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A perturbation theory for the calculation of the correlation and thermodynamic functions in the Ising 
model with a transverse magnetic field is developed for a large exchange interaction radius by using 
the diagram technique for spin operators. 1,[8] The temperature dependence of the excitation spectrum, 
of the excitation damping, and of the heat capacity of the magnetic system are calculated in a broad 
temperature range both above and below the Curie temperature. It is shown that if only interaction 
between nearest neighbors is important then the temperature dependences of the various quantities 
should be correct to within a factor on the order of unity. A phase transition with respect to the 
coupling constant should occur in the Ising model with a transverse magnetic field at T = O. The 
singularities of the terms of the perturbation-theory series in I'I}-II are found to be logarithmic ('I) is 
a dimensionless coupling constant, the critical value of which is unity). The results of a number of 
experimental investigations[ 2.3J can be explained by the developed theory. 

1. INTRODUCTION 

Many presently-known systems can be described by 
an ISing model with a transverse magnetic field, i.e., 
by a Hamiltonian in the form 

:1&=-L V(r,-r;)S:S;"-1':. L S,'. 
i,J i (1) 

Included among these systems are, in particular, cer­
tain rare-earth metals and intermetallic compounds [1] 

The most typical and well investigated substances of 
this class are Pr and PraTI, which we shall henceforth 
bear primarily in mind. In these magnets, the crystals 
of which have cubic symmetry, a strong crystal field 
splits the magnetic f level of the praseodynium atom, 
the total angular momentum of which is J = 4. The sub­
level scheme cited, e.g., in the paper of Birgenau 
et al. [2J is shown in Fig. 1. The number at each sub­
level is the multiplicity. The most essential fact in this 
scheme is that the lower sublevel is a singlet and there­
fore (1IJa/I)= O. Here a= x, y, z, and (II is the wave 
function of the singlet state. In one of the states of the 
first-excited triplet, the average of the projections of 
the angular momentum is also equal to zero. The wave 
function of this state will be deSignated (21. The only 
nonzero matrix element between the states (II and <21 
is (1IJz I2) ='(2IJz ll) = a. The Hamiltonian of the system, 
with allowance for the exchange interaction, is 

.76'=-+ Lf"(r,-r;)J,J;-~ V", 

where Vei is the crystal-field operator. As will be shown 
below, the energy of the exchange interaction and the 
splitting of the f-Ievel of praseodymium are approximate­
ly equal. 

We simplify the problem by retaining in the level 
scheme only the states < 11 and (21. Following[l J, we in­
troduce Pauli matrices S that act on the wave functions 
of these states. Then the Hamiltonian of the system re­
duces to the form (1), where V(ri -rj) = 1/2a2V(ri - rj) 
and to is the difference between the energies of our levels. 
For Pr we have to = 70o K. Our Simplification of the level 
scheme should not alter the results Significantly. This 
question was discussed in detail in Sec. 4. 
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Pr and Pr3TI go over into the ferromagnetic state at 
20 and 11.6·K, respectively[2J. Their magnetic moment 
at saturation is small, one-quarter of the moment of 
the free Pra+ ion per Pr atom[2,ai. Inelastic scattering 
of neutrons has shown [2 J that the spectrum branch cor­
responding to spins waves at T < Tc does not vanish 
even at T > Tc (Tc is the Curie temperature). At large 
momenta the excitation energy turns out to be the same 
in the paramagnetic and ferromagnetic phases. We note 
also that there are substances that differ quite negligibly 
from Pr with respect to all the essential parameters, 
including the magnitude of the exchange interaction, but 
these substances do not go over into ferromagnetic 
states. 

To understand these unusual properties of Singlet 
magnets such as Pr, we assume that the exchange-inter­
action radius ro is large. Then we can obtain from (1) 
the macroscopic energy density 

E=- V(O)M.'-I':.M'. (2) 

Here V(O) is the zeroth Fourier component of the poten­
tial V(r), and M is the density of the spin S. Minimizing 
the energy density from (2), we can easily find that at 
T = 0 in the ground state we have Mx = 0 if 
1/ = to/V(O) > 1, and Mx = 1/2no(1 _1/ 2 )1/2 if 1/ < 1 (no is 
the concentration of the magnetic atoms. Since the mag­
netic moment is (J) = a(sX), it follows that a sufficiently 
strong exchange interaction causes a restructuring of 
the ground state and leads to the appearance of a mag­
netic moment, which can be called induced. A phase 
transition with respect to the coupling constant 1/ takes 
place in the system at T = O. An estimate of 1) for Pr 
and Pr3TI from the data on the saturation moment leads 
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to a value 1e = 1.06[2], which is close to the critical 
value. Therefore a slight change of the parameters 
causes the ferromagnetism to vanish even at T = O. 

The molecular-field method has been used for the 
Hamiltonian[l] for quite some time; a detailed descrip­
tion of this method can be found, e.g., in the book by 
Vaks[4J. Excitations in such a system can be regarded 
as low-energy Frenkel excitons; they exist, naturally, 
both above and below Tc. The excitation spectrum was 
obtained in a large number of papers [5, 6J with the aid 
of the Holstein-Primakoff transformation or methods 
equivalent to it. However, as noted in a number of the 
cited papers, these methods cannot be used in this case. 
The point is that the operators ak and ak, which diag­
onalize (1) are linear combinations of the Holstein­
Primakoff operators 

Therefore 

even at T = O. If t:. and V(O) are of the same order of 
magnitude, then the quantity y, and with it all the cor­
rections to the spectrum obtained by transforming the 
operators, has no parametrically small quantity in the 
nearest-neighbor-interaction approximation. A similar 
situation obtains in antiferromagnets I7J • In both cases, 
the corrections at T = 0 are connected with the fact that 
the ground state of the system is not known. The "mol­
ecular field," Le., the second term of (1), was chosen 
by a number of workers [5,6 J as the zeroth Hamiltonian, 
but it does not yield the correct ground state of the sys­
tem even at T = 0, since neither SZ nor MZ = ~Sr com­
mutes with ,if. The lack of a consistent perturbation 
theory has not made it possible to determine the tem­
perature dependence of the spectrum and of the thermo­
dynamic quantities. For example, different decoupling 
methods lead to different temperature dependences[6~ 
Moreover, the resultant phase transition can be either 
of first or second order, depending on the method of 
decoupling in [SI. 

In this paper, using the diagram technique of Yaks, 
Larkin, and Pikin IS], a successive-approximation method 
is constructed for the calculation of the correlation and 
thermodynamic functions, assuming a large exchange­
interaction radius. The development of a successive­
approximation method is made possible by the fact that 
at a large interaction radius the ground state can be ob­
tained, accurate to r;/, from the macroscopic expression 
for the energy density. The corrections to the ground 
state obtained from (2) are proportional to different 
powers of re3 and are small if ro is large enough. 

The temperature dependence of the spectrum, the 
damping of the excitations, and the specific heat of the 
magnetic system are calculated both above and below Tc' 
The question of the phase transition with respect to TJ 
is examined. It turns out that the perturbation-theory 
terms have a logarithmic Singularity in I TJ -11. unlike 
the power-law singularity in T =(T - Tc)/Tc, which 
is obtained for phase transitions at finite temperatures. 
The parameter of the successive-approximation method 
(we shall call this the molecular-field method) at T = 0 
is (a/ro)3 In I TJ -11 , where a is the lattice constant. 

In Sec. 4 is discussed the applicability of the model 
to real singlet ferromagnets of the Pr type. It is shown 
that in spite of the fact that (a/ro)3 ~ 1 for these sub-
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stances, the formulas derived in the paper are good es­
timates of the temperature dependence of the spectrum, 
of the damping, and of the specific heat at ITI ~ 1. The 
results of the neutron-diffraction measurements l2 , 3J 
are also explained. 

In a recent paper, Stinchcombe [9] has also construc­
ted a perturbation theory, assuming a large interaction 
radius. However, the temperature dependence of the 
spectrum was not calculated in[9]; only an integral equa­
tion for the excitation energy E(q) was obtained, but 
without citing a solution. The exciton damping is calcu­
lated in [9 J in first order in re3. At the same time, it is 
shown in the present paper that the contribution to the 
damping, due to the next order in re3, is larger than 
that calculated in[9] and has a different temperature de­
pendence. In addition, the parameter of the perturbation 
theory in [9J is taken to be the reciprocal number of 
nearest neighbors, which is incorrect even far from the 
critical region of the phase transition. The p,hase tran­
sition with respect to TJ is not considered in 9J. 

2. EXCITATION SPECTRUM AND CORRELATION 
FUNCTIONS IN THE PARAMAGNETIC STATE 

The Hamiltonian (1) can be transformed, by introdu­
cing the operators S± = 2-1/2 (SX ± iSY), to the form 

J'6=-+ 1:, V(rij) (2S/S;-+S/S'++S.-S;-)-~ 1:, S:. 
i,' l' 

We introduce in the usual manner the temperature cor­
relation function of the spins: 

1 ' KaT(k,iwn)~~ 2,- Se 1wn 'aT 1:,eik ("-")<T(s"n(T)-<sa», (S"T(1:)- <8'»). 
-, ~ (3) 

Differentiating the expression for Kay (r, T), which is 
obtained from (3) by a Fourier transformation, and re­
placing as/aT by [,if, S], we obtain the following exact 
relation between the correlation functions: 

(.1.-,iw)K+-(k, iw)=(.1.+iw)K--(k, io»+<S'), (4) 

It is also seen from (3) that 

K-+(k, iw)=~K+-(k, -iw), K--(k, iw)=K++(k, -iw). 

To construct the perturbation theory, we choose 
£0 = - t:.L:Sr as the zero-order Hamiltonian. The dia­
gram technique of Yaks, Larkin, and Pikin[sJ can then 
be used to calculate the correlation and thermodynamic 
functions. The rules for constructing the diagrams for 
the spin S = 1/2 consist in the following: 

1) All the diagrams consist of single -ce 11 blocks 
joined by interaction lines. 

2) Each vertex S+ of a Single-cell block has one out­
going line, while the vertex S- has either one incoming 
line or else two incoming lines and one outgoing line. 
The vertex SZ has either one incoming and one outgoing 
line, or else no lines at all. 

3) Each line corresponds to a Green's function 
G = (t:. -iwnf'. If the diagram breaks up into N singly­
connected diagrams, and the total number of vertices 
SZ and triple vertices S- on the solid lines is equal to 
l, then the diagram has as a common factor (_l)l~-l, 
where ~-1 is the (N-l)-st derivative of b = (1/2) 
tanh(t:./2T) with respect to t:./T. 

The system of Dyson equations for the considered 
problem is of the form 

K--=L--+ VL-- (K--+ K+-) + VL-+ (K--+K+-), 
K+-=2::'-+ VL+- (K--+K+-) +-VL++ (K--+K+-); 
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it follows therefore that 
K--=[:i;--+V(!+-:i;-+-:i;--:i;++) I (l-2V!")-" 
K+-=[:i;i-+V(!--l;++-:i;+-!-+) I (1-2V!")-', 

!"='/2 (!+++!--+!+-+!-+). 

Here !;a(3 is the aggregate of the irreducible diagrams. 

Since the single-cell blocks with odd number of ver­
tices S· and S- and with one vertex SZ are equal to zero, 
we have in the paramagnetic phase 

In the zeroth approximation of the molecular-field 
method we have 

!(~~=!~~ =0, !70) {k, iOln)=bG(iOln), 

from which it follows that 

K+-(k ioo )=b~-bV(k)+tOl,. 
(0) " Oln'+eo'(k)' 

e"(k)=~'-2MV(k). 
(5) 

Just as in [a], in the calculation of z;ay it is consistent 
to join the vertex with a "screened" interaction 

++ __ +_ _+ () ~2+0l.2 
V(k, iOln)=V(k)+V'(k) (K(O) +K(,) +K(,) +K(o) )=v k OlnHe,'(k)' 

(6) 

The interaction V(k, iWn), unlike V(k), can join vertices 
pertaining to the same node. It corresponds to a wavy 
line in the diagrams. 

If TJ> 1, then, as seen from (5), we have Eg(O) > 0 at 
all temperatures, and consequently the system is para­
magnetic at all temperatures, i.e., (Sx) = O. On the other 
hand, if TJ < 1, then at a certain temperature Tc we have 
Eg(O) = 0, and at T < Tc we have E5(0) < 0; thus indica­
ting a phase transition in the system. The correlators 
Kay (a, y = +, -) near the transition,have an Ornstein­
Z ernike form, and the corresponding susceptibilities 
have pole Singularities in T at TJ < 1 and in (TJ -1) at 
fixed T. Therefore the phase tranSitions, both with res­
pect to temperature and with respect to the coupling 
constant (the latter will be considered at T = 0) are 
second-order transitions. This conclusion is confirmed 
also by the structure of the perturbation-theory series, 
which will be considered below. 

The diagrams of first order in ra3 are obtained for 
z;ay if the interaction V(k, iWn) is used to join, by 
various methods, the vertices of the block r T"-, the 
diagrams for which are shown in Figs. 2a and 2b. For 
example, !;-- (1) is determined by diagram 2c, and is 
equal to 

-- 1 ~ I 
!(t1 =- 2:bT "-' G(iOln) G(-iOl.) V(k, iOl.) [G(iOl) +G(-iOl) 

n, • 

- MQ, S V(k) [ + N( (k» I d'k 
-- 2(0l2+~') e,(k) 1 2 e, (2n)' . 

Here no is the unit cell volume and N(E) = (E{3E_1f l . 

The temperature-dependent term in (7) is propor­
tional to T3/2 exp[ -{3Eo(O)] if £0(0) > T, and to T2 if 

(7) 

Eo(O) < T. At the same time, the contribution of the 
multiply-connected diagrams of the type 2b is propor­
tional to e-{3il. As already indicated in the introduction, 
we assume that 11 -TJI « 1. Therefore Tc « il and in 
the temperature range T < il, which is considered in 
this paper, we have 

eo'(0)=~'('l-1)+2~'Ch( ~ ~ )<t:~2. 
Thus, the contribution of the multiply-connected dia-
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FIG. 2 

II 
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K,W 

d 

FIG. 3 

grams is exponentially small in comparison with the 
contribution of the singly-connected diagrams, and 
will be disregarded. 

Calculating in similar fashion the remaining quan­
tities !;Cl!y and substitutin~ them in (2) and (4), we obtain 
for the spectrum and for <Sz) 

e'(k)=eo'(k)+ V(k)~Q,S V(g) 3He,(g) [H2N(eo(q)1~, (8) 
2 e,(q) Ll+e,(q) (2n)' 

(S'>=b-bQ,S V(q) Ll-e,(q) d'q -Q,S V(q) M+eo'(q) 
e,(q) Ll+eo(q) (2n)' eo(q) Ll'-eo'(q) 

d'q (9) 
XN(e,(q» (2n)" 

It is seen from (8) and (9) that even at T = 0 there are 
corrections proportional to ra3 to the zeroth approxima­
tion of the spectrum and to (SZ). The presence of these 
corrections is due to the fact that the Hamiltonian Ji"o 
does not yield the correct ground state. This question 
was discussed in detail in Sec. 1. 

The diagrams of second order, ro6 , are obtained for 
!;ay by joining the vertices of the block r T"--- (Fig. 3a) 
with an interaction. Let us consider, e.g., the correc­
tion !;T- (Fig. 3b). To calculate it it is necessary to re­
place the internal solid line by a thick line, i.e., to set 
it in correspondence with 

(J (k, iOl) = G (iOl) (H V(k, tOl)G (iOl» = K(;)- (k, iOl). 

After summing over the frequencies we obtain 

+- bG'(iOl) Ll'Qo' S V(q,)V(q,) { 
!(") = 4 <D (e" e" e,) + <D (e" e" E,) 

ele2C 3 

+ <D(e e e)+ N(e,)N(e,)N(e,)-(HN(e,» (HN(e,» (HN(e,)) 
" 2, , Ol'+(e,+e,+e,) , 

} d'q, d'g, 
x(e,+e,+e,) ~. 

(10) 

(1+N(e,) )N(e,)N(e,) - N(e,) (HN(e,» (HN(e,» 
<D (e" e2, e,) = -'---'--'--'--'--'-;;-"-;--'---"-'-c:;--'-::"':"''''':'''':-::''':''''''':'''': 

00'+ (e,-e,-e,)' 

X(e,-e,-e,), 

EI = Eo(ql), E2 = Eo (q2), E3 = Eo(k + ql -q2). It is seen from 
(10) that !;(3b)' in the language of diagram technique for 
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ordinary particles, has the meaning of the self-energy 
correction necessitated by the two-particle interaction. 
It can be set in correspondence with diagram 3c, where 
the solid line corresponds to the propagator 
(w~ + Eg(q)fl. The diagrams of Fig. 2 yield the Hartree 
correction to ~Q!y. 

We consider first ~(O, 0) at T = O. Then only the last 
term in the curly brackets of (10) differs from zero. As 
11 _1 and at small q, we have Eo(q) ~ q, so that the in­
tegral with respect to q2 in (10) diverges logarithmically 
if 11 _1 and ql - O. It is possible to estimate expression 
(10) by putting 11 = 1 in all the Eo(q) and by replacing the 
lower limit of integration with respect to q< by qo 
= r~ll17 _11112. We obtain 

~:;b~= G:~i~)~:.,',3[(lj_1)lnllj_1I+C]' u=(-,', a:~:)fl._,' 

C is a constant on the order of unity. 

It is easily seen that in general, in n-th order or 
perturbation theory, ~+-(O, 0) has terms that contain 
singularities in 17 -1, and the largest of them is pro­
portional to (17 -1)[ (a/ro)3In l11 -llln -1. Indeed, when the 
order of perturbation theory is increased by unity, there 
is added to the diagrams one effective interaction, and 
one of the solid lines can become thick, i.e., two addi­
tional factors of the type w~ + Eg(q) appear in the de­
nominator. After summing over m there are in the de­
nominator three frequencies that depend on the new in­
tegration momentum q, i.e., roughly speaking, q3, and 
this yields an additionalln 117-11 as 17 -1. Thus, the 
structure of the expression for the spectrum at small 
q and as 17 _1 is the following: 

e2 (q)= e,'(q)+,',' i>m( ~, ( 
m=t 

(11) 

+,','(lj-1) tBm [ ( :. )' Inllj-11 r ( ;. )'. 
m_' 

Here Am and Bm are numerical coefficients of the order 
of unity. The terms of the last series in (1) diverge as 
17 -1. Unlike the phase transitions at finite tempera­
tures, when the terms of the perturbation theory diverge 
in proportion to powers of T = (T -Tc)/Tc, in the phase 
transition with respect to 17 at T = 0, which is consid­
ered here, the singularities are logarithmic. We have a 
successive-approximation method if 

(alr,)'ln Ilj-1I<1. (12) 

At finite temperatures, putting N (x) = T /x in (10), we 
obtain power-law divergences in terms of E~l(O). The 
criterion for the applicability of the molecular-field 
method is in this case 

(air,) 'Tie, (0) <1. (13) 

The terms of the first series in (11) appear upon integra­
tion over large momenta q "" r~l » qo, and therefore are 
independent of 17 -lor of T. 

The integral-containing term of (8) yields the Hartree 
correction to the spectrum. The temperature-indepen­
dent term under the integral Sign in (8) leads to a signif­
icant, on the order of (a/ro)3, renormalization of V(k), 
which is of no interest to us. The integral with N(w) in 
(8), as will be shown presently, can determine the de­
pendence of E(k) on T, and, in addition, as 17 _1 it can 
become larger than E~(O). In this case ~~ > ~~, and 
it is therefore necessary to renormalize the bare fre­
quency Eo (k) by including also ~~r in the zeroth approxi-
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mation. The Hartree terms in the hi§her orders of per­
turbation theory are smaller than ~(lr in terms of the 
parameter (a/ro)3 (see the series (11)) and, just as 
~~lr, depend on the temperature and can therefore be 
disregarded. It might seem that in order to carry out 
the renormalization it is necessary to replace Eo(k) by 
E(k) in V(k, iW), meaning also in the integral of formula 
(8), and this would lead to an integral equation for E(k). 
However, as will be shown later on, the temperature­
dependent part of (k) is always smaller than T2, and the 
contribution to the integral is made by values E "" T. 
This means that replacement of Eo(k) by E (k) in the in­
tegral of (8) is not necessary, and formula (8) yields 
the renormalized frequency E(k). We note that the men­
tioned integral equation was derived in [9] , but its so­
lution was not given. 

Let us consider several limiting cases. 

1) 17 > 1. Since Eo(O) < T, we can put Eo(q) = qu in (8), 
after which we obtain 

e2(k) =eo'(k)+ V(k),','Q,T2/4u'. (14) 

The second term in (14) is of the order of T2(a/ro)3 at 
small k. 

Replacing tanh(,BA/2) by unity and equating E(O) to 
zero, we obtain an expression for T c: 

T,=2[ (1-lj)u'/,',Q,]",-M (1-1]) (r,la)'J"'. (15) 

It is seen from (15) that replacement of tanh(j3A/2) by 
unity is permissible at [(1 -17)(ro/a)3l1/2« 1. In this 
case the temperature dependence of the spectrum and 
the connection of Tc with 17 differ substantially from 
the result obtained from the zeroth approximation. The 
spectrum at T> Tc is practically activationless, since 

1 
e (0) = 2(,','Q,lu') 'I, (T2_To') 'I'<T. 

If T = (T -Tc)/Tc « 1, then at q « r~l we have 

e'(q) =(qu)'+2(1-ljh,',' 

and the criterion (13) reduces to 
(air,) 3,,;-,<1. 

(15' ) 

(16) 

(17) 

We note that the condition for the applicability of the 
self-consistent field method takes in [al the form 
(a/ro)3T-1I2« 1, which does not coincide with (17). The 
reason for this difference is that in [8] T f does not de­
pend on ro, whereas in our case T c ~ r~1 . 

Writing down the denominator in the formula for 
K+- in the form q2 + q~, we obtain for the reciprocal 
radius qo the expression 

q,=,',u-' [2 (1-lj) 1: J"'-r, -, [ (1-lj) 1: 1"'. 

The criterion (12) takes the form 

(ah',) 'In q,ro"" (alr,)'ln [ (1-lj)1; 1 <1. (18) 

When the conditions (17) and (18) are satisfied, the 
molecular-field method is applicable in the paramag­
netic region. It is seen from these criteria that at suf­
ficiently small 1 -17 and not too small T, the logarith­
mic singularities of the perturbation-theory series terms 
are more substantial than the power-law Singularities. 

2) 17 > 1, Eo(O)1 T=O > T. In this case we have 
3Q,V(k),', , 

e'(k)=Eo'(k)+ , (mT)"exp(-~E'(O)), 
""Eo (0) 

(19) 
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The dependence of E on T remains exponential, but the 
exponent in the last term of (19) is smaller by a factor 
(1 _7))1/2 than the exponent of e-{3!l. contained in Eo(k). 
Therefore the Hartree correction contains in this case 
likewise a dependence of E (k) on T in a wide range of 
temperatures. 

3) 7) > 1, Eo(O)IT=O < T. In this case formula (4) is 
valid. 

An analysis of the experimental data, carried out in 
Sec. 4, shows that for Pr3Tl we have (a/ro)3 <::J 1. How­
ever, the structure of the perturbation - theory series 
is such that in this case the temperature dependences 
outside the critical region (Le., at T ~ 1) coincide with 
(14), (15), and (19). Indeed, at dO) > T the temperature­
dependent parts of the corrections to E(k) in n-th order 
of perturbation theory are proportional to 
e-{:3E (O)T3/2 (a/ro)3n . All the corrections are equally de­
pendent on the temperature and are of the same order 
of magnitude at (a/ro)3 <::J 1. Therefore the temperature­
dependent term in E (k) is correctly calculated apart 
from a coefficient that is a function of afro only and is 
probably of the order of unity. Similar argumen ts can 
be advanced also in the case of E (0) "=i T. The relation 
dO) ~ T is violated only in the critical region ITI < 1. 

The damping of the excitations is determined by the 
imaginary part of the analytic continuation of the quan­
tity ~XX(k, iW) to real frequencies. The significant 
diagrams for ~CYy (k, iW) in second order differ from 
~(3b)(k, iW) only by a numerical factor. Examples of 
such diagrams are shown in Fig. 3d. 

If the conservation laws permit the decay of an ex­
citation in to three excitations, then the last term of 
(10) yields the damping connected with this process 
and equal to 

(k (k» = -nQo'il' J c'l (e (k) -e,-e,-e,) V(q,) V(q,) 
1dec ,e 2e (k) e.e,e, 

d'q. d'q, 
x [N(e.)N(e,)N(e,) -(HN(e,» (HN(e,» (HN(e.»)~. 

If we confine ourselves in the calculation of E (k) to the 
first term in the expansion of V(k) in k2, then the argu­
ment of the O-function in the expression written out 
above differs from zero at arbitrary k, qlt q2, and 
Ydec = O. On the other hand, if the term proportional 
to k4 in the expansion of V(k) in k2 is positive and its 
contribution E4(k)/!l.2 to E2(k) is larger than E2(0), then 
we have a decay spectrum at these values of k. Thus, 
decay is possible only at E(k) > (!l.E (0))1/2. 

The first three terms in (10) yield the damping of the 
excitations connected with their interaction. It is equal to 

y(k, e(k) )=~J [6(e(k)+e.-e,-e,)H(e(k)+ e.+e,-e,») 
2e (k) e.e,e. 

. d'q.d'q, 
x V(q.) V (q,) [N(e.) (HN (e,» (HN (e,) -N (e,)N (e,) (HN(e.» )---':.........-=-

(2n) , 

At E(q) » E(O), the exciton spectrum is of the phonon 
type and, analogously, the phonon damping Y(k, E(k)) 
depends essentially on the ratio of the different para­
meters (e.g., such as E, (b.dO))1/2, etc. 

A detailed analysis of Y(k, dk)) at E » dO) is mean­
ingful apparently in connection with some particular 
experimental situation. We confine ourselves to the fre­
quency region E~ (0) ~ dO). Two cases are possible. 

1) If dO) > T, then 
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3Qo' il'm (2mT)' 
y(k,e(k»= 2(2n)' e'(O)e(k) r~"') 

_ e(k) (.!..)' (_T )' e-'""). 
r, 8 (0) 

2) On the other hand if E(O) < T, then the terms pro­
portional to N (w ) and proportional to the product of two 
Bose functions yield contributions of the same order of 
magnitude to the damping. The essential quantities are 
ql '" q2 ~ T/u in the integral of the first terms and 
ql ~ q2 ~ qo and qT in the integral of the second. An 
estimate of the damping yields 

Q,' il V (k) 
y(k,e(k»::> e(O)u' r. 

In the calculation of the damping, Stinchcombe[S) 
conSidered only diagrams of first order in r~3, one of 
which is shown in Fig. 2b. Therefore the damping ob­
tained by him [S) is proportional to e-{3!l. and is small 
in comparison with damping calculated in the present 
paper in both the paramagnetic and the ferromagnetic 
region. 

To calculate the free energy F, we replace V(r) by 
gV(r) and differentiate F with respect to g[IO): 

aF T'Q d'q 
-=---' ~ J--KXX(q,iWn)V(q). ag 2 ~ (2n)' 

USing the fact that 

1-2gV(q)~=(q, iWn) = wn'+e'(q) 
wn 2+Ll 2 t 

we obtain 

~=Ei!..J~~lnsh ~e(k) 
ag 2 (2n)' ag 2 (20) 

+~J d'k H2N(e(q» re'(k)-eo'(k) 
2 (2n)' e(k) g 

a (e'-8,') 1 
ag . 

The appearance of the second term in (20) is due to the 
fact that it is impossible to carry out a graphic sum­
mation in the diagram technique for the thermodynamic 
potential. Therefore the characteristic frequency renor­
malization does not reduce, generally speaking to a re­
placement of Eo(k) by E (k) in the expression for the free 
energy of the Bose gas of the noninteracting particles. 

Let us calculate the specific heat, taking into account 
only the first term of (20); it will be shown below that 
the contribution of the second term is small. We have 

C=-T~J~{ a'e(q) (H2N(e(q») 
2 (2n)' aT' 

_ e"'q) (ae(q) _ e(q) )'}. 
(e~"q)-1)' aT T 

(21) 

If 7) < 1 and T « 1, then we obtain from (14) and (21) 

(22) 

On the other hand if dO) > T, then 

C= Q,(2mT)'/. (~)' e-~"') 
4n'h T . 

(22') 

In the derivation of (22) and (22'), an important role 
was played in the integrals of (21) by small momenta 
q ~ T/u and q ~ qo. Let us take the derivatives of 
8F lag with respect to T. The integrand in the first term 
of (20) then has an extra factor V(q)/E(q) in comparison 
with the integrand in the second term. Since small mo­
menta play an important role in the integral, the second 
term can indeed be neglected. 
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FIG. 4 

In concluding this section, let us consider the cor­
relator KZz. The diagrams for KZZ are obtained from 
the blocks shown in Fig. 4. Summing over the frequency 
and carrying out an analytic continuation, we obtain 

K"(k oo)=~Ml. J V(q) { 8,+8, 

, 2 8,82 00'-(8,+8,)' 

[ 8~~ 
X N(8,)N(8,)-(HN(8,» (HN(8,» l+--:---:--~ 

00'-(8,-8,)' 

} d'q 
X[N(e,) (HN(e,» -N(e,) (HN(e,» 1 (2n)" 

e,=e(q), e,=8(k-q). 

(22") 

At T = 0 we obtain from (22) the following expression 
for ReKZZ(O, 0): 

Re K" (0, 0) 3Q,d' (I +C) 
4(2n)'u' nq.r. , 

where C ~ 1. Thus, the series for KZZ begins with a 
term that has a singularity in .,.,-1 and, unlike in (10), 
there is no factor.,., -1. Therefore each term of the 
series diverges as .,., -1. 

3. FERROMAGNETIC PHASE 

At T < Tc ' the system goes over into the ferromag­
netic state. The zeroth Hamiltonian in the ferromagnetic 
phase is chosen to be as follows: 

:J6,=-d fJ Si'-y ~ SiX, 

where y = 2(Sx) Y(O). We rotate the axes x and Z in such 
a way that the molecular field h = (Ll 2 + y2l/2 is direc­
ted along the Z axis. The Hamiltonian (1) in terms of the 
new coordinates takes the form 

:J6=-h.E S;'-y ~ <S/)-~ V(O (r,-r;) (2S/S;-+S,-Sj-+S'+S/) 
i i i,i -+ ~ V(2)(ri-rj) (S,'-<S'» (S;,-<S'»-

1.1 

- .EVU) (ri-rj) [S/(S/-<S'» +S,-(S;'-<S'»], (23) 
ij 

d' 
V(I'(r)= V(r)-­

y'+d' , 

V(3) (r) = 12 yd V( ) 
y'+d' r, 

2y' 
V(')(r)=--V(r) 

y'+d' ' 

<S,")"" y/2V(0). 

Writing down the system of Dyson's equations in the 
usual manner, we can express the correlators in terms 
of the self-energy parts. We present only the expression 
for K+-: 

K+-=[~+-+V(')(k) (~++~---~+-~-+) 

-V("(k)~+-(~'++~'-)+V<')(k) (~++~'--~+-~'+) 1 
X[ 1-2V(O(k)~=-V(" (k)~U_ V(3)(k) (~'++~'-) ]-'. 

In the zeroth approximation we have 

K+-(k ioo )= b("h) z-V(I'(k)+iOOn 
,n p oo.'+e.' (k) , 

e.'(k)=h'[1-2bV(')(k)d'h-'''1. 

The free energy in this approximation is[a] 
h y' 

F(')=-Tlnch~2+ 4V(0) . 

(24) 

Determining y from the condition of(O)/oy = 0, we 
obtain an equation for h: 
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h=V(O) th (~h/2). 

At T = 0 we have 
<S")='/2(1-I')')'\ y/d=(1-1')')'f'~1. 

The structure of the perturbation-theory series is 
the same as in the paramagnetic region. The molecu­
lar-field method is valid if the criteria (12) and (13) 
are satisfied. 

We confine ourselves to low temperatures T« Tc ' 
when the temperature-dependent increment to Eo(q) is 
small. The Hartree correction to the spectrum leads 
to expression (8) for dq), in which E o(q) is now deter­
mined by formula (24), and y(q) is replaced by yf1tq). 
To determine the temperature dependence of the spec­
trum it is necessary to substitute for h in (24) its first­
approximation value. 

The free energy in the first approximation is 

F{O=F(')+~Jlnsh~~+O(e-~') 
2 2 (2n)' . 

Neglecting terms of order (a/ro)3 and e-i3Ll , we ob­
tain 

<J)T~.-<J) 
(1-I')')-'f(T), ~-:;;:;- = <J)T~' 

f(T)= 8 0 " , { 'I Q (2mTln)'/,(1-"')-"'e-~"(O' 

(TIT,)', e.(O)<T~T, 

Substituting (24) and (25) in (8) we get 

e'(k) =8.'(k) -2d'f(T). 

8.(0»T 
(25) 

(26) 

As expected, E (k) increases with decreaSing tempera­
ture. With the aid of (26) we can easily verify that the 
criterion (13) is satisfied in the entire temperature re­
gion T« Tc' 

Since y « Ll, it follows that y(l) <::; y» y(2»> y(3). 
Therefore the specific heat is described by formula 
(22') at Eo(O) > T, and is equal to the first term of (22) 
if Eo(O) < T. The damping connected with 1m ~xx is 
determined by the corresponding formulas of the pre­
ceding section with E (q) from (24). 

The quantities ~za (a = z, +, -) are determined, apart 
from a numerical factor, by expression (22"). Thus, 
corrections to the spectrum and damping exist in the 
ferromagnetic region and are all connected with the 
"triple anharmonicity" of the excitations. As seen 
from (23), these quantities have a small factor 
y2/Ll2 = 1 _.,.,2 in comparison with y(k) ~xx and cannot 
change Re W significantly. For the same reasons as for 
the two-particle interaction, a decay of the excitation 
into two is possible only if Eo> (Eo(0)Ll)'/2. The imagin­
ary part of the second term under the integral Sign in 
(22') is proportional to [N(El) -N(E2)]6(E + E, -E2). The 
conservation laws can be satisfied in this case, too, 
only if Eo(k) or E, is larger than (LlEo(0»'/2. Therefore 
at Eo(k)« (LlEo(0»1I2 the contribution made to the damp­
ing by Im~za is of the order of exp [-,8(LlEo(0»1I2] and 
can be neglected. 

4. SINGLET FERROMAGNETISM OF PRASEODYMIUM 
IN Pr3 TI 

We discuss first the applicability of the two-level 
model for the description of real magnets such as Pr. 
An analysis carried out by Cooper[5] and valid in first 
approximation in (a/ro)3 has shown that the Hamiltonian 
of the system, with allowance for all nine sublevels, 
can be broken up into two parts in such a way that in the 
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first part, £'1, there are only operators of the transition 
between states with wave functions (11 and < 21 , while the 
second part Jt'2 does not contain these operators. There­
fore the spectrum branch determined by the Hamiltonian 
£'1 can be found without considering the remaining sub­
levels. 

The spectrum of the excitations in PrgTl at q > 0.41T/a 
was obtained in [2, g] with the aid of inelastic scattering. 
The appreciable dispersion of the excitatiol1 energy at 
such momenta shows that (a/ro)3 ~ 1. It was shown in 
Sec. 2' that in spite of this fact, the formulas of the 
present paper yield the correct dependence of E:(q) on T. 
This conclusion is valid also for the specific heat and 
for the damping. 

In the zeroth approximation of the molecular-field 
method, all the quantities depend on the temperature via 
the exponential e-f3Il.. From the values Il. and Tc given 
in Sec. 1, it follows that there is indeed a wide range of 
temperatures in the paramagnetic and ferromagnetic 
phase, where the relations obtained by us, namely the 
power-law relation and the exponential function e-(3E (0), 

are more appreciable than the results of the zeroth ap­
proximation. 

The developed theory explains why no temperature 
dependence of the spectrum was observed in [2,3] in the 
rather wide temperature range 4.S-40oK. The point is 
that the spectrum was measured at large momenta, 
when, as seen from (14), (19), and (26), the spectrum 
depends weakly on the temperature. E:(q) depends on T 
via y, b = tanh(f3 hiLl), and the second term of (8). But 
the presence of y introduces in V(q) a relative correc­
tion y2/1l.2 = 1-rl = 0.06, which is much less than the 
measurement accuracy. The second term in (8) can 
change the effective value of V(q) by not more than 
I5V = V(q}(T/1l. )2t, where t is a numerical factor that 
does not contain the parameters (see, e.t., (8)). The 
measurements on Pr3Tl were performed at T < 20oK, 
and therefore 1 -tanh(f3h/2) = 0.06 and 6V /V ~ 0.05t, 
so that the temperature dependence of E (q) can escape 
observation if the coefficient t is not large. 
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For Pr, the measurements were performed up to 
40oK, so that 1 - tanh({3h/2) ~ 0.2 and 6V /V ~ 0.2t , 
but the spectra was measured at such large momenta 
that e(q)/ Ll ~ 0.75. This means that the temperature 
dependence of E (q) is weaker by approximately a fac­
tor of 3 than the dependence of the effctive V(q) on T, 
so that the former was not observed. 

To compare the theory with experiment, it would 
be quite desirable to measure the temperature depen­
dence of the spectrum at q < qo ~ 1T/4a. 

The author thanks I. Ya. Korenblit and S. V. Maleev 
for a discussion of the work. 
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