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Propagation of fourth sound in solutions of two superfluid liquids is investigated on the basis of the
hydrodynamic equations for such solutions. The existence of two fourth sounds is demonstrated. The
possibility of exciting fourth sounds by means of vibrations of a wall in a direction perpendicular to
its plane is studied. Hydrodynamic equations for solutions of two superfluid liquids with dissipative
terms are derived. These equations contain ten independent kinetic coefficients: one for the first
viscosity, six for the second viscosity, and one each for diffusion, thermodiffusion, and thermal

conductivity.

1. INTRODUCTION

The possibility of the existence of solutions of two
superfluid liquids appeared with the discovery of the X
transition in liquid *He at a temperature of the order of
a few millidegrees Kelvin."! Since the solution of liguid
*He in superfluid *He does not separate into the pure
components even at absolute zero temperature, up to
concentrations of about 6% (see [2]), it is then evident
that upon lowering of the temperature the *He in such
a solution will also undergo a transition to the super-
fluid state and a solution of two superfluid liquids will
be obtained. The equations of the hydrodynamics of such
solutions were first obtained in Khalatnikov’s paper !
and the propagation of sound in them was studied in ",

H

In this paper, we consider certain problems in the
hydrodynamics of solutions of two superfluid liquids:
fourth sound in such solutions, the excitation of fourth
sound, and the set of hydrodynamic equations of solu-
tions of two superfluid liquids with dissipative terms.?

Before proceeding to the exposition of these prob-
lems, we write down several formulas which we shall
need below, namely: the hydrodynamic equations of so-
lutions of two superfluid liquids and expressions for the
velocities of sound in such solutions (see ©s*1), There
are six equations in all: two equations of continuity for
each of the components of the solution

Pidiv (psvatpava) =0,
prtdiv (puaVertpaava) =0; (1.1
here p is the density, ¢ the concentration, vg, and vg.
the superfluid velocities, pg, and ps, the superfluid
densities, and pn; and pp. the normal densities of the
first and second components, respectively; vp the
velocity of normal motion;

Pr=pc=putpu,  Pr=p(1—¢) =patp.; (1.2)
two equations of superfluid motion
Vot V (= avai+v,va=0,
’ (1.3)

Vot ¥ (o= 1ava2v,v,) =0,

where (4, and y, are the chemical potentials, which
are defined by the identity for the energy ¢:

de=TdS+p,dps+pdpatpa (Va—va)d (Va—Va)

FPua{Viz—Va) d(Ver—Vn) (1.4)

the equation of conservation of the total momentum
i=pavatpavetpavs,, (1.5)
jit+ollu/6z=0, (1.6)

here IIjkx is the momentum flux tensor
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Ma=paVaiVantPaValartPal il mt pOa, (1.7)
and the pressure is determined by the expression
p=—e+TS+ 1 Fpapz; (1.8)
and the equation of continuity for the entropy
S+div Sv.=0. (1.9)

Khalatnikov™! has shown that three different sounds
can propagate in solutions of two superfluid liquids
representing coupled oscillations of pressure, temper-
ature and concentration. We write down the velocities
of these sounds, assuming that u; »u, »u; and ¢ <« 1:

L S T

=P ug —2n0 9t
7} o 00

e (L10)

’

Here o=S/p, L=y — o,

2. FOURTH SOUND IN SOLUTIONS OF TWO
SUPERFLUID LIQUIDS

Fourth sound in an ordinary superfluid liquid is the
oscillation of the superfluid component in narrow capil-
laries when the free path of the excitations exceeds the
diameter of the tube and the normal component is im-
mobile (see ¥Y). Since the transition of *He to the super-
fluid state in solutions of *He in superfluid *He will take
place at much lower temperatures than for “He, the ex-
periment might be performed more conveniently by
measuring precisely the fourth sound in the solutions.
Thus, we need to consider the linearized hydrodynamic
equations (1.1), (1.3) and (1.9) at vn=0:

P1tpa div vy =0, p.tp.div ve=0,

. (2.1
S=0.

It is convenient to replace u,, i, by new chemical
potentials p=cpu;+(1—clie. and &= u;— is; we then get
the following from (1.8) and (1.7) (o =S/p)

Va+t V=0, v,+Vp.=0,

p~'dp=0dT+dp—=tde. (2.2)
Using this notation and also (1.2), we rewrite the set
(2.1) in the form
petiptpa div vyy=0, p(1—c)—cptp.e div v,=0,
. Vp . Vp
vat{(1—c) VE—oVT + ' 0, Ve—cVt—oVI+ i 0, (2.3)

6p+op=0.

We now consider a plane sound wave in which all the
variable quantities are proportional to exp{iw(t—x/ u}.
Denoting the variable parts of the corresponding quan-
tities by primes, we get the following set of algebraic
equations from (2.3):
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up’ctuc’p—puva=0,

wvat (e—1)t +or” — 2
P

up’(1—c) —uc'p—paviz=0,

=0, uvatct+ol' —L =0, (2.4)
P
op’+pa’=0.

We convert to the variables p, ¢, T in (2.4) by means of
the formulas

] ] do do
LU .
ap ¢ aT ac
(2.5)
, 1 0p , 9o, 0L,
=———p ——T"+—c
p* dc dc de

In (2.5), we have used the smallness of the coefficient
of thermal expansion ap/ 8T 2 and also the relations
that follow from identity (2.2) for the derivatives of the
thermodynamic quantities.

With (2.5), the conditions for the compatibility of
Eqgs. (2.4) give the equation for the sound velocity:

u‘_uzﬁ{[czﬂﬂwzm] Lo O ( i )’f’T
dp P P

p dc W “oc ] s
dp 0@ ot R dp dg 0
+__p___§] +2[(1_c)_p__.ciz_][g_£__°_T+iﬂ’_
dp dc P P dp dc do p Odc (2.6)
+(__p.,+p.z)(ﬁ)_020_T+1)}+ Pa1Ps2 ﬁp_{oz d0 0% 8T
0 dp  do p* 9p dp dc do
a 1 a dp1?
+ Z_I_V[L_Gq_i_p] +£}=0.
dol o ac p Oc dc

This equation can be solved by using the fact that one
root is much smaller than the other in the concentration
parameter c « 1. It is also necessary to take into ac-
count that terms of the order pn/p are small at the
temperatures considered, at least as small as c. With
the foregoing, we obtain

_ P Op

e ” z_p“ ac
(ut) - o ap’ (uA ) _—p——a? (2.7)

We can also rewrite Eq. (2.7) in the form (see (1.10))

@=Ly =Ll

Ps2

(2.8)

Thus, two ‘“fourth sounds’’ can propagate in capillaries
with a solution of two superfluid liquids, representing
coupled oscillations of density and concentration.

3. EXCITATION OF FOURTH SOUNDS IN SOLUTIONS
OF TWO SUPERFLUID LIQUIDS

As has been made clear in [‘”, a distinguishing prop-

erty of solutions of two superfluid liquids is the possi-
bility of propagation of a third type of sound wave in
which concentration is the main oscillating property.
Under conditions in which the free path length of the
excitations are greater than the dimensions of the
vessel, this sound corresponds to the second of the
fourth sounds. It is interesting to establish how intense
this specific sound will be under the usual method of
excitation—by means of oscillations of the wall in the
direction perpendicular to its plane. It is more con-
venient to carry out the treatment precisely for the
fourth sound by virtue of its greater simplicity. The
answer for third sound should not differ greatly from
that obtained here. We shall proceed in the same fashion
as in the investigation of the question of radiation of
sound in an ordinary superfluid liquid (see 7). Let the
wall oscillate in the direction perpendicular to its plane
with a velocity vee-iwt, The velocities of the first
superfluid component in the first and second of the ra-
diated fourth sounds will be
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B ) (3.)

while the velocities of the second component will be,
respectively,

vn/=A‘ale—iuU—x/u)’ v.z”=Azaze-i0(f—=/“).

(3.2)
Here

7" ”
a=v,.[ve,  @=v."[v./".

(3.3)

The quantities vs; and vg: should coincide with the
surface velocity on a solid surface: A;+A,=vo, Aa,
+Ag2s = Vo, whence Ap/A,= (l—al)/(l—az). The mean
energy density radiated in each of the sounds is obtained
by means of (3.1) and (3.2):

E=Pn;117+p:z;zz=|/zAz(Pn+P.zaz) y

and the intensity ratio of the radiated waves of first and
second fourth sounds has the form

I, u/

putpeal  ug

Ay

I u” (Az )’pqupnaf (3.4)

u” ( 1—a, )Zp.l+p.zaz‘
"\ —a,/ putp.al’ '

Thus, to find the final answer, it is necessary to find
a, and a, (see (3.3)). From (2.4) and (2.5), we can obtain

sz 1 dp\* dp [0c\*dT ,6 dp 8¢
o) ) e 2
Vst { p’{( °) p dc dp \0c/ 36 0dp dc

dp 9o 9T 1 dp dp 0T dp
oLt L e i)
2a c)[ ap 3¢ ° g p dc ° dp do upop .
1 dp\*, 0o dc)zaT dp agl
o - SRV R ()
X{ p‘,{c(l °) [( P dc) ap (dc do  Op dc
dp 0 or 1 0 dg dp 0T
o[ 229 o————p]—-"———p—
dp 9c¢  do p Oc p dc dp Jdo

d dp oT -t
+L-_p_0,__p___1}} .
p Odc dp do

Keeping only the principal terms in the concentration,
we have

Vs dp 1 dp
=2 — @)= [ pa(1-—=2),

“ Vet % (91)/p 2( p dc
o2 gp 0 1 dp\*
=" 2”={_p“ _p__g_,(1__._p_) ]

Vsy dp dc p Jdc

dp 1 9
+(u«”)’p—£} /pn(l ———p—) .
ap o dc

Using (2.7), we can rewrite these expressions in the form

/] -1 N 1 0
am(1-L20) T (g L)

— - T (3.5)

We substitute (3.5) in (3.4). Using (2.7), we obtain, to the
principal order in the concentration,

127 at 09)%(9“\,/’(1_69)
I(_(—% ap Ps: p Oc/

2

(3.6)

Thus the ratio of the intensities of the second to the
first of the fourth sounds in the radiation of a wall vi-
brating in a direction perpendicular to its plane contains
the concentration parameter to the 3/2 power. This
quantity may also prove to be not so small, which allows
both sounds to be excited in this fashion.

4. HYDRODYNAMIC EQUATIONS OF A SOLUTION
OF TWO SUPERFLUID LIQUIDS WITH DISSIPATIVE
TERMS

In order to obtain the equations of hydrodynamics of
a solution of two superfluid liquids with account of dis-
sipation, in complete analogy to what was done for pure
helium (see s ]), we introduce additional terms in Eqs.
(1.1), (1.3) and (1.6):
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pitdiv(p,vetpavatg) =0, bz+div(p,2v,2+p,.2vﬂ+gz) =0,

vtV (u‘ - -VZL+ VaVarth, ) =0, VotV g —%— + v,.v.z+hz) =0,
(4.1
0 (MptTu) _
—
ik is given by Eq. (1.7), and g +g:=0, since the con-
tinuity equation p+div j =0 holds for the entire liquid.
We then have g, =—g, everywhere below. The total en-

ergy in the coordinates bound to the normal motion has
the form

Jot 0.

E=10v.24 (pi+p:) vate. (4.2)

Here € is determined by expression (1.4), and p; and
p= are the momenta of the two superfluid motions, taken
in the coordinates in which the normal component is at
rest (see ©®Y):

Pl=Pu(Vu_Vn), pz=p.z(V.z—vn).

(4.3)

Differentiating (4.2) with respect to time and apply-
ing (1.1)-(1.9), (4.2), and (4.3), we can establish (see 17
the law of energy conservation in the form ®

OE/at+div Q=0, (4.4)
where
Q= (P|+Pl"») (= 1/2"7.2) F(petpeva) (Ha—1/2va?) 5)
F9a (V) FP1{VaVor) TPz (YaVar) F TSy (4.

The same calculations, carried out with the equations
of hydrodynamics with the additional terms of (4.1), give

BE/dt+div(Q+Q’) =0. (4.6)
Here Q is determined from formula (4.5),
Q' =q+h,pi+hp,t(vax). (4.7)

In this case, the rate of change of entropy can be writ-
ten in the form

. q s .
T {S+d1v [Sv,. + T nga ] } =—h,divp,

av

ni 4 VT
oz, g'TVT fl

In the expressions for the energy flux and entropy
fluxes, we have inserted the additional unknown term q.
The right side of Eq. (4.8) determines the dissipative
function R. From its positiveness condition we have

—h, divp,—1,,

hy=—8, div p;—&: div p.—~&a div v, (4.9)

ha=—8: div pi—Cs div p,—8e div v, (4.10)
Ovee | OUp, 2 Ovn;

Tih:_n( Oz, dx; _3_ * H)

_‘Sik(C‘l div p,+8s div p,+Ls divv,), (4.11)

B 4 VT
gi=—aV T_BT' (4.12)

_ 1 VT

By virtue of the Onsager symmetry principle, we
have the following relations for the kinetic coefficients:

E:=%, Bs=Lr, Le=Ls, p=r. (4-14)

In order to introduce the diffusion, thermal-diffusion,
and thermal-conductivity coefficients, we shall proceed
in the same fashion as in the case of ordinary helium
with a nonsuperconducting impurity (see Bl We ex-
press the heat flux q in terms of the diffusion flux g,
and VT. We get from (4.12) and (4.13)

) By\ VT
= ——— g+ {5 —
a- et (0-F)

T

The coefficient of thermal conductivity « is defined in
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such a way that at zero flux g, the heat flux would be
equal to —«xVT, i.e.,

x=(6——m—) !

1) (4.15)

We now transform, as usual, to the variables p, T, ¢
and introduce the notation

a
_2 9t pear? 5B
p dc T rr r (4.16)
pomp 08 70T ’
P T [ e T

In this notation, the fluxes (4.12) and (4.13) take on the
form

VT .V
—g.=pD(Vc+k, =tk p),
bt kst p (4.17)
—q=T" —_-——_’——] +xVT.
1 [aTT T 9 1)1%7"

The quantity D is the diffusion coefficient, kTD is the
coefficient of thermal diffusion and kyp the coefficient

of pressure diffusion. The pressure diffusion coefficient
is not a kinetic coefficient, since it is completely ex-
pressed in terms of derivatives of thermodynamic quan-
tities.

We can now write down the hydrodynamic equations
of the solution of two superfluid liquids with dissipative
terms in their final form:

pt+div j=0,

, ke k
prdiv (puVartpniVa) =div[ pD( Ve+ L VT+ p—” vp)] ,

Vot V (1e=2v 24 vav,) = VG, div pos (Va—va)
+82 Qiv a2 Vi2—Va) TEs div va],

. (4.18)
vtV (u2—1/2vnz+vnv52) =V [ div Ps1 (v,.—v")

FLs div paa(Vee—Va) HEe div va],

. i 1} i d ni
i Ol _ {n(dvm+6u,.u_iam v )
dz 0y Gz, dz; 3 dx;

F8aLLr div pur (Var—a) +Ea div puo (Ver—va) +Eo div vn]} .

The equation for increase in entropy takes the form

T{S+div[Sv,,+—;»g1%]}=R. (4.19)

The fluxes q and g; are determined by the expressions
(4.17)

R=0,(div po1 (Va1 —Va) ) 2L (div poa (Vee—va) ) 2+ 5o (div V)

+282 div pur (Var—Va) div paz (Ver—Va) T285 div 0.y (Var—Va) div v,
vy —ié. ﬁvn«)z (4.20)
dz, 3 oz

at kr ko \' . (VD)
% ovr+fyp) 4+ )
+pD =2 (Vc+ VT Vp) -

OVns

2 diy pue (Var—va) div vatq ( +

dz;

The coefficients ¢i (i=1, 2, ..., 9) have the meaning
of second-viscosity coefficients. Because of the Onsager
symmetry relations, only six of these are independent.
The second-viscosity coefficient {. is specific for the
solution of two superfluid liquids. It corresponds to the
friction between the two superfluid components. The
quantity 7 is the coefficient of first viscosity, which is
essentially connected with the normal motion. Just as
in the case of ordinary superfluidity, the coefficient that
is analogous to the first viscosity does not appear in
superfluid motions. Thus, there are in all ten indepen-
dent kinetic coefficients for a solution of two superfluid
liquids: one first viscosity, six second viscosity and one
each of diffusion, thermal diffusion and thermal conduc-
tivity.
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In conclusion, the author expresses his deep gratitude
to I. M. Khalatnikov for useful discussions.

DJust as in [34], we shall ignore the possible anisotropy arising because
of the anistropy of the gap in the 3He spectrum, and study the case of
isotropic superfluidity.

DAs is well known, the coefficient of thermal expansion in solutions of
3He in superfluid *He is not small. This is because there is always a
finite amount of the normal component in such solutions above the A
point of 3He—all 3He atoms are in the normal component. But in the
case considered, both *He and 3He are in the superfluid state and there-
fore, just as in the case of the pure superfluid *He, p;, < pg and the
coefficient of thermal expansion of the solution of the two superfluid
liquids should be a small quantity.

9 An error was made in the calculations in [3}-the last term in the
expression for the energy flux (4.5) was omitted.
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