Acoustic resonance saturation as a spin “bottleneck” effect
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A new method for describing acoustic resonance (AR) is proposed, in which the main dynamic
subsystem consists of resonant (with respect to mechanical vibrations of the system) phonons that are
coupled to the thermostat (the remaining degrees of freedom) either directly or via another dynamic
subsystem, the spin subsystem. This approach permits one to calculate in a unified manner the
nonequilibrium mean values for both the spin and vibrational susbsystems. It also permits AR
saturation effects to be taken into account and interpreted in a novel way. Coupled kinetic equations
for the dynamic subsystems are derived by the nonequilibrium-statistical-operator technique. In the
description of the spin subsystem, allowance is made for the nonequilibrium states of the
dipole-dipole interaction pool. A solution of the kinetic equations is found under stationary
conditions. The AR-induced saturation of the paramagnetic contribution to the speed of sound is

calculated.

1. CHOICE OF MODEL

The description of resonant phenomena in condensed
media is based on separating the dynamic subsystem
with discrete energy levels, in which the resonance is
excited, from the remaining degrees of freedom, which
constitute the thermostat. To take consistent account of
the external alternating field, it is necessary to intro-
duce, in addition to the Hamiltonians of the dynamic sys-
tem #g —hE*(s) and of the thermostat )fL —‘hE(q) also
the Hamiltonian of the alternating field of the generator

=4K(F) (here §, §, and F denote the degrees of
freedom of the dynamlc and dissipative subsystems and
of the field, respectively). Figure 1a shows schematic-
ally these subsystems and the interactions between them,
namely hG(s, q) andhD(s, F). If the processes that occur
in the subsystems do not influence the generator, then
the operators F in the interaction AD (s F) can be re-
placed by their mean values F(t). Then D(s F) = Dt( S),
where DY(s) contains only the operators of the dynamic
subsystem and of the classical-field intensity, which
depend explicitly on the time.

The un1versa11y employed acoustic-resonance (AR)
treatment! corresponds to the scheme of Fig. 1a,
where the dynamic subsystem is the spin system (S
system), and the alternating-field intensities are the
components of the deformation field U = Ugcos(p *r —wt),
treated classically. In this approach, however, it becomes
impossible to represent certain properties of the vibra-
tional system, since it is assumed that the acoustic de-

formations are determined only by the external generator,

and no account is taken of the reaction of the substance
on the deformations. A more complete description makes
it necessary to regard the vibrational system as a quan-
tum system, whose operators can assume different val-
ues during the course of the experiment. To observe AR,
the single crystals are processed in such a way that they
become a resonant acoustic system, in which it is pos-
sible to excite intense oscillations of only definite modes,
and only with a discrete set of resonant frequencies

wgk = kwy,(k is an integer), with the width Awy of the
resonan? peaks much smaller than wp.“

One can propose another theoretical description of
AR, in which the vibrational degrees of freedom (the
strains Up connected with the set of frequencies wy
= kwp) are regarded as a dynamic subsystem with a
discrete spectrum (P system). All the remaining vibra-
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tional degrees of freedom constitute the thermostat. The
P system is coupled, via the interaction s#¢g, with the
spin system (the second dynamic subsystem). Both sub-
systems are_in _contact with the thermostat via the in-
teractions AG(p, q) andAG(s, q). Finally, the external
classical alternating field is the field of the elastic
stresses o(r, t) = 0gcos (wt —p *r) produced by the ul-
trasonic generator. This model corresponds to the
scheme of Fig. 1b. In contrast to the universally em-
ployed approach, in this model the external alternating
field is different in nature, the deformations are as-
sumed to be quantized, and the spin degrees of freedom
play the role of not the main subsystem but of the sup-
plementary subsystem.

The AR effect is produced when the natural frequen-
cies of the spin system coincide with w ~ kw_, and en-
ergy is transferred from the generator into the spin
system. Saturation of the AR sets in when the coupling
H'sp is capable of transferring more energy than the
couplmgfsq, and the spin system deviates noticeably
from equilibrium. In this sense, AR saturation can be
treated as a ‘‘bottleneck,”’ of the spin type in this case.

The approach proposed here makes it possible to
obtain in unified manner the nonequilibrium mean val-
ues of physical quantities of both spin and vibrational
nature. In addition to determining the acoustic power
absorbed by the spin system, it is possible, for example,
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to obtain the AR-induced change in the velocity and ro-
tation of the plane of polarization of the sound introduced
into the sample from the ultrasonic generator. To this
end it suffices to calculate the nonequilibrium mean
values of the creation and annihilation operators ai)

and ap of the resonant phonons, and this is made pos-
sible by regarding the resonant oscillations as a quan-
tum non-equilibrium system.

It should be noted that the changes of the speed of
sound'®®! and of the rotation of the polarization plane'
due to spin-phonon interaction, have already been calcu-
lated earlier. The paramagnetlc change of the speed of
sound near AR was observed by Shiren ], However, the
calculation method used in!*® has the followmg proper-
ties: a) it is valid under conditions of thermodynamic
equilibrium, b)it pertains to thermal phonons, c) it can-
not take into account the AR-induced saturation of the
spin system. By using the proposed approach, we shall
describe below the paramagnetic change of the speed of
sound without the indicated limitations.

7-8]
)

In accordance with the scheme of Fig. 1b, the com-
plete Hamiltonian of the medium in which the Ar is in-
vestigated can be represented in the form

F=Fy+ V1, o= h[E @)+ E 6+ E@),

V' =516G 9 £GP+ 66 p)+ D (), (1)
where #, is the fundamental Hamiltonian, and Vtisa
small interaction. The Hamiltonians of the resonant and
thermal phonons are respectively
H6,=hE (p)= 3,2,
J’én=hi (6) =h 2 ®q (aq+5q+’/2) 5

where 4y and iq are the thermal-phonon creation and
annihilation operators.

@)

Let the ultrasonic generator produce in a sample in
the form of a rod of length ! and cross section B the
elastic stresses

ou(r, 1) =—08:010, c‘os(mt—px) =0.(z, 1),

@)

where p and w are the wave vector and frequency of the
ultrasound. In this case the operator of the energy of
interaction with the external alternating field turns out
to be

H#'=1D (p)=B jdz #(z), 2 (z)=U.(z)0u(z,1), (4)

[
where Uy (x) is a component of the strain tensor and
is equal to

Ve (2) =i(Ap/2M0,) " (07—, e=17) (5)

and plays the role of the operator of the system, while
the stress tensor oy (r, t) is the classical external force.

The spin-system Hamiltonian #g = hEX(S) = iO + 4
contains a term that describes its spectrum, namely
#§ =HE(S), and a term #4 that describes the adiabatic
part of the magnetic dipole-dipole interactions.

As the concrete spin system we consider paramagnetic
ions with effective spin S =1 in a crystal field of axial
symmetry and in a constant magnetic field Ho parallel to
this axis (z axis). In this case the operator E(s) takes
the form

E@ =Eq()+ E.(5), Eq()="%D0s E, () =08,
where
&= 2 o S.= 253,
Re=1 R=1
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D = fiwg is the fine-splitting constant, w,=g,BgHd ',
gand g, are the principal values of the g-factor, and
Bp is the Bohr magneton. Q§ are the irreducible tensor
operators of second rank for the k-th spm[ | where

X =0, £1, +2. The energy levels and the wave functions
of such a paramagnetic center are shown in Fig. 2,
where |y is the eigenstate of the operator S,. As ex-
amples of such states we can cite the ions of trivalent
vanadium and dlvalent 1ron in corundum, in which AR
was already observed (o] . Slight rhomblc additions in
the spin Hamiltonian of these ions can be left out. We
disregard below also the hyperfine splittings, which
generally speaking can be clearly seen on the resonance
lines of these ions.

The form of the adiabatic part of the dipole-dipole
interactions Hy depends significantly on the spin-system
spectrum. In our case we have

= DA (8IS =y (PP, + Py 1Pl + PRPL + Py i Ply)), (6)
ik

where A = (g°8%/r’)(1 -3 cos®); r, 6, and @ are the
spherical coordinates of the vector joining the spins
j and k. We have used here the projective operators
Poun, defined by their matrix elements <Xm"PmnIXn
= fm/mOnn’ in the basis of the eigenfunctions \’(m> of
the Hamiltonian#'3 = hE(S).

)

The interaction of the spin system with the thermal

phonons is given by!’?!
Hu=GGE D=1 Y (~DFA@DOE). (7)
A=-2

The interaction of the spin system with the resonant
phonons can be obtained from the operator of the dyn-
amic spin-phonon coupling, in which, however, the strain
tensor must be represented in operator form. Assume
that the elastic stress produces in the medium only lon-
gitudinal acoustic waves, so that only one component of
the strain tensor, Uyy, differs from zero. In this case,
the resonant transitions between the levels
<Xi:1| —lxz 1> are determined by the following terms
of the dynamic spin-phonon coupling operator, (seem
Sec. 5):

yéup:ﬁG Z[QAZLI_QA»Z“] [}xx (.Z‘;‘) 3 G=Gxxu_erv'Jv (8)
R

where Ggxxx and G
amic-coupling tensor.

are the components of the dyn-

Finally, the interaction of the resonant and thermal
phonons is the result of the crystal-oscillation anhar-
monicity due to three-phonon processes, and takes the
form

jgm.:&y*’f{p*-"‘d\rﬂ,\pv ﬁp=3 2 V(P, ki, kz);llnf’{kn
Ky kp#p

Ah‘i = &"’e -+ ;lih‘iw /Alifi = d—ki + letly (9)
where V(p, Kk, k;) is the matrix element of the three-
phonon interaction‘*°

x>
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2. KINETIC EQUATIONS FOR VIBRATIONAL
SUBSYSTEMS INTERACTING WITH A SPIN
SUBSYSTEM AND SITUATED IN AN ELASTIC
STRESS FIELD

We employ the Zubarev nonequilibrium-statistical-
operator method!*!! to obtain the kinetic equations for
the AR with allowance for the nonequilibrium states of
the resonant vibrational subsystem. We consider only
excitations at the fundamental mechanical-resonance
frequency (Wi = wp),

We choose first dynamic variables that describe the
nonequilibrium states of the system. It is known that
in the presence of a strong interaction Hy a cancella-
tion takes place in the description of the spin system,
and the transverse magnetization components cease to
describe the system for times t > tg4 ﬁ(Ter) e,
During these times, the system is described by the non-
equilibrium averaged operatorsf“ ﬁE(s) and)? fizl
In the vibrational subsystem, there is no reason for such
a cancellation. Therefore, to describe the nonequilibrium
behavior of the considered system during times t > tg
we choose the following operators

Gy, Gp*, Top=Gy*dn  Ha S, 725,;, 00—200. (10)

The entropy operator Se(t, 0) is equal in this case to''!'

8. (8,0) = @ (1) -
B (O) Hp -+

B () . -+ Bu () a4 Ba (1) Hq
B ()@ + By (1) ap + L, (11)
where &(t) is the Massieu-Planck functional, B,(t) are
the dynamic parameters that are conjugate to the op-
erators (10), and By, is the reciprocal lattice tempera-
ture. Following Zubarev!''), we construct a nonequili-
brium statistical operator corresponding to the entropy
operator (11), and obtain in the high-temperature ap-
proximation kinetic equations for the operator (10):

3¢S (S —(S,» o n
e 7= WG G,
<,y 2> — ()0 -
I g iy S S,
at T, 2
FIAA) VAN A -
P AV ) — 2 — W SV )+ F,
at 2T, 4
) ) (12)
P N Ty 1 A
=A<V, — + WSOV,
P
PYE D) (o> — (> L
(3td - dT., S Wl B <Ry,
840y (Q>—<Q0>°
Here at T
Ao=0,—o, f",,=d,,e"‘", Q=2AwT,,
B [ hp* \'h; _ Bl | hp* \"
7= )" o= By )
7\ 2Mo, GJ." @edr =2\ ote,)

For the relaxation times that enter in (12) we obtain
the expressions

i~——.’-dm(pl(m)[fm(mn+u)q @)t foro(@e—we—w) ],
Tq
1 1
TZ:TQ”}"%J.EIO)(Pz(ﬁ’)fl,—1(2(ﬂo_m),

318 Sov. Phys.-JETP, Vol. 40, No. 2

1 12 1
T —szldm @ (0) [fr,0(@oF0e—0) + foi o (@e—we—0) | = 12f, (13)

where )
(@)= J'em'm(z, Q) F(g)>dt,

Frn(Omi—0) = Iexp{i (@ma—©) 8} Ppmn (t) P, mddt; (14)

fn (@mn —@) is a function of the shape of the resonance
line at the frequency @, and is determined by the

broadening interaction ,af}d. Direct calculation of the re-
laxation times by formula (13) in the case of phonon
mechanisms that couple the spins with the lattice can be
found in{**4**], The phonon-lattice relaxation time is
calculated in''®). The quantities

1
fr-1(2oo—0) =—W,,

hp
W.,=321G
P S oy 2

(15)

have the meaning of probabilities of energy exchange
between the dynamic subsystems as a result of the in-
teraction #gp,.

From the kinetic equations we obtain an expression
for the power absorbed under stationary conditions
_ & ' L KBy | D |
dt T dt Ty dt Ty

—he IV V5> +<Ry) [ A (.“’T"— mo) Wi So— W,,,,<9%,>]

Myl theuZ,~WeT (5]
[(1+Z,)*+Q*]T, !

(16)

where the symbol |, indicates that no account is taken
of the changes connected with the relaxation processes,
and mp = (2Tp7)’.

3. STATIONARY SOLUTION OF KINETIC
EQUATIONS

Under stationary conditions, the system (12) makes it
possible to express all the mean values in terms of

<%%
A S LY o~ m14Z,—iQ]
— 2 = Vpy=—2 T2 (1)
=tz s T Ty
Here mp = (2Tpé‘7)2, Q = 2TpAw, and we have introduced

the nonequilibrium saturation factors:
Z,=W.,TAn,, Z=Wai,Tu(n,>,
Zy=—"W ., T (S0 =—1W T (S (1+2Z,)

In particular, the average strain can be obtamed by
substituting solutions of the type <Vp> =(a, Yel?
expression (5). After substitutions we have

U..(z, t)=[y. (o) cos(ot—pz) +y3.,” (©) sin (ot—pz) | 6o,

()= 21a° Q (@) = 3 1+z,
r O T e AR A Do
2, T,
Zp=1—+pz—, Xuo_‘E;—' (18)
s P

The average number of resonant phonons is determined
from the equation

{1p>° m,
1+Z, (1+Z,) 4+

(npy= (19)

We see therefore that my is the number of coherent res-
onant phonons that are excited by the acoustic generator
in the sample in which there is no spin-phonon coupling.
One can speak of induced acoustic oscillations only if

my, > (f,’°. Under this condition, the equation can be
rewritten in the form
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2(1+Z,24-Q) — 2.0 U420+ -2z 2.

149 1+Q2 e
where we have introduced the equilibrium saturation
factors

0+ Zr+ (20)

Z°=W..,T.m,, Z)=1W,T,m,
and the equilibrium population difference between the
levels E, and E-,

m,==—(8." =20 N/3kT.

The real positive solutions of Eq. (20), together with
relations (17), determine all the nonequilibrium average
characteristics of the system at a given instant of time.
The analytic form of the solutions of the equations is
complicated. The dependence of Z¢(=x) on Zg(=y) at
several values of the parameter Z, and at @ = 0 is shown
in Fig. 3. We note also that at the fimiting values of the
amplitudes of the elastic stresses we have

lim Z,—0, lim Z, = —ZL
a1 G20 1+Q*
We now consider several particular cases.

4. SYSTEM FAR FROM ACOUSTIC RESONANCE
((./Jp + O.Jmn)

A function such as f),-;(2wo —w) has a sharp maxi-
mum at w, — 2w, = 0, and vanishes far from resonance.
Therefore, in the case of a consideration, the probabil-
ities Wgp and Wy, tend to zero, and the equations break
up into two uncoupled systems describing noninteracting
dynamic subsystems. All the spin averages turn out to
be equal to the equilibrium values at the lattice temper-
ature, and for the vibrational mean values we obtain

m,
1+2TA0)%°
1-2iT, Ao
T+(@T,A0)

(MY =<Np2° + m,=(2FT,)*, (21)

(@py=2F Tpe™ =" (22)

Expressions (21) and (22) describe the stationary os-
cillations at the frequency » in a sample with mechani-
cal-resonance frequency w, and damping T,,. In partic-
ular, for the power absorbed by the crystal froman exis -
ting generator in the absence of a contact with the spin
system, we obtain

T, 1

__il)_ 4 2 R —
N (@)o*, %" (@) TR (23)

Inx

FI1G. 3
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and the acoustic deformation is equal to
Us(z, t) =[y."(0) cos (at—pz)+%." (0) sin (ot—pz) |00,

©
%" (@)= —0',—)(,.9-”(0)), %’ (0) = 2T, Aoy, (o),
P

(24)

where p is the density of the sample. The quantities
Xu,pare the vibrational susceptibilities. Accurate to a
factor "’/""p {which is equal to umty near mechanical
resonance), the susceptibilities x " and ng are equal.

The results of (23) and (24) correspond to a treat-
ment of the resonant oscillations as a dynamic subsys-
tem according to the scheme of Fig. la.

5. ACOUSTIC RESONANCE FAR FROM
SATURATION

Let us find an expression for the power absorbed in
the AR under the following conditions: a) the acoustic
generator excites the resonant mechanical oscillations
(w = w,); b) there is no saturation (dynamic ordering of
saturation factors of the dynamic subsystems are Zg,
Zp < 1); c¢) the change in the energy of the dipole-di-
pole interactions under the influence of the ultrasound
can be neglected. Taking these conditions into account
we substitute the relations (17) into the right-hand side
of (16). After eliminating from £ the power that flows
out of the P system directly into the thermostat, we
obtain the power #g that goes to the thermostat via the
spin system:

P = —hoom<8," W, (1+Q%) . (25)

Recognizing that (§,)° = — 2hw,N/3kT = —mg, where
mg is the population difference between the levels E,
and E-}, and also the fact that under the considered con-
ditions we have xu( p)oo = U)o, we obtain in the case
of exact mechanical resonance (w= wp) the usual expres-
sion for the absorbed power:

PO=2ko,m,W, W=8rG*({U>)%, -1 (20,—a), (26)

where W is the probability of the transition between the

levels E; and E.| under the influence of the interaction

(4), in which Uyy is regarded as a classical force: Uxx
= U)ocos (wt —px).

6. ACOUSTIC SATURATION OF SPIN SYSTEM.
SPIN “BOTTLENECK"”

Let us estimate the ratios of the equilibrium satu-
ration factors that enter in (20). Putting Tp = Q/up and
mp = 107 I/hwpv, we have

N=Z,"(Z2 =2 10N, /TT.I,

where Np is the number of spins per unit volume, I is

the intensity of sound in W/cm?, and we use for the Q
factor of the sample and for the speed of sound v the
respective values 10° and 4.2 x 10° cm /sec. At nuclear
resonance (No ~ 10% ¢m™®, v, ~ 3 x 10" Hz) at room
temperature, typical values are T, ~ 10 * sec and

n =2 X 107%/1, while at helium temperature Tz > 10 sec
and 7 < 1.5 X 10 °/I. Consequently, even at slight sound
intensities we have Z) « Zg. For electron resonance at
room temperature, a typical value is T, ~ 10 sec and

n ~ 1/1. At liquid-helium temperature we have T, ~ 107
sec, and n ~ 10/1. Thus, a condition Zp « Zg is easily
reachedalsoin EPR, althoughthe inverse situation canbe
realized at room temperature, since Tz andI are small. In
this case, however, there will be no saturation. We consider
below the easily-realized and therefore important
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particular case Z, < 1 and Zg >> 1. When considering
two interacting su%systems in accordance with the
scheme corresponding to Fig. 1b, the case Zg > 1 can
be called “‘bottleneck’’ (spin bottleneck in the present
problem).

At Z, < 1 it makes sense to calculate all the mean
values in the first nonvanishing approximation in Z .
In the zeroth approximation we have for the vibrational
subsystem the result (21) and (22), while the spin main
values are N . .

(S)=(SO/(1+Z,), =< [(1+Z),
Z=Wo,Tam,.

The power absorbed through the spin system in this

approximation is equal to
Po=P L [1/(1+Z,°) +204s(1+Z°) / 0o],

where ]’g is the power absoﬁrbed in the absence of satu-
ration and wq = Sp#’y/SphSz)°.

Unlike the previously known expressions for #g, such
as (26), the result (27) describes the saturation connec-
ted with the AR when the excitation of the vibrational
subsystem deviates from resonance, and also takes into
account the nonequilibrium states of the dipole dipole
pool DDP. We note that the role of the DDP in the satu-
ration, under AR conditions, was investigated earlier by
the Shutilov group!®!, but their analysis pertained to a
spin system with equidistant spectra.

Measurement of the speed of sound as a result of the
spin-phonon interaction arises in the first approximation
in Zp. Using the relation v =—0,/p¢ (¢ is the time der-
ivative of the amplitude of the vibrational displacements
in the traveling wave"®)) and determining ¢ from the
strain (18), we obtain the sound velocity with allowance
for the spin-phonon coupling:

1
v, =——[ (1+2Z,) 2+ Q*]".
pT,

This yields for small Zp

v2:—v? 2Z, vi—v?

1
~ = 28
v? 1+Q2 v? 28)

a—c (14Z,) (1+Q2)

In the case of mechanical resonance & = 0 and in the
absence of saturation Z, = 0, and also under the assump-
tion Tzg(wp —2w,), (Wp —2wo) *, expression (28) goes
over into the results of Jacobson and Stevensm,

[V - v3)/¥]5—s-
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DThe oscillations of the sample cease to be critical to high acoustic fre-
quencies w ~ 10 rad/sec. The theory developed below includes also
this case, which corresponds simply to the condition of exact mechan-
ical resonance.
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