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A homogeneous state of strongly doped antiferromagnetic semiconductors may be less favored 
energywise than an inhomogeneous state. Weakly inhomogeneous and strongly inhomogeneous states 
are possible. The former correspond to a noncollinear antiferromagnetic ordering, where an angle 
between the sublattice moments varies periodically in space. The second type of states occurs when 
the crystal can be separated into ferromagnetic and antiferromagnetic domains, the former having an 
excess of conduction electrons and the latter having a shortage. For relatively low concentrations, the 
most favorable of the geometries considered is that for which spherical ferromagnetic regions form a 
periodic structure within the antiferromagnetic matrix (the ferromagnetic part of the crystal is 
multiply connected). For larger conduction-electron concentrations it is more profitable when the 
spherical anti ferromagnetic regions form a periodic structure within the ferromagnetic matrix (the 
antiferromagnetic part of the crystal is singly connected). With increase of the concentration, the 
conductivity sharply rises near a concentration for which the ferromagnetic part of the crystal 
changes from multiply connected to singly connected. In this case a large negative mangetoresistance 
should be observed near the field strength at which the topology of the ferromagnetic part of the 
crystal changes. The same effect shouid also be observed on increase of temperature. Strongly 
inhomogeneous states of the same kind with separate ferromagnetic and diamagnetic domains should 
also be possible in strongly doped magnetoexciton semiconductors. 

1. FORMULATION OF PROBLEM AND QUALITATIVE 
PICTURE 

It was established previously[l,2) that the homogene­
ous state of a magnetic conductor can be unstable 
against suffiCiently large fluctuations of the conduction­
electron density (this possibility was also pOinted out by 
Krivoglaz(31). It was shown in r2), in particular, that the 
state of a strongly doped antiferromagnetic semicon­
ductor in which it is subdivided into alternating planar 
antiferromagnetic and ferromagnetic domains with a 
deficit of conduction electrons in the former and an 
excess in the latter may turn out to be energywise more 
fa vored than its homogeneous state. 

We report here a detailed investigation of antiferro­
magnetic as well as magnetoexcitonic strongly-doped 
semiconductors. We shall show that both weakly in­
homogeneous and strongly inhomogeneous states of 
crystals are possible. The former can be realized only 
in antiferromagnets and constitute a two-sublattice 
structure in which the angle between the moments of 
the sublattices varies periodically in space (noncollinear 
antiferromagnet with superstructure). 

Strongly-inhomogeneous states are possible both in 
antiferromagnetic and in magnetoexcitonic semiconduc­
tors. In the former, the crystal breaks up into ferro­
magnetic and antiferromagnetic domains, and in the 
latter into ferromagnetic and diamagnetic domains. In 
the ferromagnetic domains the carrier denSity should 
be higher than on the average over the crystal. At 
relatively small carrier densities, the geometry that is 
most favored among all those considered in the paper 
is the one in which spherical ferromagnetic regions 
form a periodic structure within a nonferromagnetic 
matrix. At large densities, on the other hand, it is 
more convenient to have spherical nonferromagnetic 
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regions form a periodic structure within a ferromag­
netic matrix. 

It follows from the foregOing that there exists a 
density nT such that the ferromagnetic part of the 
crystal changes its topology from multiply-connected 
to Singly-connected. With increasing carrier density n, 
an abrupt jump of the conductivity should occur near 
nT. We have also investigated the properties of the in­
homogeneous state in a magnetic field. It has been 
established, in particular, that at n < nT the topology of 
the ferromagnetic part can be altered by the field, as a 
result of which breakdown of the crystal under the in­
fluence of the magnetic field should be observedo 

The appearance of domains with different types of 
magnetic ordering in an antiferromagnetic conductor 
resembles to a certain degree the subdivision of non­
magnetic conductors into paramagnetic and diamagnetic 
domains in a quantizing magnetic field, but the causes of 
the two are entirely different. 

Owing to the exchange interaction between the car­
riers and the localized magnetic moments, the carrier 
energy turns out to depend on the character and degree 
of magnetic order in the crystal. It is quite obvious 
(and can be rigorously proven) that the minimal carrier 
energy is reached for ferromagnetic order. It is quite 
clear that although one carrier cannot change the type 
of order in an antiferromagnetic crystal of macro­
scopic dimensions, under certain conditions an inhomo­
geneous state of the system wherein antiferromagnetic 
order gives way to ferromagnetic order in a certain 
microscopic region may turn out to be energywise 
favored. This microscopic region is a potential well for 
the conduction electron, where it gains s-d exchange 
energy. The electron is localized in this region and 
thereby makes it stable. 
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In a paper by one of US[4], where the concept of such 
a state was introduced, it was designated by the term 
"magnetic polaron." This term should be regarded as 
inappropriate, since it has been used frequently by 
others to denote states of entirely different types, and 
this may lead to confusion. Carrier states in which the 
carriers are auto localized in ferromagnetic micro­
scopic regions which they themselves produce will 
henceforth be designated by the term "ferron." 

If individual ferron states of carriers of the type 
described above are possible in antiferromagnetic 
crystals with very small carrier densities, then at 
re lati vely large carrier densities collective ferron 
states may become favored in these crystals. In other 
words, ferromagnetic regions, each of which has an ex­
cess of conduction electrons, may become possible in 
an antiferromagnetic crystal. The conditions for their 
realization are essentially different from those for in­
di vidual ferron states. The reason is that the energy 
per conduction electron required to replace antiferro­
magnetic order by ferromagnetic order is smaller in 
the case of collective ferron states than in the case of 
indi vidual states. However, the formation of collective 
ferrons, unlike the individual ferrons, is accompanied 
by an increase of the Coulomb energy of the electrons. 
Crystals can therefore exist in which individual ferron 
states are favored but collective states are never 
favored, and vice versa; collective ferron states may 
be realized in crystals in which individual ferrons are 
impossible. 

At very high densities, the carriers play the decisive 
role in the establishment of magnetic order, so that a 
crystal in the homogeneous state should become ferro­
magnetic. However, the subdivision of the crystal into 
domains with ferromagnetic and antiferromagnetic 
order is possible also under these conditions. The 
reason is the following: the conduction electrons, being 
concentrated in the ferromagnetic regions, again ac­
quire a net gain of s-d exchange energy, just as in the 
homogeneous ferromagnetic state. But the dec rease of 
the electron density in the remainder of the crystal 
makes it possible to restore the antiferromagnetic 
order in this remainder, i.e., to obtain a gain in the 
energy of the direct exchange between the magnetic 
atoms. This gain is offset to a certain degree by the 
loss of kinetic energy of the electrons and of the 
Coulomb energy. 

In either case, the homogeneous states, while un­
stable to large-amplitude fluctuations, remain stable 
with respect to small fluctuations. There exists, how­
ever, a density interval intermediate between the 
regions of absolute or relative stability of the antiferro­
magnetic and ferromagnetic states, in which neither 
state corresponds even to a relative minimum of the 
energy. It can be shown that in this interval the energy 
of the noncollinear antiferromagnetic (NCAF) state of 
the type proposed by de Gennes[5] is lower than that of 
the collinear states[6]. However, as will be shown later 
on, the homogeneous NCAF state may also turn out to 
be unstable, and not only with respect to strong fluctua­
tions but also with respect to small ones. If the insta­
bility is caused only by strong fluctuations, then a 
strongly-inhomogeneous ferro-antiferromagnetic state 
is produced and leads simultaneously to a gain in the 
s -d exchange energy in the ferromagnetic domains and 
in the d-d exchange energy in the antiferromagnetic do­
mains. Under certain conditions, however, it is possible 
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to have in this interval also a weakly-inhomogeneous 
state with NCAF order, where the angle between the mo­
ments of the sublattices and the electron density vary 
periodically in space. 

Inhomogeneous states are also possible in magneto­
excitonic semiconductors. A characteristic of the latter 
is that in the ground state the electron spin of a partially 
filled d shell of a magnetic atom is equal to zero. How­
ever, the excitation energy of a magnetic atom in a 
triplet state can be small. If the crystal contains con­
duction electrons, then their exchange interaction with 
the excited atoms lowers the energy of the system. At 
low carrier densities, individual ferron states are also 
possible here, in which excitons with spins parallel to 
one another are exc,ited in a certain microscopic region, 
and the conduction electrons becomes autolocalized in 
such a microscopic region[7]. It will be shown below 
that, at sufficiently high carrier denSities, collective 
ferron states are energywise favored here, too, Le., the 
crystal in the ground state breaks up into ferromagnetic 
and diamagnetic domains. 

Neutron diffraction investigations have shown that 
the spectra of the strongly doped antiferromagnetic 
LaMn03 semiconductors constitute superpositions of 
spectra corresponding to the ferromagnetic and anti­
ferromagnetic order[8]. This is usually interpreted in 
terms of noncollinear antiferromagnetism. The results 
of the present paper lead to an alternate interpretatirn 
of this effect as evidence of the existence of collecti ve 
ferron states. The subdivision of a strongly doped anti­
ferromagnetic semiconductor into ferromagnetic and 
antiferromagnetic domains was observed directly by 
Vitins and Wachter[9] but in their case the phenomenon 
was complicated by strong spatial fluctuations of the 
impurity potential owing to the relative smallness of its 
concentration. 

2. INSTABILITY AND WEAKLY INHOMOGENEOUS 
STATES OF ANTIFERROMAGNETS 

We confine ourselves to the case when the electron 
density n( r) varies little over distances on the order 
of the lattice constant a, We use the s-d model and 
assume that the width W of the conduction band is large 
in comparison with the product of the s-d exchange in­
tegral A by the spin S of the magnetic atom. The energy 
of the system, in first order in AS/W, can be written in 
the form 

E=E,+Eu , (1 ) 

E - 3 S n'/'(r) d e' S [n(r)-noHn(r')-nol , 
'--5 /.10 -,-/- r+- 1 'I drdr no I 280 r-r 

AS -2 S n(r)cos8(r)dr+D{n}, (2 ) 

where Eo is the dielectric constant of the ideal crystal 
(in the absence of conduction electrons), 

II' 1 
/.Io=-(6n'no)'/', no=--Sn(r)dr. 

2m V 
(3) 

The term D{n} corresponds to going beyond the Thomas­
Fermi approximation. It takes into account effects that 
are connected with the inhomogeneity of the electron 
distribution over the crystal. It is impossible to write 
a general expression for it. For those physical situa­
tions considered in the present paper, its structure will 
be specified below. 
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The expression for the Fermi energy !J. 0 of a homo­
geneously distributed gas is written out under the as­
sumption that owing to the nonzero magnetic moment of 
the crystal S cos e (r) (per atom), all the electrons are 
spin-polarized, which requires, in any case, satisfaction 
of the inequality Y,AS cos e (r) > !J.o. In the case of an 
antiferromagnet with two equivalent sublattices at 
T = 0, the exchange-interaction energy of the magnetic 
atoms with one another and with the external field H is 
given by the expression 

EM = -E... J cos 2B(r)dr -!!!J cos B (r) dr, 
2a' a' 

(J < 0, the field is in energy units, ±6(r) is the angle 
between the magnetic moment of the crystal and the 
sublattice moment). 

The ground-state energy is determined at AS « W 
by minimizing the sum of (2) and (4) with respect to 
n( r) and cos e (r). One of the extrema of the energy 
corresponds to a homogeneous state with n( r) = no: 

cos B(r) =An.a'/41/1. 

(4) 

(5 ) 

Obviously, if the density no is less than the critical 
value nF = 4\ J \1 Aa 3, at which cos e = 1, NCAF order 
is realized; if the density exceeds nF, then a homogene­
ous ferromagnetic state is realized. The region in 
which the NCAF ordering energy is extremal is also 
bounded from below, inasmuch as spin depolarization of 
the electrons takes place at Y,AS cos e < !J.o, and the 
effective field with which they act on the spins of the 
magnetic atoms, and which causes the appearance of the 
moment of the crystal, is proportional to the degree of 
their polarization. According to(6), the lower bound of 
this region is 

cies" Aq, corresponding to the wave vector 

(10) 

(WL is the plasma frequency). The frequency Aqm is 
negati ve at densities no exc~eding the critical value nc 
defined by the equation 

AS 1 ) 
-2 =~3 (2J.1,+ltCilL'), J.I,""J.I (n,), CilL<""'CiIL(n,). (11 

n,. ne 

Thus, at no > nc the excitation of fluctuations with 
q"" qm is energywise favored. From the momentum 
conservation law it follows that near the critical con­
centration the cubic term of (9) introduces an asymp­
totically small contribution to the energy. Since the 
coefficient of the fourth -order term in (9) is positive, 
the concentration phase transition to the inhomogeneous 
state should, in accord with the Landau theory, be of 
second order, and as a result of this transition there 
should be established a periodic structure with period 
21Tq~. The oscillations of the angle between the mo­
ments of the sublattices are connected with the oscilla­
tions of the electron denSity by relation (5). 

It must be borne in mind, however, that as the den­
sity is increased, a jumplike transition of the crystal 
to a strongly inhomogeneous state, which will be con­
sidered in the next section, is possible even before nc 
is reached. At any rate, within the framework of the 
approximations employed below, we find that the condi­
tions for the existence of strongly inhomogeneous states 
can be much more stringent than those for weakly in­
homogeneous states, so that the latter are seemingly 
realizable in principle. 

(6) 3. STRONGLY INHOMOGENEOUS STATES 

We now investigate the stability of the NCAF state 
against small oscillations of the electron density n( r) 
- no. According to Hohenberg and Kohn[lOl, the func­
tional D {n} of the electron density in (2) is given in 
this case by 

Dln)= J [ K(r-r') 

1 dJ.l. ( ,] [) , , -Ta;,-Ii r-r) n(r -n.][n(r )-n.ldrdr. (7) 

where the Fourier transform K( q) of the quantity K( r) 
is connected with the dielectric constant of the conduct­
ing crystal E( q, 0), calculated at a fixed value of cos e, 
by the relation 

( ) 2ne' 
K q = --::-::-:---::-:----:-­

q'[e(q,O)-e.] 
(8 ) 

If we use for E( q, 0) the well-known Lindhard ex­
pression corresponding to the random-phase approxima­
tion, then in the case of long-wave fluctuations expres­
sion (1) takes the form 

(9 ) 

2 1-10 4ne' It'q' AS 
Aq=-~+--+----

3 no e.q' 36mno 2n. ' 

where nq is the Fourier component of the density fluc­
tuations and the prime at the summation sign denotes 
the momentum conservation law. 

The homogeneous state of the system becomes un­
stable upon vanishing of the smallest of the "frequen-
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The essentially nonlinear character of the problem 
suggests that a variational principle be used for its 
solution. We confine ourselves to a detailed examina­
tion of the inhomogeneous state of a conducting antifer­
romagnet. It is natural to assume that the crystal 
should break up into alternating regions with increased 
and decreased electron densities, forming a periodic 
structure. The approximations employed below consist 
in the following: 1) the carrier density in the enriched 
layers is independent of the coordinate; 2) the carrier 
density in the depleted regions is assumed to be zero. 
The first of these assumptions is justified at W » AS 
by the fact that their Fermi energy greatly exceeds the 
energy of the Coulomb interaction with the spatially­
inhomogeneous charge distribution. The second approx­
imation is fully justified when the condition (11) for the 
instability of the NCAF structure is satisfied in the en­
tire interval nA < n < nF and, in addition, the inequality 
!J. « AS holds. It is then clear that the crystal should 
break up into microscopic regions with ferromagnetic 
and antiferromagnetic ordering, since, according to (11), 
if the NCAF structure is unstable at n = no, then it is 
all the more unstable when n lies in the interval no < n 
< nF' According to (6), the density in the former of 
these microregions should be much higher than in the 
latter. 

All the numerical estimates that follow will be made 
for parameters typical of antiferromagnetic rare-earth 
compounds of the EuSe or EuTe type, namely TN 
= 10-3 eV (~12°K), TN = \ J \ S, As/2 = 0.5 eV, Eo = 20, 
N = 0.4 '10,3 cm-3, N = a-3, and an effective mass equal 
to the free -electron mass. The results of the calcula-
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tions will be shown in Figs. 1-3 below. For the indi­
cated values of the parameters we obtain from (6) nF 
= 106 x 1020 cm- 3 and nA = 004 x 10"9 cm-3, so that the 
ratio of the electron densities in the ferromagnetic and 
antiferromagnetic regions should exceed 40. Thus, at 
medium electron densities no, from 0.5 x 1020 cm-3 

upward, the electron density in the antiferromagnetic 
regions does not exceed 10% of no, thus demonstrating 
the validity of the second approximation. 

It can be hoped that owing to the relatively weak 
sensitivity of the variational functional to the form of 
the trial function, this approximation can give reason­
able results even if the inequality jJ. < AS is not too 
strong. The same also pertains to the opposite case 
W « AS, when the Coulomb energy is not small in com­
parison with the Fermi energy. 

As to the geometry of the inhomogeneous state, three 
possibilities are considered: 1) the system breaks up 
into alternating ferromagnetic and antiferromagnetic 
layers (the same geometry as in(21); 2) the ferromag­
netic microscopic regions are spherical in shape and 
are equidistant from one another inside the antiferro­
magnet; 3) the inverse situation, when antiferromag­
netic microscopic regions of spherical shape are situ­
ated inside a ferromagnet. 

The limitation of electron motion by the ferromag-

t>E,eV 

0,15 

O.t 

FIG. 1. Dependence of the gain of the electron energy of the in· 
homogeneous state on the density no (nT = 1.47 X 1020 cm-3 ). 

-1 • 
R,R",A x, reI. un. 
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j" 
110 - 20 
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1 15 so 
I 

20 ~I" 
10 5 

FIG. 2. Dependence of the radii R of ferromagnetic (to the left of 
nT) and antiferromagnetic ( to the right of nT) drops, of the relative 
increase x of the carrier density, and of the reciprocal Fermi momentum 
on the density no; kF(n) = (I + x)1/3 kF(no). 
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FIG. 3. Dependence of the reduced magnetic moment MIS on the 
field in the inhomogeneous state: I) no = 1.6 X 1020 cm-s ; 2) no = 1.4 
X 1020 cmos; 3) no = 1.2 X 1020 cmos; 4) no = 0.8 X 1020 cm-s . 

netic region increases the electron energy (spatial 
quantization of the orbits). We confine ourselves to 
regions that are large from the microscopic point of 
view, when the role of the spatial quantization can be 
taken into account by perturbation theory. The small 
parameter is the reciprocal of the product of the Fermi 
momentum by the characteristic dimension of the sys­
tem. When the electron energy is calculated in first 
order in this parameter, it is necessary to replace the 
density of states of the free electron po by 

[ "SF] p(E)=p,(E) 1- 4(2mE)'i, V
F 

' (12 ) 

where VF is the volume of the ferromagnetic region 
and SF is the area of the surface that separates the 
ferromagnetic and antiferromagnetic regions [11 J (the 
outer surface of the crystal can be disregarded, since 
its area is small in comparison with the area of the 
ferromagnet-antiferromagnet interface). 

When the ratio of the correction ~SF /VF to the 
principal term in (12) is numerically estimated, it must 
be recognized that the electron density n in the ferro­
magnetic region is higher than the value no averaged 
over the crystal. In the second term it is therefore 
necessary to take as the electron energy E the Fermi 
energy of electrons with density n, rather than no. 
Estimates show that for the data given in Figs. 1 and 2 
below, this ratio is equal to 12 at no = 0.2 x 1020 cm-3 

and 13 at no = 1020 cm-3. The situation is more favora­
ble in the case of antiferromagnetic spheres, when it is 
equal to 14. 

According to the results of Balian and Bloch[lll, the 
ratio of the third term of the expansion (which is not 
written out in (12)) to the second is approximately equal 
to (611'n"/ 3VF/SFt". i.e., ~10% at the parameter values 
indicated above. This justifies the applicability of the 
expansion (12) in the indicated concentration interval. 
These are precisely the concentrations of the donor 
electrons in the collectivized states in real strongly 
doped semiconductors, so that the approximations em­
ployed are fully justified for them. When the density is 
lowered, the conditions for the applicability of the ex­
pansion (12) become worse. 

We denote by R the thickness of the ferromagnetic 
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domain in the planar case and the radius of the ferro­
magnetic or antiferromagnetic sphere, and by x = (n 
- no)/no the relative increase of the carrier density in 
the ferromagnetic part of the crystal. These two quanti­
ties play the role of the variational parameters. The 
expression (1) for the energy per unit volume of the 
crystal can be rewritten in the form 

E~E,+D+Eq+EM, 

K~'/'Jlono(1 +X)'/'. 
(13 ) 

The term {n}, which takes into account the inhomo­
geneity of the electron gas, can be represented, using 
formula (12), in the form 

( 
:rt ) 'I, 5 E, (14) 

D~~ 6 16 n;"(Hx)'I'R ' 

where the coefficient {3 is equal to 2 for planar layers, 
to 3 for ferromagnetic spheres, and to 3x for antiferro­
magnetic spheres. 

Obviously, the term D, which is connected with 
spatial quantization of the electron orbits, plays the 
role of an effective surface energy that depends on the 
electron density n and on the variation parameter x. 
Were this term to be disregarded, the energy of the 
system would not have a minimum with respect to R in 
the considered model. 

The Coulomb energy Eq for spherical geometry is 
calculated by subdividing the crystal into Wigner cells. 
In the principal approximation in (Rn 1/3 r\ it is given 
by the expressions 

Eq~rr.e'no'R'x'/6eo 

for planar layers, 

Eq ~ ~n02e'R2[2x+3-3(1 +x)"'l 
5eo 

for ferromagnetic spheres, and 

(15a) 

(15b) 

Eq ~~no'e'R2x[3x+2-3x"'(1+x)"'1 (15c) 
5eo 

for antiferromagnetic spheres. 

The magnetic energy EM and the magnetic moment 
M (per atom) take the form 

[ AS IllS H'S x HS] 
EM~ - T no - (1+x)a' + 41/1a' 1+x + (1+x)a' ' (16) 

M~~[ 1+ Hx ] 
Hx 21/1' (17) 

Expressions (13)-(16) are also valid for magnetoexci­
ton conductors if I J I s/2 in (16) is replaced by the ex­
citon frequency, and if we put H = O. 

Since the variational approach overestimates the 
energy of the inhomogeneous states, the region of their 
stability should be even broader than that obtained be­
low. The stabilization of the inhomogeneous states 
should be helped also by elastic stresses that develop in 
the system 1). 

As seen from (13)-(16), only the effective surface 
energy D and the Coulomb energy Eq are sensitive to 
the geometry of the ferromagnetic part of the sample. 
Minimization of the sum Q = D + Eq with res pect to R 
(at fixed x) leads to the following expressions for the 
various geometries: 

Qp/no""O.7yx'I'(1 +x) 'I, 

for planar domains, 
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(18a) 

QF/nO"" 1.2, (2x+3-3 (1 +X),/.J'" (1 +x) 'I, 

for ferromagnetic drops, and 

Q A/no""1.2yx[3x+2-3x'l. (1 +X)'/'l'" (1 +x) 'I. 

(18b) 

(18c) 

for antiferromagnetic drops. We use here the notation 

Expressions (18) enable us to determine the particu­
lar geometry that ensures a minimum of the system 
energy. It must be borne in mind that the Wigner-cell 
method does not yield high accuracy in the case when 
the matrix volume is considerably smaller than the 
volume of the drops having the other type of magnetic 
order and contained in the matrix. Therefore expres­
sion (18b) yields'a reliable value of QF only at suffic­
iently large x, while expression (18c) yields a reliable 
value of QA at sufficiently small x (we recall that, by 
definition, x is the ratio of the volumes of the antiferro­
magnetic and ferromagnetic regions in the crystal). 

At low densities, no« nF, the value of x can be 
large, and therefore, according to (18) and (18b), the 
energy minimum is reached in the case of ferromag­
netic spherical domains in an antiferromagnetic matrix. 
At densities no exceeding nF, the value of x should be 
small. Therefore the minimum of the energy is reached 
in the case of antiferromagnetic spherical domains in 
the interior of the ferromagnetic matrix. Planar do­
mains give a higher energy than spherical ones in all 
cases. 

An analysis of Eqs. (13)-(18) shows that within the 
framework of the assumed model, the inhomogeneous 
states are energywise more favored than the homogene­
ous state at arbitrarily small no if the following in­
equality holds 

(19) 

where the subscript F denotes that the corresponding 
quantities are calculated at no = nF (see Fig. 1). (The 
criterion (19) is obtained by calculating the energy of 
the state with ferromagnetic drops in the limit x 11 3 » 1 
at H = 0.) Of course, it is meaningful in ~ractice only 
down to concentrations at which jJ. 2., e'1lcV Y Eo. At lower 
concentrations, spatial fluctuations of the impurity po­
tential, which lead to transitions of electrons into cur­
rentless states, become significant. The limitation (19), 
generally speaking, is stronger than (11) near nF. 

On the high-concentration side, the region where in­
homogeneous states exist is bounded by the limiting 
density n = nc, which is determined from the condition 
aEI ax = 0 at x = O. When the definitions (13), (16), and 
(18c) are taken into account, it takes the form 

(20) 

when this concentration is approached from below (see 
Fig. 2), the fraction x of the volume occupied by the 
antiferromagnetic phase tends to zero (we recall that 
VA = xl (1 + x)), but the radius of each antiferromag­
netic drop remains finite and tends to 

(21) 

The critical density may turn out to be smaller if the 
condition for the spin polarization of the electrons is 
violated. 
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We now discuss the effect of an external magnetic 
field on the inhomogeneous state. As follows from (17), 
the magnetic moment of the sample increases with the 
field, both as a result of the appearance of magnetiza­
tion in the antiferromagnetic part of the sample, and as 
a result of an increase in the dimensions of the ferro­
magnetic part of the sample. Therefore the rate of 
growth of the moment with the field is higher here than 
in an undoped antiferromagnet, and the dependence of 
the moment on the field is essentially nonlinear (see 
Fig. 3). 

Depending on the parameter ratios, two behaviors of 
the magnet in the field are possible. If in the absence 
of the field the homogeneous NCAF structure is unstable 
with respect to small fluctuations of the electron density, 
then the magnetic field cannot stabilize the structure. 
This follows from the condition that the energies (2) and 
(4) be extremal with respect to cos e(r) and that the 
number of particles in the system be constant (the mag­
netic field adds to the electron energy only a term that 
does not depend on the electron density and a term that 
depends on its mean value). Therefore the inhomogene­
ous state is preserved until total ferromagnetic order 
is established in a crystal. The critical field at which 
this takes place is determined from formula (20), given 
the density no. 

If the homogeneous state is stable at H = 0 with re­
spect to small electron-density fluctuations, then it can 
become stable also with respect to large fluctuations in 
sufficiently strong fields. This means that a sufficiently 
strong field destroys the inhomogeneous state and the 
NCAF state is established. This situation is perfectly 
analogous to the destruction of an individual ferron 
state by an external field in an antiferromagnet, a situa­
tion investigated earlier[ l21. 

The described dependence of the character of the in­
homogeneous state on the carrier denSity and on the 
magnetic field leads to Singularities in the conductivity 
of such samples. As already indicated, at relatively 
small densities it is more profitable energywise to have 
an inhomogeneous structure in which the ferromagnetic 
part of the crystal is multiply connected, and at large 
densities it is more prOfitable to have it singly con­
nected. Obviously, an abrupt increase of conductivity 
should occur near the denSity at which the energies of 
these states become commensurate and the ferromag­
netic part of the crystal changes from multiply con­
nected to singly connected (a transition from an insulat­
ing to a conducting state should have occurred within 
the framework of the assumed approximation). This ef­
fect resembles to a certain degree the onset of percola­
tion in defect-containing conductors. 

If at H = 0 it is energywise more profitable to have 
the ferromagnetic part of the crystal multiply connected, 
it becomes singly connected in a suffiCiently strong 
magnetic field, or else the crystal goes over to a homo­
geneous state. In the former case a giant negative mag­
netoresistance should be observed near that value of the 
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field at which the topology of the ferromagnetic part of 
the crystal changes. If the crystal goes over into a 
homogeneous state, then a jump of the magnetic moment 
should occur together with a jump of the conductivity. 

The fields at which a change in topology takes place 
correspond in Fig. 3 to the small discontinuity on the 
plot of the magnetic moment, this being due to the use 
of trial states with different geometries on either side 
of the discontinuity. At the same time, the smallness of 
the discontinuity indicates that the employed approxima­
tions are consistent with each other. As seen from Fig. 
3, the critical fields increase with decreasing carrier 
density, from dozens to hundreds of kOe. 

It should be noted that at n < nT the conductivity 
should also increase abruptly with increasing tempera­
ture, since the crystal should go over in this case to a 
homogeneous state. This should also be valid for rela­
tively small impurity concentrations close to those at 
which collectivization of the donor electrons with for­
mation of an impurity band would take place, if the anti­
ferromagnetic order did not give way to ferromagnetic 
order in the vicinity of the defects. The formation of 
such localized ferrons leads to a decrease of the radius 
of the donor states and consequently to a decrease of 
the overlap of the orbits of the neighboring donors. As 
a result, no collectivization of the donor electrons takes 
place at T = 0, but the collectivization can occur at 
higher temperatures, since the ferron states are de­
stroyed in that case. 

1)The authors are indebted to I. M. Lifshitz for this remark. 
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