Quantum electromagnetic waves in cylindrical conductors
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U}ldamped quantum electromagnetic waves in cylindrical conductors are considered. It is shown that
the phase velocities of the waves change as a function of the applied magnetic field flux. For

thin-walled cylinders, the period is equal to hc/e.

The energy quantization of the electron is important
in cylindrical conductors of small cross section. In a
magnetic field parallel to the axis of the cylinder, the
spectrum of quantum states is modified in such a way
that, along with the de Haas—van Alphen effect, there
arise effects of oscillations of the various thermody-
namic and kinetic quantities with a period (in the flux)
&, =hc/e, which have been called -1 ¢oscillating
phenomena of the flux-quantization type. Thanks to the
quantization, the propagation of weakly damped electro-
magnetic waves similar to quantum waves in the volume
case, also becomes possible “*), The purpose of the
present study is to investigate the corresponding phe-
nomenon. We shall show that as a consequence of col-
lisionless Landau damping in cylindrical conductors
(hollow and solid), there exist quantum waves whose
phase velocities change periodically with change in the
magnetic field flux &, while for hollow, thin-walled
cylinders, the period is equal to &,.

1. The identical nature of the quantized spectrum for
thin-walled cylinders in longitudinal magnetic and vector-
potential fields has been proven previously (this case
can be realized in principle with the help of a long

solenoid placed inside a cavity); the spectrum takes the

form ©
E,n(p:)=tmn+p.2/2m",

(1) " (m+n)*  nn?
o e i S 8
where 17=<I>/<1>o, R is the radius of the cylinder, d the
thickness of its walls (d «<R), pz the component of the
quasimomentum along the axis of symmetry, and m* the
effective mass of the electron. As is seen from (1), a
change in the flux by an amount A® =®, is equivalent to
the replacement of the discrete number m by m+1. The
value of the density of states does not change on such a
substitution. This means that the density of states oscil-
lates on variation of the flux with a period ®,.

(1

Quantization of the motion of electrons in a solid
cylindrical sample placed in a longitudinal magnetic
field produces a more complicated oscillation picture.
In a weak field that satisfies the condition rg >R (ry is
the cyclotron radius), we obtain the following expression
for the spectrum:

Emn(ps) =emn+p/2m’,
2
{xm’n+2nm+ian2[1 4 Hmh) ]} ,
Tonn

where ymn are the zeroes of the Bessel function of
order m. Analysis has shown ! that the spectrum (2)
leads to the appearance of two oscillations that differ

in period: oscillations of the de Haas-van Alphen type
(associated with the ‘‘volume’’ electrons), whose period
is equal to (A® )1~(¢8/®)(ﬁ/pFR)3 in order of magnitude,
and oscillations that are strictly periodic in ® with
period (A®), = &, (oscillations of the flux-quantization

@_

Emn =

(2)

K
2m'R*

308 Sov. Phys.-JETP, Vol. 40, No. 2

type). The surface states of electrons with the largest
values of the magnetic quantum number are responsible
for the latter oscillations. Thus, in the calculation of
the thermodynamic quantities of the solid cylinder, the
contribution of states with small values of the magnetic
quantum number (the paths of the carriers pass near the
center of the conductor) is effectively separated from
that of states with m=ymn, which correspond to the
magnetic surface levels (their spectrum is described by
equation (4) of ©7).

As has already been noted, the reason for the exis-
tence of quantum electromagnetic waves is connected
with the absorption of energy due to Landau damping.
The dispersion equation, which determines the spectrum
of the quantum waves, is obtained under the assumption
of an infinite free path of conduction electrons and spec-
ular reflection from the boundary of the sample. More-
over, we limited ourselves to consideration of a metal
model with one type of carrier.

Quantum waves in a cylindrical conductor are acoustic
plasma oscillations similar in nature to the longitudinal
quantum waves propagated in a bulk metal along a con-
stant magnetic field. ? In the motion of an acoustic
plasmon the number of electrons from one group of
carriers increases in some parts of space and simul-
taneously the number of electrons from another group
of carriers decreases, so that the condition of electro-
neutrality is not violated. However, whereas in the bulk
metal the electrons are split into separate groups by a
strong magnetic field, formation of groups is brought
about in the case considered by size quantization of the
motion of the electrons in the cross section of the
conductor. Here the magnetic field plays the role of an
external parameter, with the help of which we can
change the phase velocities of the plasma modes.

2. To derive the dispersion law of the electromag-
netic waves, we assume that the radius of the cylinder
is so small that all the quantities—the current, the elec-
tric field E, and so on, depend on a single space coor-
dinate z directed along the axis and, generally speaking,
on the time t. Then the equation of continuity takes the
form

o, 90 _

9z ot 0 (3

where I(z,t) and Q(z,t) are the linear current density
and the charge density, respectively, at the point z and
time t. The value of the field E can be found in the
quasistatic approximation from the condition ¥
div E=4n(Q, (4)
where we have for the hollow thin-walled cylinder
@=(2np) = Q(z, 1) 8 (p—R)

(p is the distance measured from the axis). After a se-
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ries of transformations,”
sion equation:

we get the following disper-

(e, ¢)=io/g*3(g)S, (5)

where q is the wave vector, 8(q) = 2Io(qR)Ko(qR) (I, Ko
are Bessel functions of imaginary argument), S=27Rd.

For the solid cylinder, we represent Q in the form
Q=Q(z, t)6(p), where &(p) is the two-dimensional &
function in the (x,y) plane. The dispersion equation pre-
serves the form (5), but 8(q)=2 In(1/qR), S =R,

We now proceed to find the explicit expression for o.
In the classical treatment we start out from the kinetic
equation with a vanishing collision integral. Solving the
equation, we obtain (in the case of specular reflection)
the following for the zz-component of the conductivity:

0..Eo=o’+io"

,

2 h
v 3o u u\?
o= () { (o) o =2(5) )
where u= w/q is the phase velocity of the wave; ©(x) =1
x>0; O(x)=0, x<0; wp=(4mne®’/m*)*’* is the plasma fre-
quency. In the derivation of (6), it was assumed that the
current and field depend only on z, which is justified
if 8 >R (60 is the skin-layer thickness). Substituting
(6) in (5), we obtain the dispersion equation which deter-
mines the dependence of w on q. The quantity o, which
determines the damping, differs from zero in the case
u<vg. For u>vF, the dispersion equation (5) takes
8n

the form
F(%) 35( )B @

F(a)=caln | — 2.
a—1

u@(vp u), (6)

1+u/ve

1—u/ve

(M

The asymptotic form of F(a) for a>»1 is F~2/3a?.
For example, in the case of a solid cylinder, we get the
dispersion law: 7»#!

(8)

For arbitrary o, Eq. (7) can be most simply analyzed
graphically (see Fig. 1).

For u<vy, Eq. (5) also has a solution, but the damp-
ing turns out to be very strong and wave propagation is
practically impossible. In Fig. 1, this branch of the func-
tion F is shown by the dashed line.

We note that, although the dispersion equation was
obtained in zero magnetic field, it is clear that it also
holds in weak fields (rg > R).

3. We now go over to the quantum case. We shall
start out from the equation for the density matrix. Solv-
ing it by the method of Kubo ? with account of spatial
dispersion, we obtain the following expression for the
longitudinal conductivity:

0((1) )_ﬁi fa‘fn’ 1
TS LB —E, 6Fi(onea) |
X .“.dp dzj.’”

Summation is carried out over all the quantum numbers
a<(m, n, pz), which characterize the state of the elec-
tron in the cylindrical sample, fa is the Fermi distribu-
tion function, & —+0. In the derivation of (9), it was

(9)
") [ 4o i (07,0
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FIG. 1

assumed that waves whose length A>» R are considered.

Proceeding to the treatment of a thin-walled cylinder
in a magnetic field, we use the spectrum (1), From the
laws of conservation of energy and the z component of
the quasimomentum, we obtain a condition that is nec-
essary for absorption of a quantum of the field:

S —tho =g + L (10)
2m*
We require that the distance between the levels be
large, so that the condition
Emn —Emn >hqu, (11

will be satisfied. The inequality (11) is equivalent to

qR < 1; here (10) holds only in the absence of transitions
(n=n', m=m"). The quasimomentum of the electrons
which take part in the absorption is equal to P = m*w/q
—ﬁq/ 2. The energy dissipation due to Landau damping
is associated with the real part of the conductivity. By
calculating the matrix elements of the current density
operator jz in the absence of transitions, and carrying
out integration over pgz, we obtain the following expres-
sion for Reo (T=0):

Re (0, ¢) = — 9 Z(@[C*E,,.n(P,)]*G[C—Em,.(Px)—hm]) (12)

h*q*2nRd i
(¢ is the chemical potential of the metal). The sum in
(12) differs from zero when the inequalities ¢ >Emn(Pz),
£ <Emn(Pyz)+hw are satisfied.

At T =0, a contribution to the absorption is made only
by electrons with energy ¢, for which, in accord with (1) ,
there is a set of allowed values pz=p2™(H). When p®
coincides with Pz at some field value, there is a giant
oscillation.? The dependence of Reo(w,q) on the
magnetic-field flux is a set of narrow and high rectangu-
lar maxima. The strong absorption makes propagation
of electromagnetic waves inside these intervals impos-
sible. On the other hand, if the width of the peaks
wabo/vF is small in comparison with their separation
distance A® =®,, then the existence of quantum waves
outside the given intervals is possible. The nondissi-
pative part of the conductivity has the form

Zln (Vmnthg/2m*)*—u* I ,
3 (Vmn—hq/2m*)*— u?
(1) )]1/2

e'm'w

l —_
WO PR AR

(13)

where vmn=[2m* (¢ - , u=w/q. Assuming for
simplicity that the 1nequa11ty hig/2m* < lvmn—ul is
satisfied, and expanding (13) in a power series in hq/Zm ,

we obtain for Imo
)

Imo=— WG(:;) ,
1 1 (14)
Gw= Z{ Upmn—U + _vmn+u}
Substituting (14) in (5), we get the relation
G (u) =—nh/e*p(q). (15)
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the energy of the quantum electromagnetic waves. In-
asmuchas Q~ c/L, where L is the size of the resona-
tor, observation of resonances with small values of s
is possible upon satisfaction of the relation l/L~umn/c
~vF/c « 1. Evidently, this relation is not optimal from
the point of view of the coupling of the field of the quan-
tum wave with the resonator. At I ~L, waves will be
excited with large values of s.

FIG. 2

. The authors express their gratitude to I. 0. Kulik,
E. A. Kaner and V. D. Fil’ for discussions.

4, Equation (15) represents the dispersion equation
of longitudinal quantum waves in a hollow cylindrical
conductor. For a thin-walled cylinder (d «<R), the in-

DThe effects considered are not macroscopic quantum phenomena in
the usual sense of the word, since they exist in systems with disturbed
long-range order. The amplitude of the oscillations tends to zero upon

terval of change of the quantum number n is not large.
In the limiting quantum case (n=1), the plasma modes
are numbered by means of a single quantum number m

an increase in the radius of the cylinder. Nevertheless, it is important
that the phenomena considered can take place in systems with suffi-
ciently large dimensions (L ~ 1073-10"* c¢m) which in practical respects

can be considered ‘“macroscopic.”

JPlasma waves of the acoustic type in a metal with widely different mass
values for the electrons and holes were first considered by Pines and
Schrieffer. [8]Transverse quantum waves and their coupling with the
longitudinal in metals with a single type of carrier were studied by
Kaner, Skobov and Lyubimov. [®]

3)Equations (3), (4) do not contain any retardation, which, for waves with
phase velocities of the order of the Fermi velocity, is inconsequential.

“We follow the approach that Kulik used [?] in studying retarded plasma
waves in thin superconducting filaments and films. We note that the
relation (5) can be obtained in a different way. By solving Maxwell’s
equations inside a cylindrical conductor and outside it, and joining the
solutions on the boundaries (the tangential components of the electric
and magnetic fields E; and Hsﬂ are continuous), we get the dispersion
equation, whence, in the limit ¢ = oo (¢ is the velocity of light) and
qR < 1, we get (5).

)n kinetics, we can distinguish the contribution of states of the “whis-
pering gallery” type, including the diffuseness of scattcring at the
boundary. [3] The specifics of the present problem lie in the fact that
the total spreading out of the spectrum of the “volume” electrons
would lead to strong attenuation of the quantum waves.

only, and the analysis of Eq. (15) is entirely analogous
to what is contained in ™7,

Figure 2 shows a graph of the function G(u), whose
points of intersection with the horizontal line
G=—mh/e?p(q) give the roots of Eq. (15). When the flux
® through the cross section of the cylinder changes by
tic/\ e, the spectrum of the allowed electron velocities
vmn repeats itself. It is natural that in this case, the
spectrum of the phase velocities of the quantum waves
also repeats itself. Therefore not only the dispersion law
of the quantum waves is of experimental interest, but also
the periodic dependence of their phase velocities on the
magnetic field.

For the existence of quantum waves, it is necessary
that their velocities be far removed from the spike cen-
ters—by distances that are much greater than the region
of diffuseness of the absorption peaks. Taking into ac-
count that the final width of the giant spike ‘ﬁq/ m* is
smeared out by temperature and by collisions, we ar-
rive at the following criteria for wave propagation
without significant attenuation:
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u—;:>“)v fw,r/g>>v_( Ur )"" hLIt:n > kT, (16)

R ® \ Upn

where v is the collision frequency and umn is the
velocity of the acoustic mode which lies between the
nearest values of viypp. These conditions can be satis-
fied in the case of semimetals.

Undamped quantum electromagnetic waves also
exist in a solid cylindrical conductor. However, the gen-
eral picture here turns out to be more complicated be-
cause of the structure of the spectrum (2). In particular,
the periodic dependence of the phase velocities of the
waves on the flux & with period &, is lacking.”

In conclusion, we discuss the possibility of experi-
mental observation of the quantum waves. Let the in-
vestigated sample (the ‘‘whisker’’) be placed in a resona-
tor in which an electromagnetic field of fixed frequency
Q is excited. If at some H the condition € =umn(H)kg
is satisfied, where kg =27s/1 is the wave vector of the
standing waves in the sample (I is the length of the
whisker, s an integer), we should observe resonant Translated by R. T. Beyer
pumping of the energy of the field of the resonator into 71
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