + WIJ; N = m/2lTd is the effec­
tive density of states;[4] d is the thickness of the con­
ducting layer (n = c = 1). 

The function En( w) is related to the Cooper instabil­
ity in the presence of a magnetic field. [11,12] It is the 
eigenvalue of the integral equation 

S K· (rr') rpm (r') d'r' =NgEm (0') rpm (r), (3) 

where 
K'"(rr) =<5(r-r') -gT I: G., (rr')G,,_,"' (rr); 

g is the coupling constant for the electron-electron in­
teraction; Gw(rr') is the Green's function of an elec­
tron in a magnetic field described by the two-dimen­
sional vector potential A( r) (Ax = 0, Ay = Hx sin e); the 
cP m(x) are Landau wave functions describing the elec­
tron's motion in a magnetic field H. 

For layered superconductors with a Josephson inter­
action between the layers, it follows from the last equa­
tion that (see[4,11]) 

T ~ ').' 
En (w)=ln-+').'(-1l nS qdqoXP(--;;-q') Ln(q'').')tT(q') , (4) 

Trv n -

where the Ln(x) are Laguerre polynomials. Here TcO 
is the critical temperature for H = 0; 

').'=1Iell sin Ii; w,=(2Z+1)nr. 

Since the entire singularity near the transition point 
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is contained in the function En(w) for small arguments, 
En( w) can be expanded in powers of the frequency w: 

En(OO) =En(O) +1 00 lEn' 

and in the expression for jmn( rwllw) one can set WII 
= W = O. Then, if the equation for Gw( rr') is utilized, 
we obtain jmn(rOO) in the form 

. im S' , . [I) Kw-'(rlf,) 1 
1m.(rOO)=--;- drldr,<p .. (r,)· M(r) Ng .. <pn(r l ). (6) 

In contrast to the limiting case of "dirty" supercon­
ductors, the kernel Kw=O(rr') does not satisfy a simple 
differential equation. [7] Therefore, in order to vary ex­
plicitly with respect to the vector potential, we express 
Kw=O(rr') in terms of the eigenfunctions qJm(r) and the 
eigenvalues Em( 0) of Eq. (3): 

As a result, for the quantity 

L'1Q(iw,) = ~ S d"l d'"L'1Q(r lr,ioo,) 

we obtain the expression 

L'1Q(ioo,)= 2::T E (En+I-En)'(n+1) 1: En(W+:En+1 (w) , 
n=~ w 

(7 ) 

(8 ) 

where En == En( 0). The summation over w in this 
formula is carried out with the aid of analytic continua­
Hon,[IO] and finally we obtain the following expression 
for the correction (2) to the conductivity: 

(9 ) 

Let us consider the limit of large fields, T« TcO. 
Then, in the summation over n we can restrict our at­
tention to the term with the maximum singularity. The 
critical temperature Tc (H) is determined from the 
equation Eo( Tc( H» = O. Therefore, in the vicinity of 
Tc( H) the largest singularity is associated with the 
function Eo and all is given by 

2e'T E.' 
all=---;uJE;' (10) 

Making use of the definition of Tc( H), Eo can be repre­
sented in the form 

E,='lHH' j q dq cxp {- ~' q' } [/T (q') -/T,(H) (q') l. 
o 

T T-T,(H) 
'lH= In T,(H) '" T,(H) . 

For temperature close to Tc( H), the integral in this 
formula is evaluated exactly, and in the strong-field 
limit under consideration we obtain: 

E -16 To'(H)')..' _ 8 . (T,(H) )' H,,, 
0- 'lH~V-;-- 'lH A(O) llsin6' 

(11 ) 

(12) 

where Hc20 = 2 t:.. 2( 0)/ eVF and t:.. (0) denotes the energy 
gap at T = O. 

The conditionrj H « 1 is utilized in the derivation of 
the last formula for Eo. One can evaluate the quantity 
E~ by representing the sums over the frequency in 
terms of derivatives of the Euler digamma function 
</J(x) and using the asymptotic expansions of </J(x) for 
large arguments. One can however, immediately inte­
grate over the momenta, as a result of which E~ takes 
the form 

Eo' =2nTe' ~ [i-ooen'" exp{oo'e'} (i-(!l (ooe»] 
w>o 
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(!l (x) = ~ S e-t'dt. 
l'n 

(13 ) 
, 

Here E2 = 2.\.2/vF and w = (2l + l)1TT. 

In the limit T2E2« 1 (large field), we carry out the 
summation in the last formula according to the Euler­
Maclaurin formula: 

(14) 

The values of E~ (for n> 0) are obtained from a rela­
tion which follows from the properties of Laguerre 
polynomials: 

E' =_. _n_ E , +~i_E' _~ dEn' (15) 
n+1 n+1 n-I n+i n n+i d')..' . 

Thus, we find 

and all is given by 
n'''e' T.(H) ( H,,, ) 'I, 1 

all = 12d L'1(O) Hsin6 'In' (16) 

Now let us take the paramagnetic effect into consid­
eration and show that in this case the fluctuations are 
more important. Allowance for paramagnetism is 
acbieved by the substitution w - W = w - ij..LH in 
formulas (11) and (13) and by taking the real part of the 
corresponding expressions, As a result, after integrat­
ing with respect to q we obtain the following expression 
for Eo: 

E,='lH(1-X); 

~ d 
x=1'-;eRe2nT E [<p(we)+2e'""de'<p(we)], (17 ) 

<p(we)=(l-(!l(we» exp (w'e'). 

The parameter 
1 H,,, H l':x.H 

1)'=f!.'H'e' = -_._-- = -_~, 
2 If,sine If. 1'2H. 

will play an important role below. Here In y = C is 
Euler's constant and Hp = t:.. ( 0)/ {2 j..L. Let us consider 
the case when the paramagnetic effect is not very small, 
so that the inequality 02 » T2E2 is valid. In addition, 
o > Omin, where omin is determined by the large field 
limit considered in this work ( H :s Hc2 (e, T = 0), 
T « TcO)' 

The summation over w in Eq. (17) can be carried 
out in the same way as in formula (13), Confining our 
attention to only the integral term, we find: 

E,='lH 1m [l'-;I)(!l (-il) e-"]. (18 ) 

One can determine E~ and E~ in similar fashion: 

(19 ) 

Let us investigate various limiting cases. If C\I < 1.25, 
then 02 « 1 is possible for fields H < Hc2(e, T = 0). 
The value of Tc( H) is found from the condition[4] 

Eo(T,(H» =0, E'='lH(2I)'+8T'e') 

(see Eqs. (12) and (18»; and all is determined from 
formula (10). The fluctuation contribution to the conduc­
tivity differs slightly from the result which follows 
from Eq. (16). At sufficiently small angles e, C\I may be 
greater than 1.25, and Tc( H) is found with the aid of 
excited Landau orbitsY] If the n-th orbit is essential, 
then by keeping the n-th and (n + l)-st terms of the 
summation over n in Eq. (9), we obtain the following 
expression for a~: 
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(20) 

As before let 1)2« 1 and Tc( H), for example, is deter­
mined from the equation E 1( Tc( H)) = O. Then a\~) takes 
the form 

1(Jlj')I=~-'-- ~ .----2 T (If) (H ) 'h e-" 1 

l'rrd ~(O) Hsin8 (j'+4T/(H)e' '11l 
(21 ) 

The appearance of the small factor 1)2 + 4T~(H)E2 in the 
denominator substantially increases the fluctuation con­
tribution to the conductivity. For small values of n, the 
excitation of even orbits gives smaller values of aF) 
(a\fl = ()l4)\ a\tl I). We note, however, that for H ~ ~c2(e, 
T=O) we have 1)2~ 1[4] even for n=l, and the last 
formula is not applicable. 

In the region of small angles, 01 » 1 and I) 2» 1. In 
this limit we find 

En' =~(....::) '1'~(26')ne-", 
n 2 UF 

(n-I) _ e' T,(H) ( II,,, ) 'h (2")" _:"~ 
au --_--- -- u e . 

2l'nd ~(O) IIsinB '1" 

(22) 

Since here n - 1 is the order of the integer part of 
01/1.8 ~ 02/3.6,[4] the coefficient associated with l/1JH 
may be large and the fluctuations substantial. The last 
expression for a~n-1) retains its form if the tempera-
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ture is fixed and the field H is varied. It is only neces­
sary to make the following substitutions; 

"'1f~'1,,'=[H-H,,(A, T) j/H,,(A, T), 

T,(H) -+T, '1:4:1. 
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