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A generalization of Landau’s Fermi-liquid theory to the case of a two-component Fermi liquid in
which quantum transitions are allowed between the components is proposed. The excitation spectra of
a two-component charged Fermi liquid are found. In the general case there are eight branches of
collective oscillations in such a system. At least three of these branches have a linear dispersion law.
The behavior of the dielectric constant of a two-component Fermi liquid in the resonance frequency
regions is studied. It is shown that in metals with overlapping energy bands the resonance phenomena

due to quantum transitions can make an appreciable contribution to the energy losses of charged

particles.

INTRODUCTION

It is well known that in many metals there are sev-
eral sorts of carrier; the electron liquid of these metals
is, therefore, a many-component Fermi liquid. The
Hamiltonian of such a Fermi liquid should contain terms
responsible for the interband transitions, of which it is
especially important to take account in metals with
overlapping energy bands.

The oscillations of a two-component Fermi liquid
were considered without taking these terms into account
int"*, In such a model, the absence of the degrees of
freedom responsible for transitions not only depletes
the collective-excitation spectrum of the system, but
also distorts it.

We show that in a two-component Fermi liquid in
which virtual transitions between the components are
allowed, there are in the general case eight branches of
collective excitations. One of these corresponds to
modified Langmuir oscillations. Another has a linear
dispersion law (zero sound). The absence of an activa-
tion frequency for the oscillations of this type is con-
nected with the fact that in the long-wave region the
total charge density does not change in them (although
the densities of the carriers within each of the bands
varies, both as a consequence of the motion of the car-
riers and as a result interband transitions). In the ab-
sence of transitions, the zero-sound dispersion law co-
incides with that obtained inl'), The third and fourth
branches of the collective excitations (isotopic oscilla-
tions) are associated entirely with virtual interband
transitions and are the analog of Frenkel excitons for
metals. In the long-wave limit these branches are de-
generate and have an activation frequency of the order
of the energy-band hybridization potential. In addition
to the types of excitation mentioned, four spin-wave
branches, two of which have a linear dispersion law,
can exist in a two-component Fermi liquid.

In the last Sections of the article we consider the
dielectric constant of a two-component Fermi liquid and
show that allowance for the interband transitions makes
an appreciable contribution to the energy losses of fast
charged particles passing through metals with overlap-
ping bands.

1. TWO-COMPONENT FERMI LIQUID

In order to generalize the Landau theory of the Fermi
liquid'® to the case of a two-component Fermi liquid, in
the fundamental relations of this theory
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we shall assume ¢ and n to be nondiagonal two-row
matrices, and the function f to be a four-row nondiag-
onal matrix in the isotopic (band) space (¢ is the total
energy of the Fermi liquid, ¢ if the quasi-particle
energy, h is the density matrix, f is the Landau cor-
relation function, and fi = 1). We introduce the notation

W [e(p, 1, 1) [A>=e™ (p, 1, 1), (1.3)
W |n(p, 1, t) |W>=n" (p, 1, 1), (1.4)
B |F(p, p) [MBY=F"""(p, '), (1.5)

where A and B (isotopic indices) indicate the label of
the component and take the values 1, 2. The functions
(1.3)—(1.5) are matrices in spin space. Taking (1.3)—
(1.5) into account, we rewrite the formulas (1.1) and
(1.2) in the form

&rd’p -, -
8&=Sp ZI (;n)f % (p, 1, 1) 67" (p, 1, 1), (1.6)
. D S g
8 (p, r,t)=5p2f (9;])3 ™ (p, p') 877 (p, 1, 1), (1.7)
BB’

where the trace is taken over the spin indices.

The symmetry properties of the matrix t permit us
to reduce the number of independent elements of the
matrix. Besides the Hermiticity condition

= (1.8)
the matrix f, being the second functional derivative of
the total energy of the Fermi liquid with respect to the
density matrix, satisfies the relation

e’

ot (p,p') = faem (B, D) (1.9)

(the subscripts indicate the spin indices).

Below, we shall assume the Hamiltonian and ground
state of the Fermi liquid to be invariant under spin
rotations. Then f(p, p’) can be represented in the form

7 (b, ) =@ (p, p) H4 (8§ (p, P'). (1.10)

Following Landau'® we shall neglect the imaginary
part of f, assuming that real acts of scattering of quasi-
particles are of low probability. In other words, we
shall assume that the quasi-particles are well defined
in the ground state (the ‘‘bare’’ bands are hybridized):

e (B, ) =es* (p) bua's (1.11)
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n (r, ) =n )6, m (@)= [ 1+ GXPWI P (1.12)
where . is the chemical potential and T is the temper-
ature of the Fermi liquid.

Thus, if the matrix f is assumed for simplicity to be
independent of the momenta, it has seven independent
elements

fn=f  po_7 et = f"zm Ef:,
/1112 = /1121 =/1211 = /2111 E/.’n
/22‘21 p— /2212 — /2122 — /1222 Efa»

fime _ st 7

f1122 =/’2211 = /"

(1.13)

The diagonal elements fl, f2 and f, describe scatter-
ing processes without transitions; f; corresponds to
exchange interband scattering, when the number of
particles in the bands does not change; fs and f¢ corre-
spond to one-particle interband transitions; f2 corre-
sponds to two-particle interband transitions. If in the
Fermi liquid there is a band-index conservation law /s
corresponding to isotopic invariance, the elements fs,
fe and f, violating this invariance are equal to zero.

We shall find the magnetic susceptibility of a two-
component Fermi liquid in the ground state. The mag-
netic moment of the Fermi liquid equals

M=2y, Spj%gﬁﬁ(p), (1.14)
where 1 is the Bohr magneton and 6n(p) is the devia-
tion of the density matrix from (1.12) that is induced by
an external magnetic field H. We shall assume that the
matrix 7 '(p) of the magnetic moment of the quasi-
particles is diagonalized in the same representation as
is the one-particle energy (i.e., in the hybridized
bands). Then the changes of the energy and density
matrix of the quasi-particles have the form

a A

62 (p) =—21 (P)SH, 87" (p) =5 68" (1), (1.15)
whence
dl
M2 Y (2;’)31"(11)6(60‘(1))—;&’- (1.16)

The formulas (1.7) and (1.15) give two equations for
the determination of the magnetic moments of the quasi-
particles:

dp’
Y"(P)+ZSPZI (9:)3w“”(p,p’)‘f’(p’)6(50‘(p’)—u)=uo- (1.17)
- 2

For functions j that are independent of the momenta
and for isotrepic dispersion laws for the carriers, the
magnetic susceptibility of the two-component Fermi
liquid has the form

x=uaz,g*(u)7‘; (1.18)
10 =pet = [+ (P9 2 (1) ], (1.19)
YO =l [+ (Pi— ) ¢ (1) 15 (1-20)

E=[1+9g® (1) 1[1+pg® () 1 =g (1) 8 (1),

where gx(u) is the density of states of the A-th com-
ponent of the Fermi liquid at the Fermi level. The con-
dition for ferromagnetism for the two-component Fermi
liquid has the form

Z g (w)1*<0.

If one of the quantities g)\(u) equals zero, the expres-
sions (1.18)—(1.21) go over into the well-known formu-

(1.21)
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las for the one-component Fermi liquid. We note that
the off-diagonal (in the isotopic indices) elements of
the matrix f do not appear in the expressions for the
static quantities. However, as will be seen below, they
play an important role in the determination of the spec-
trum of the characteristic excitations of a two-compon-
ent Fermi liquid.

2. DISPERSION EQUATION
A. Kinetic-Equation Method

The Landau-Silin kinetic equation!®®! in the case of
a two-component charged Fermi liquid has the form

o 1 (78 an 1 (98 on 00 on -
— i e ey Sl S Fh ety G S,
at te, ) 2{5p'0r}+ 2 {Br’ﬁp}+ ®or dp g
2.1)
where € andAﬁ are matrices in the isotopic and spin
spaces, and I is the collision integral; the curly brack-
ets {...}. and {...}. respectively denote the commuta-
tors and anticommutators of the operators standing in
the brackets; & is the potential of the self-consistent
Coulomb field, satisfying the equation
—— de A
A® (v, t)=—4me Sp ijsn (,1,1). (2.2)
The linearized equation (2.1) in Fourier components
is of the form
@B8RH{8E, no}_+1{&o, 1} _—*/k{Vs, 672},

(2.3)
—1/.k{68—e®, § (€o—p) Vol ,=— (i/T) 67,

where v(p) = aeg\(p)/ap is the group velocity of the
quasi-particles.

The relaxation time 7, besides being determined by
real collisions of electrons with each other, with pho-
nons and with impurities, is also determined by the
lifetime of a quasi-particle in a band. Below, we shall
omit the collision integral, assuming the frequency to
be complex. It is easy to see (cf., e.g.,!”!) that the ex-
pressions (1.7) and (2.3) can be written out without tak-
ing account of the Coulomb potential & in explicit form,
if we take into account that D, is diagonal (in A)and
understand by f — f the sum of the short-range screen-
ing interaction f and the long-range Coulomb interac-
tion Q:

7o, p)=](p, 0')+Q, Q=bne'/k’. 2.4)
Solving Eq. (2.3), we have
é;iu'=6é‘u‘ n"r_nﬂ)’_(gh{»gx’)/z (2.5)
et —e— (n*+n*) /2’
& (p) =8{es*(p) —u}kve*(p), (2.6)
n*(p) =0 —kvo* (p). 2.7

Substituting (2.5) into (1.7), we obtain the integral dis-
persion equation for the collective excitations of a two-
component Fermi liquid:

n—ne — (B+E) /2

i 2.8)

GE“'=SP ; J'%%J_ Fren ggne

If the collective excitations are not coupled with the
spin-density oscillations, and the matrix ¢ does not
depend on the momenta, the dispersion equation takes
the form

det Aq(w, k) =0,

&'p  nl—nd —(E+E¥)/2
(2n)° eP—eo® — (MP+0*) /2"

2.9)
(2.10)

Ag(w, k) =1—2%™
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B. Random-Phase Approximation

In view of the fact that the specific form of Eq. (2.1),
containing commutators and anticommutators of opera-
tors, is a postulate in the Landau-Silin theory, it is of
interest to obtain the dispersion equation (2.10) by the
methods of quantum field theory. (We note that for the
one-component Fermi-liquid, unlike the two-component
one, the above-mentioned specific features of Eq. (2.1)
have no effect on the final results.)

In the random-phase approximation (RPA), the equa-
tion for the vertex part of the two-particle interaction
in a two-component Fermi liquid has the form

MidaMiAe MAz sk

rm. e (Piy Py K) =Tyiurs (Py, Pa; K)
K
Y‘ Y fartin (pop+-3ik)

K)e-(p-3) &(p+y).

where T is the bare interaction, P, and P are the
four-momenta of the colliding particles, A is the iso-
topic index and 7 the spin index, K = (k, w) is the four-
momentum transfer in the colhslon and G* (P) are the
diagonal terms of the electron Green function

(P =(p, €)):

2.11
Tent )‘ ( )

1ok K
Fv::v:: (P—7,P,;

G (P)=G*(P) ;1
G'(P)=[e—p—e,*(p) +id]~".

(2.12)
(2.13)
The singularities of the vertex part I' determine the
spectrum of the characteristic oscillations of the Fermi
liquid. Assuming for simplicity that the interaction is

independent of the momenta of the colliding particles,
we obtain the dispersion equation

det{1+ Zr:.:’,‘,:‘ Moot (00 } =0, 2.14)

where the polarization operator 1l equals

T () = e L BYer(p+ ). (2.15)

(2n)*
Integrating once in (2.15) gives

faper (P—--IE)G“- (P +—12{) =2ni [ d'p

fapen (P

n* (p—k/2) —n™(p+k/2)
o+eM(p—k/2) —eM(p+k/2)
(2.16)

Expanding (2.16) to terms of first order in k, we see
that in the limit of small k the dispersion equation
(2.14) coincides with (2.9) if

Ak hakg
f}’ T

alp TLE P2 1Y
ViT3,vavae

(2.17)

The formula (2. 17) establishes the connection between
the matrix f and the vertex part of the two-particle in-
teraction in a two-component Fermi liquid.

3. COLLECTIVE EXCITATIONS

We now determine the spectra of the characteristic
oscillations of a two-component Fermi liquid for iso-
tropic dispersion laws for the carriers. In this case,
the expression (2.10) can be written in the form

A (K) =1+G™# o8, (3.1)

e (p) —no® (p) —'/2kz[8 (p—po*) +6 (p—po*') |
o—[e(p) =& (p) 1 -"/2kz[ve (p) +vo (p) ] '
(3.2)

where poﬁ are the limiting Fermi momenta of the quasi-

. 1 ;
M - 2
T (K)———-znz_[p dp _[‘dx
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particles. It is easy to see that

T%*(K)=T*" (—K). (3.3)

Using the symmetry properties (1.13) of the matrix f,
we give the explicit form of the dispersion equation for
a two-component Fermi liquid:

‘ 11 1
TnTzszz]u {[q”z_(p’z__ (F—{-._F) Ps + T“T“]

x[(@c+Q) (4+8)+4B1-2 [0r—s— 5 (i + )|

x [(@+0Q) (‘Ps—‘Pa)z+‘PszA+‘PozB]} = (3.4)
1 1
A=~FT+‘P1—‘P51 B~7.7;+(Pz Pe. (3'5)

The quantities T'' and T? can be calculated without
knowledge of the quasi-particle dispersion laws:

ez (2)2

1 Do 2 _ Do
™= 2n*u I, T 2 7 (va), (3.6)
1. 1—v
J(v)=——+—zlnm, 7 (v) <0, (3.7)
V=vlu, u=olk, (3.8)

where vf,‘ are the limiting Fermi velocities of the quasi-

particles.

The dispersion equation (3.4) has solutions in two
regions of values of the phase velocity of the oscilla-
tions: 1) u 2 v, 2) u » v In the first region, the
solution of (3.4) for not too large k is zero sound. In
this region,

Te=T"=Ty= —

(2) 1)
izjd .M (p)—ma (p) (3.9)

Recognizing that for small k we have Q >» ¢, and
neglecting terms of order (ak)® (a is the average dis-
tance between the electrons), we obtain from (3.4) a
transcendental equation for the phase velocity s of the
zero sound:

1 1

— 2
- + = (s—s)

Qs+ +1/T, (3.10)

= —(pto)+2[ o+
The contribution of the interband transitions to the zero
sound is, generally speaking, of the same order as the
contribution from the diagonal elements of the interac-
tion.

In the region of large phase velocities, neglecting
terms of order (ak)®? we have

ALA=0, (3.11)
1 1 1
80 (o + ) + g (3.12)
oo (o1 1
A0~ (gt ) 0 (3.13)

The equation A1, = 0 determines the spectrum of the
modified Langmuir oscillations:
4ne’N, | 4neN,

+
my m,
where N, are the densities of the different types of
carrler and my,z are their effective masses (mx
= Po /Vo ).

In order to find the frequencies of the oscillations
corresponding to the dispersion equation Aj =0, we
shall assume that the difference between the energies
of the quasi-particles of the different components of
the Fermi liquid is not great, and varies weakly near
the Fermi level, i.e., for p ~ p, the following relation
holds:

W=

(3.14)
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e () —es” (p)=V, (3.15)

This relation is valid, in particular, when the hy-
bridization potentials are not great, which is the case,
e.g., in the transition metals (V ~ 1 eV). Under the
condition (3.15),

V<p.

2
e :J:Zﬁ U () +dlsI (v)—-2]), (3.16)
(12 (22 [£3) (2)
+ v vy v -V
‘Zo2=p° 2Po » V=‘L;;“y vo='%v ﬁ=mT' (3'17)
d=n’AN/q;,’k, ANENz_Ni (3'18)

The quantity T?' is determined by the condition (3.3). In
the limit k —~ 0 the frequencies of the two branches of
isotopic oscillations coincide:

moz=[V+AN(Ps]z—(ANCD1>Z. (3.19)

If the expression in the right-hand side of (3.19) is
negative, one of the solutions increases with time.
Therefore, the condition

| V+ANGs > | ANg. | (3.20)

is a necessary condition for the stability of the ground
state of a two-component Fermi liquid.

At first glance (see (3.19)), it might appear that the
isotopic oscillations can exist even in the absence of
Fermi-liquid effects (¢3= ¢7=0). However, this is
not so. In fact, firstly, for ¢s= @7 =0 the dispersion
equation (3.4) has no solutions of the type (3.19);
secondly, for

lo~VI</k (v +vi™ ) (3.21)

going round the pole in the integrand in (3.2) gives
damping of the oscillations,

Allowance for the first nonvanishing correction in k
to (3.19) gives

0= +2av.k?, (3.22)

where a ~ 1, Without giving the relevant expressions,
we note that the degeneracy between the frequencies
(3.22) of the two oscillations is lifted only when the
terms proportional to (ak)* are taken into account,

The expressions (3.10) and (3.22) for the spectra of
the collective oscillations are valid in the region of
small k,

d(ky>1. (3.23)

In the opposite limiting case, when d(k) « 1, besides
the Langmuir branch there are three zero-sound
branches in a two-component Fermi liquid. The phase
velocity of one of these satisfies the equation

Qu’ Vo _ _ 1
Zn’u]( u )—((p’ )7

(3.24)

The phase velocity of the other two branches is deter-
mined by the equation

[ 2n'u

'y

The absence of positive imaginary parts in the oscilla-
tion frequencies defines the stability condition for the
ground state of the Fermi liquid. (Of course, in the
region of large k the instability competes with the
damping proportional to (ak)%.)

(3.25)

- (%) +q,,+q,,] (4+B) =2(gs—@:)"

For d — 0, charge-density oscillations are com-
pletely absent in the oscillations with the dispersion
equation (3.24). In the other branches (apart from
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(3.14)), the charge-density oscillations are asymptot-
ically small (proportional to (ak)?).

In addition to the oscillations investigated above, spin
waves can propagate in a two-component Fermi liquid.
Their dispersion equation can be obtained from (3.4) by
making the replacement ¢ — y in it (cf.!*]) and putting
Q = 0. It is easy to see that, in the general case, in a
two-component Fermi liquid there are, for small k
(d > 1), a doubly degenerate spin mode with dispersion
law (3.19) and two spin sounds. For large k (d «< 1),
four spin waves with a linear dispersion law can exist
in a two-component Fermi liquid.

4. DIELECTRIC CONSTANT

The expression for the current in a two-component
Fermi liquid is of the form

i(0=eSpf 2L V@) 0,10, (4.1)

where the trace is taken over the isotopic and spin in-
dices. Noting that (2.8) can be represented in the form

¥ A:A'”Iéa”=i6u'-£z—kE, (4.2)
BB

:’\n=}\a|a=o» (4 -3)

with the aid of formula (2.4) we find from (4.1) an ex-
pression for the longitudinal conductivity of a two-
component Fermi liquid:

(@, k)= —ikiu Y99 (o, k) T (o, k), (4.4)
B
YA;';\v_‘- (4 .5 )

Substituting (4.4) into the formula for the longitudinal
dielectric constant:

4ni

" O, (4.6)

g,=1+

we obtain the following simple expression:

e — det Aq
P et Ay

Thus, all the collective excitations of a two-component
Fermi liquid that have been investigated above are
zeros of the longitudinal dielectric constant. The exci-
tations (3.24) in the limit d — 0 are an exception. This
is connected with the fact that, as already stated above,
the charge density will not oscillate in this mode in the
limit d.— 0.

(4.7)

Near the Langmuir frequency, the dielectric constant
(4.7) takes the usual form

eu=l—w./0". (4.8)

Near the zero-sound frequency wg (the solution of
Egs. (3.10)), the dielectric constant is of the form

eo=L.(ak)*(1—0 %), o.=sk, (4.9)

_ s N (Ps—@e)*
L.=—4ns(ea) CW, (4.10)

)
c= E[pov(v*)]—zw[w(w)], €<0. (4.11).
Near the frequency (3.22) we have
e.=Li(ak) *(1—0d/0?), (4.12)
e\ (0f—0d) [VHAN (@i ter) ]

L= (—ﬂ) ne* AN [@s (No/m) F@e (Ni/mi) 1° (4.13)‘

It follows from (4.10) and (4.13) that Lg > 0, and the
sign of Lj is determined by the sign of the quantity ¢s
+ @7 + (V/AN). In order of magnitude, Lg ~ Lj ~ 1,
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The change of sign of the dielectric constant at the
frequencies wg and wj in metals with overlapping
bands can be detected in infrared optics by measuring
the coefficient of reflection of an electromagnetic wave
from the metal surface. The requirement here that V
be small compared with p for an anisotropic Fermi
surface can be satisfied close to certain directions
(cf., e.g.,t?).

5. PASSAGE OF CHARGED PARTICLES

The differential cross-section for scattering of fast
charged particles is determined, as is well known, by
the charge-density fluctuations in the scattering system:

1 [4ng\?
do— —_)<20
° uzv,(kl 0w

da’p’
T (5.1)
where v and q are the velocity and charge of the parti-
cle, Nois the density of the metal atoms, p’ is the mo-
mentum of the scattered particle, {p? ,k is the Fourier
component of the correlator of the charge-density fluc-
tuations, and w and k are the energy and momentum
transferred to the particle in the scattering (do relates
to one atom of the metal). By means of the fluctuation-
dissipation theorem["], the fluctuations in a dispersive
medium can be expressed in terms of its dielectric
properties, We cite the expression for the correlators
of the charge-density fluctuations at frequencies wg
and wj:

. N+
Pk =L|

3 l (ak)*k*w*6 (m’—m’.,;) ,

(5.2)

8§

where N, is the Planck distribution function. For com-
parison, we give the well-known expression for the
charge-density fluctuations in a Langmuir wave:

P ut=1z | NuF1| k0?6 (0*—w.?). (5.3)

In order of magnitude, the level of the charge-density
fluctuations in the isotopic modes and zero-sound modes
is (ak)? times smaller than in the Langmuir wave.

The formulas (5.1)—(5.3) point to the existence of
§-function maxima in the differential cross-section for
scattering of charged particles, corresponding to emis-
sion (w > 0) or absorption (w < 0) of collective excita-
tions of the system by the particle.

In order to determine the true height of the maxima
in the scattering cross-section, it is necessary to take
into account the damping of the oscillations. For this it

is sufficient to make the replacement
8 (@*—wi?) > 2 '1a0a2 { (0% —)?) 2+ (27x004%) 2} 1, (5.4)

in formulas (5.2) and (5.3), where 7k is the relative
damping constant. For zero sound, ¥k ~ (ak)? for sk
> TL51,

The kinematics of the scattering of particles by
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oscillations of the zero-sound type was investigated in
detail in the paper{'®), The total energy losses of a par-
ticle along unit path are determined by the expression

de/dz=N, [ o do. (5.5)
Substituting (5.1) into (5.5) and performing the integra-
tion, we find the loss of energy of a charged particle to
emission of zero sound and of isotopic oscillations in a
two-component Fermi liquid:

de' 1 [ 90 mex(@kme) 1*
=l (5.6)
_d_e‘= 1 1 qo(akms:) ]’
dzr 2|L v : (5.7)

Comparing (5.6) and (5.7) with the energy losses of
the particle to emission of plasmons
L 2
et ( ey o Fmes? (5.8)

dz v oL

we see that, generally speaking all the losses can have
the same order of magnitude.

The collective Fermi-liquid effects in metals with
overlapping energy bands that have been investigated in
this paper can be detected, evidently, in the study of the
characteristic losses of electrons with energies of the
order of 10°~10* electron volts, and also by the methods
of infrared optics.
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