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The dependence of the magnetic ordering temperature of the CUpZnj _p W04 system on the copper-ion 
concentration p is investigated. The concentration dependence of the critical temperature is 
calculated for a two-dimensional model of a magnetic substance with strongly differing exchange 
interactions between nearest ions distributed in various directions. It is shown that the behavior of a 
system intermediate between a one-dimensional and two-dimensional system differs essentially, when 
magnetically diluted, from that of an ideal few-dimensional system. 

In the study of phase transitions in concentrated mag
nets, great interest attaches to an investigation of the 
possibility of preserving the long-range magnetic order 
when the magnetic ions are replaced by diamagnetic im
purities. The determination of the critical concentration 
of the magnetic ions Pc' below which establishment of 
long-range order becomes impossible, and investigations 
of the dependence of the critical temperature T c of the 
mixed system on the concentration, can be used to verify 
the correctness of the theoretical description of a mag
netically-concentrated crystal, particularly the conclu
sions drawn concerning the values of the exchange inter
actions and the type of magnetic structure of the crystals. 

It should be noted that the problem of phase transi
tions in magnetically-dilute crystals has been very little 
studied both theoretically and experimentally, owing to 
the obvious complexity of the problem. In dilute systems 
it is impossible to use the modern technique of describ
ing the magnetic -excitation spectrum on the basis of the 
use of a rigorous periodic magnetic structure, since the 
distribution of the magnetic ions in the crystal is statis
tically averaged. Other methods of describing magnetic
ally-dilute systems, which offer a correct qualitative 
description of their behavior upon dilution, are as a rule 
very cumbersome. Nonetheless, for magnets with simple 
structure geometry (such as crystals with high crystal
lattice symmetry, where the exchange interaction of the 
magnetic ion with all the nearest neighbors can be re
garded to be the same), significant results were obtained 
and were corroborated by experiment. It was shown, in 
particular, that the critical concentration in the system 
is determined principally by the dimensionality of the 
magnetic structure, and is practically independent of the 
magnitude and anisotropy of the exchange interaction, 
while the Tc(P) curve decreases linearly with decreasing 
p at high concentrations and is rapidly cut off towards 
T = OUK in the vicinity of Pc' For crystals with low 
structure symmetry, however, for which the assumption 
that the energies of the exchange interaction of the ions 
with the nearest neighbors are equal is incorrect, there 
is in essence neither theory nor experiment. 

Of particular interest in this respect are low-dimen
sionality magnets, which are characterized by a notice
able difference between the exchange interactions along 
different directions in the crystal. A typical representa
tive of this kind of system is copper tungstate, which has 
a rather complicated low-symmetry crystallographic 
structureo By starting from the results of the x-ray
structure [lJ and neutron-diffraction [2\nvestigations of 
CUW04, it can be assumed that the magnetic structure 
of this crystal has low dimensionality and consists of 
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weakly-interacting chains of copper ions. The magnetic 
structure of copper tungstate can be regarded as a two
dimensional lattice with exchange interactions J 1 and J2 
in mutually perpendicular directions, which are of oppo
site sign and differ greatly in magnitude. Within the 
framework of this model, we have analyzed the magnetic 
susceptibility [3J and the EPR spectrum [4J , and also cal
culated the Neel temperature of CUW04[5 J, which des
cribe well the anomalous behavior of this antiferromag
net. 

To study the influence of the magnetic dilution on the 
magnetic properties of CUW04, due to its low-dimen
sional magnetic structure, we have investigated the 
mixed system CupZnl_pW04 in a wide range of concen
trations p. The diamagnetic analog of CuW04 was chosen 
to be zinc tungstate, being the closest to it in the series 
of tungstates of divalent metals with respect to the 
crystal-structure parameters and ionic radius of the 
metal. We have investigated the temperature dependen
ces of the magnetic susceptibility and of the EPR spec
trum along the principal magnetic axes of this system of 
single crystals. 

The EPR spectrum was investigated with a 4-mm
band radio spectrometer based on an SP-47 commercial 
electromagnet in fields up to 33 kOe; this enabled us to 
trace in detail the broadening of the resonant line as the 
Neel point was approached. Measurements of the sus
ceptibility were carried out by the Faraday method with 
the sample placed in a magnetic field with a vertical 
gradient, using a setup similar to that described in [6J. 

In both cases the sample was insulated from the cryo
genic bath by a composite vacuum-mylar thermal insula
tion. The thermally insulated volume was filled with the 
heat-exchange gas (helium) at a pressure of several mm 
Hg to equalize the temperatures of the sample, the 
thermometer, and the heater, which were placed inside 
this volume. A similar system of thermal insulation of 
the working volume, which makes it possible to cover 
continuously the temperature ranges between the boiling 
points of cryogenic liquids, is described in [7J. 

The temperature was measured with sensitive resis
tance thermometers (carbon and semiconductor) below 
20° K and with a copper-constantan thermocouple above 
this temperature. In both installations, the error in the 
sample temperature did not exceed 0.3°Ko The Neel 
temperature was determined from the vanishing of the 
EPR signal and from the appearance of the characteristic 
breaks on the plots of the magnetic susceptibility against 
the temperature. 

The dependence of the temperature of the magnetic 
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FIG. I. Concentration dependence of 
the Neel temperature of CUpZn I-p WO. 
single crystals (curve I). The experimental 
points were obtained from EPR data (+) 

and susceptibility data (0). The arrow 
indicates the minimum temperature 
reached in the experiment. Curve 2-
for K2 CopMg l _p F •. 
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ordering of the C~Znl_p W04 system on the copper-ion 
concentration turned out to be quite unusual; it is illus
trated in Fig. 10 The figure shows for comparison also 
the similar dependence for a typical two-dimensional 
antiferromagnetic K2CopMgl_pF4 (8J. As seen from 
Fig. 1, the critical concentration of the system, which 
can be obtained by extrapolating the TN(p) curve to zero 
temperature, is very high, Pc "'" O.B. This value of Pc is 
not predicted by the theory developed for magnets with a 
simple geometry of the structure. Pc ranges from 0.15 
to 0.3 for ideal models of three-dimensional magnets, 
from 0.5 to 0.6 for two-dimensional ones, and Pc = 1 for 
one-dimensional magnets. Real intermediate models 
have hardly been considered in the theory, yet, as will 
be shown below, allowance for weak interchain exchange 
in the case of the one-dimensional magnet (or interlayer 
exchange in the two-dimensional case) is important in 
principle. 

The presence of weak interactions between chains (or 
between layers) causes the character of the concentration 
dependences of the ordering temperature of the magnets 
to differ greatly, in the case of magnetic dilution, from 
the analogous relations that take place in ideal one
dimensional or two-dimensional magnetic structures. 
Allowance for the peculiarities of the two-dimensional 
magnetic structure of copper tungstate, where the ex
change interactions in a plane differ greatly for two 
mutually perpendicular directions, can explain the anom
alous behavior of the phase-transition temperature of 
this antiferromagnet in magnetic dilution. 

The calculation of the concentration dependence of the 
critical temperature of a tWO-dimensional system and 
the determination of the critical concentration were car
ried out by us by a method (which seems to be the most 
promiSing for the determination of the characteristics 
of magnetically-dilute systems) based on expanding the 
susceptibility of the mixed system in powers of the con
centration, followed by a determination of the necessary 
concentration as the limit of the convergence of the 
series at a given temperature. A number of workers [9-11J 
have used this method successfully to analyze the behav
ior of two-dimenSional and three-dimensional magnets 
with simple magnetic-dilution structure geometry. For 
a ferromagnet, the magnetic susceptibility of the mixed 
system can be represented in the form of a sum of sus
ceptibilities of isolated clusters 

x(T)= LNnaXn"(T), (1) 

where Nna is the number of clusters of type a, each 
cluster consisting of n particles. In the general case, for 
a lattice containing N points, which can be occupied when 
the lattice is randomly filled, we have 

N""=NA""pn(l-p)"'. (2) 

Here Ana is the number of possible realizations of the 
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cluster in the lattice, m is the number of places for the 
nearest neighbors of the cluster, which should be empty 
if the cluster is assumed isolated. Then the susceptibil
ity can be expressed in the form of a series in powers of 
the concentration (the notation is standard): 

Ng2~2 00 

x(T)=--p ~ an(T)pn (3) 
kT ....... 

and, calculating the first few terms of the series, they 
can be used to estimate its convergence radius. Thus, 
p is the concentration that must be obtained in the sys
tem in order for the susceptibility to become finite at 
Tc(p)· 

In this analysis, the critical concentration is that at 
which the ordering temperature is minimal, i.e., 
T 'n(pc) = O. As shownin[12J , the criticalconcentra-

C,ml f 
tion for a ferromagnet does not depend on the model 0 

the interaction (Ising or Heisenberg), and is a topological 
property of the lattice, so that in final analysis it is de
termined by the average size of the clusters, which 
reach infinitely large dimensions as Pc is approached. 

In turn, the question of the average cluster dimen
sions for a random distribution of the particles in the 
lattice was extensively investigated in the so-called 
"filtering problem," where the value of Pc was calculated 
with high accuracy with a computer by the Monte Carlo 
method for different types of crystal lattices [13J. The 
results of the calculations of Pc by the last method can 
be used to verify the predictions of the method of ex
panding the susceptibility, since they yield the minimum 
possible concentration of the impurity ions necessary to 
realize a cluster of infinitely large dimension. In the 
high-temperature region, the criterion for the validity of 
the described method can be the method of high-tempera
ture expansion (the value of the ratio kTc (l)/J for differ
ent interaction models). Thus, in the analYSis of the 
corresponding types of clusters realized in a concrete 
lattice, it is possible to take into account by the method 
chosen by us the presence of two different exchange in
teractions between the nearest neighbors, since these 
interactions determine the susceptibility of the consid
ered clusters. 

Knowing several terms of the series (3), we can seek 
its convergence radius, in order to determine the con
centration p at a given value of Tc (p), in the form 
lim lanl-1/n or lim 1 an Ian + 11 as n - 00. At the same 
time, calculation of the coefficients an for large values 
of n becomes difficult, particularly in the Heisenberg 
model, since it requires calculation of the eigenvalues of 
a matrix of order 2n in order to obtain the susceptibility 
of a cluster consisting of n particles. Elliott and 
Heap[9,lOJ, analyzing in a similar manner the Tc(p) de
pendence for different lattice types, conclude that if the 
number of the power-series terms is limited, a suffi
Ciently good approximation in the Ising model for plane 
and three-dimensional lattices is obtained by linearly 
extrapolating to lin - 0 the values of a2(T) and a4(T), or 
a2(T) and a3(T), or a3(T) and ~(T) in the entire tempera
ture interval. In addition, the T c (p) dependence can be 
qualitatively determined for the Ising model from the 
value of the coefficient a3(T), although the concentrations 
in this case, including PC' are underestimated. 

In the case of the Heisenberg model, the initial coeffi
cients an (T) do not behave monotonically in the low
temperature region, this being due to the peculiarity of 
the arrangement of the low-lying levels in the energy 
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spectrum of this model, since these levels form an 
almost continuous band in the case of a large cluster and 
enter with a large statistical weight in its magnetic sus
ceptibility. This makes it necessary to consider terms 
of higher order, and consequently clusters with larger 
dimensions. At the same time, the purely topological 
properties of the magnetic lattice, including different 
exchange interactions between nearest neighbors, can 
be demonstrated by using the Ising model, for in this 
case the cluster analysis is much simpler. In addition, 
for a dilute Ising magnet one obtains suffiCiently reliable 
results at a limited number of terms of the series (3). 

We calculated the magnetic susceptibilities of clusters 
with n:s 4 realized in the case of planar quadratic lattice 
with two different exchange interactions between nearest 
neighbors, under the assumption that the occupation of 
the lattice points is statistically independent. We consid
ered an Ising model with particle spin S = 1/2. For the 
ferromagnetic clusters (J > 0) we calculated the mag
netic susceptibility with the aid of a Hamiltonian in the 
form 

(4) 

which takes into account the exchange interaction in the 
external magnetic field H applied along the z axis. 

We note incidentally that in the case of an antiferro
magnetic system (J < 0) the usual magnetic susceptibility 
has no singularity at the phase-transition point (14) • 

Therefore, when antiferromagnetic clusters or mixed
type clusters are considered, it is necessary to deter
mine the so-called staggered susceptibility, by introduc
ing into the Hamiltonian a change in the direction of the 
external field over the lattice sites in accordance with 
the expected magnetic structure, which appears when the 
system goes over into the ordered state [9, 11J. In this 
case the HamiltOnian takes the form 

J'e=2IJ;,1 ~S;'S,'-g~H ( ~S;'- ~s .. ), (5) 
i*1I ."" 

where the subscripts i and k pertain to ions from differ
ent sublattices. Calculations of the ordinary and stag
gered susceptibility using (5) and (6) lead to the same 
result in the ISing model, so that the influence, consid
ered by us, of the difference between the exchange inter
action J 1 and J 2 on the form of the concentration depend
ence of the ordering point will not depend on the sign of 
the exchange interaction. 

As already mentioned, a qualitatively correct des
cription of the concentration dependence of the critical 
point Tc(p) of an Ising magnet can be obtained by analyz
ing the temperature dependence of the coefficient a3(T) 
of the series (3), bearing in mind that the values of the 
concentrations corresponding to the considered tem
peratures are underestimated. The sought values of the 
concentration are given here by p = [a3(T)tli3 . 

As calculated with the aid of the M-222 computer for 
different ratios y = J1I J2 in our model, they are shown 
in Fig. 2. As seen from the figure, the difference be
tween the exchange integrals does not affect the critical 
concentration Pc' the value of which turned out to be 
0.347, since the susceptibilities of clusters of all types 
in the ground state do not depend on J as T - O. How
ever, the course of the Tc(P) changes significantly with 
changing y. At y = 1, the value of Tc(p) is proportional 
in practice to p at large concentrations, and the T c (p) 
curve drops rapidly as Pc is approached, and coincides 
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Tc(PJ/lJ') 
r------~1 

0.8 

FIG. 2. Concentration dependence of the 
0,5 critical temperature, calculated for a two-di

mensional model at different ratios of the 
0, 'I exchange integrals 'Y = J ,I J 2' 

0.2 

with the curve obtained by Elliott and Heap for a planar 
quadratic Ising magnet. 

At small y, corresponding to a large difference be
tween the exchange integrals Jl and J2, the Tc(p) curve 
drops steeply with decreasing p in the region of large 
concentrations, and has a gently-sloping dependence on 
p with further decrease of the concentration. The gently
sloping section of the Tc(p) curve corresponds to the 
low-temperature region. Taking into account the re
marks made above concerning the effect of the limited 
number of terms in the series, it is obvious that to ob
tain the true dependence of the critical temperature on 
the concentration as the limit of the convergence of the 
series it is necessary to shift the Tc(p) curves into the 
region of higher concentrations. Thus, when the value 
a4(0) is used, we obtain PC(4) = 0.373, and by linearly 
extrapolating the values of Pc (3) and PC(4) to lin - 0, we 
can obtain Pc = 0.5. However, in the calculations of the 
coefficient ~(T) at T > 0, aimed at a similar extrapola
tion in the entire temperature interval, it is necessary 
to consider clusters made up of groups of five interacting 
spins, of which 21 types are realized in the lattice con
sidered by us. Owing to the obvious complexity of the 
calculations, we have limited the analYSis of the series 
(3) to the coefficient a3(T). 

At the same time, the calculation results already offer 
a qualitative explanation of the anomalous dependence of 
the Neel temperature on the concentration of the mag
netic ions, observed for the C~Zn1_pW04 system, if 
account is taken of the considerable difference between 
the exchange interaction energy in CuW04. The abrupt 
decrease of the critical temperature of the system with 
increasing magnetic dilution can be treated as a section 
of the Tc(p) curve in the region of high concentrations. 
The gently-sloping section of the curve for the region of 
lower concentrations can apparently be reconstructed by 
performing the measurement at lower temperatures than 
reached in our experiments, inasmuch as at T "" 2°K the 
samples containing 80% and less copper ions still remain 
paramagnetic. 

The CuW04 structure occupies an intermediate posi
tion between the one-dimensional and two-dimensional 
magnetic structures, and this is precisely the cause of 
the appearance of a low-temperature gently-sloping sec
tion of the Tc(p) curve, inasmuch as for an ideal one
dimensional structure the critical concentration should be 
equal to unity according to the analysis described above. 
It appears that a similar situation in the low-temperature 
region should be observed also for systems close to ideal 
two-dimensional structures, for example K2MnpMgl_pF4 
and K2COpMg1_pF4 [8J , if one introduces into considera
tion a small exchange between layers, which really exists 
in these crystals. This will make it necessary to take 
clusters of the "three-dimensional" type into account, 

A. I. Zvyagin and A. G. Anders 156 



and the true value of the critical concentration should 
shift in this case to the value Pc ~ 0.2-0.3, as for usual 
three-dimensional structures. The region where the 
Tc (p) has a sharp inflection will then be located near 
p ~ 005-0.6, and can be connected with the experimen
tally observed critical concentration. 

One should obviously expect also the appearance of 
anomalies in the concentration dependence of the order
ing temperature of a three-dimensional magnet in the 
region of small concentrations (smaller than 0.15-0.3), 
if account is taken of the existence of interactions of the 
magnetic ion not only with the nearest neighbors, but also 
with the more remote ones. Therefore the concept of 
"critical" concentration is apparently arbitrary and can 
be applied to ideal models. 

The study of phase transitions in magnetically-dilute 
systems at concentrations when weak long-range forces 
are significant is of interest both theoretically and ex
perimentally. However, for investigations at low concen
trations, in order to determine the true form of the 
Tc(p) curve, it is necessary to use extremely low tem
peratures. 

In conclusion, the authors are grateful to A. I. Otko 
for help with the computer calculations. 

1 L. Kihlborg and E. Gebert, Acta Cryst. B26, 1020, 
1970. 

157 SOy. Phys.-JETP, Vol. 40, No.1 

2 H. Weitzel, Sol. St. Communications, 8, 2071, 19700 
3 A. Go Anders, A. I. Zvyagin, M. I. Kobets, L. N. Pelikh, 
E. N. Khats'ko, and Y. G. Yurko, Zh. Eksp. Teor. Fiz. 
62, 1798 (1972) [Sov. Phys.-JETP 35, 934 (1972)]. 

4 Ao G. Anders and A. I. Zvyagin, Zh. Eksp. Teor. Fiz. 
63, 2180 (1972) [Sov. Phys.-JETP 36, 1151 (1973)]. 

5 A. A. Stepanov, A. G. Anders, and A. I. Zvyagin, Fizika 
nizkikh temperatur (Low Temperature Physics), FTINT 
AN USSR, Khar'kov 22, 105 (1973)0 

6 R• Nakagome and D. H. Witemore, Rev. Sci. Instr. 37, 
852 (1966); I. Y. Svechkarev, Prib. Tekh. Eksp. No.4, 
142 (1963). 

7y. A. Moiseev, A. M. Pshisukha, and A. I. Zvyagin, 
Prib. Tekh. Eksp., No.5, 197 (1969). 

8 D• J. Breed, K. Gillijamse, J. W. E. Sterkenburg, and 
A. R. Miedema, J. Appl. Phys. 41, 1267, 1970. 

9 R• J. Elliott and B. R. Heap, Proc. Roy. Soc. A265, 264, 
1962. 

lOB. R. Heap, Proc. Phys. Soc. 82, 252, 1963. 
11 J. S. Rushbrooke and P. J. Wood, Mol. Phys. 6, 409, 

1963. 
i2 R• J. Elliott, B. R. Heap, D. J. Morgan, and J. So 

Rushbrooke, Phys. Rev. Lett. 5, 366, 1960. 
i3 H• L. Frisch, E. Sonnenblick, Y. A. Yyssotsky, and 

J. M. Hammersley, Phys. Rev. 124, 1021, 1961. 
14 A. Danellian and K. W. H. Stevens, Proc. Phys. SOCo 

77, 116, 1961. 

Translated by J. G. Adashko 
38 

A. I. Zvyagin and A. G. Anders 157 


