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It is shown that allowance for finite conductivity in current-carrying plasma may lead to the
development of a nonlinear convective flow which is connected with local overheating of individual
plasma filaments. The time necessary to remove heat by this convection mechanism is found to be of

the order of the skin time.

1. INTRODUCTION

Among the various toroidal containment systems for
high temperature plasma, the tokamak machines are the
most highly developed at the present time. Not only have
the best parameters been achieved for them, but a de-
gree of clarity has been reached in the understanding of
the various phenomena taking place in the plasma. How-
ever, the main question, i.e., what determines the char-
acteristic energy-loss time for plasma in the tokamak,
has not as yet been answered. It is known that the en-
ergy is removed along the ‘‘electron channel,’’ i.e., the
energy losses are due to a mechanism of the type of en-
hanced electronic thermal conductivity.[!] The effective
thermal conductivity exceeds by one or two orders of
magnitude the neoclassical value even when the elec-
tron-ion collision frequency is calculated from meas-
ured electrical conductivity.

Artsimovich has pointed out that the quantity Bg
= 87p/ Bfi remains roughly constant in a broad range of
plasma parameters (p is the mean plasma pressure
and By is the poloidal magnetic field on the boundary of
the plasma column). For Joule heating of plasma, this
means that the lifetime is 7E ~ a% where a is the
radius of the plasma column and ¢ is the electrical con-
ductivity. It may be said that the quantity c¢?/270 can
serve as a scale for the temperature diffusivity in the
tokamak plasma. However, this quantity is also the co-
efficient of diffusion of the magnetic field, and the fact
that the loss of plasma is either independent of or not
very dependent on the intrinsic plasma parameters
(Larmor radii, ranges, etc.), and is governed only by
the rate of transport of lines of force due to the finite
conductivity, would suggest that convective motion of
the plasma may be possible and may be connected some-
how with the ‘breathing’ of the magnetic configuration.
This problem is discussed in the present paper. We
shall present qualitative arguments suggesting that the
development of conductivity inhomogeneities in the form
of ‘overheated’ current filaments may result in the
transport of such filaments across the plasma column,
and in the convective mixing which may lead to thermal
conductivity of the order of c¢?/ 270,

2. HELICAL CONDUCTING FILAMENT IN PLASMA

Let us suppose that, as a result of instability associ-
ated with overheating, a well-conducting filament is
formed in the plasma, We shall investigate the fate of
this filament during its evolution. For the sake of sim-
plicity, we shall replace the toroidal discharge by a
straight-line discharge of length L = 27R, where R is
the major radius of the torus, and will suppose that all
the quantities are periodic along the column with the
period L. In particular, if the conducting filament is
helical then its pitch is h = mL/n, where m and n are
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integers and m measures the number of circuits com-
pleted by the helical purturbation from which the fila-
ment has developed. Let B, and Bg be, respectively,
the longitudinal and azimuthal components of the mag-
netic field. We note that the pitch of the lines of force
is equal to Lq, where q =27rBo/RBy.

Let us begin by considering the simplest case, i.e.,
the case of a simple conducting filament in vacuum, for
example, outside the plasma. Let E be the longitudinal
electric field that produces the current in the plasma
column, It is clear that, if a current flows through the
conducting filament, it experiences the Ampere force in
the radial direction and very rapidly begins to move in
that direction. During this motion the filament cuts the
lines of force and, as a result of the change in the mag-
netic flux linked with the filament, the current in the
filament falls rapidly to zero. When this happens, the
motion of the filament becomes slower: it is displaced
in the radial direction with a velocity which is such that
the induced emf compensates the external field:

1.
70=Eh, (1)
where h is the pitch of the helix, and
O=rr*Bo—h | By dr
is the magnetic field linked with the filament per turn,

From (1) we can find the quantity v =t
cE m

v=— @)

Be ng—m’

If the current j = ¢E is nearly uniform then (2) may
be written in the form
_ ¢ m

Y o ng—m’ )
It is clear from (3) that the sign of v depends on the
relationship between the pitch of the helix h = mL/n and
the pitch of the lines of force qL. When h < qL the fila-
ment moves in the outward direction. The velocity of the
filament increases as h approaches qL.

Let us now consider a well-conducting helical fila-
ment placed in a plasma column carrying a longitudinal
current, Suppose that at the initial time the filament
carries a current jo. In that case, if the pitch of the
lines of force at the given point is not equal to the pitch
of the filament, the current-carrying filament will ex-
perience the Ampere force. Now, however, during the
rapid radial displacement of the filament, the current
through it will not vary because the field is frozen-in.
Moreover, it is readily seen that a current with the op-
posite direction will be induced in the plasma during the
motion of the filament. This phenomenon is illustrated
qualitatively in Fig. 1 which shows the lines of force
associated with a field which is transverse relative to
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FIG. 1

the filament, Figure la shows the lines of force in the

initial state and Figs. 1b—e illustrate how the reverse

current is generated during the motion of the filament,

and is subsequently smeared out over the cross section
due to the finite conductivity so that the field distribu-

tion becomes almost uniform (Fig. le).

3. FLOWS WITH HELICAL SYMMETRY

To obtain a quantitative description of the motion of
the current-carrying filament in plasma for B, » By
we can use the simplified set of equations of magnetic
hydrodynamics for flows with helical symmetry.[?! All
the quantities then depend only on the cylindrical vari-
ables r, 6, z in the following combinations: r, 6 - az
= 6§ - 2mz/Lm. The magnetic field is conveniently ex-
pressed in terms of the function y which is defined by

(4)

¥ B —2¥_ B
.5;_—3., arB,, ST r

It is shown in[?] that the variation in the magnetic
field with time when B, > By and the problem has
helical symmetry is described by

4no (0P
= (Grrvv)

where v is the velocity of the plasma across the col-
umn, which must be determined from the equations of
motion

4no

— dv+2aB, - 2B, ®)

min-‘;—:+ Vp=:1'[i'XB], (6)
mj is the ion mass, and p the plasma pressure. How-
ever, in the case of slow plasma flows (in which we are
mainly interested) the inertial term in (6) can be
neglected, i.e,, we should in fact be considering the
evolution in time of the equilibrium states of plasma,
which is due to the finite conductivity.

In the case of helical symmetry and B, > Bg, the
equation of equilibrium is substantially simplified. In
particular, it is shown inf?°! that it reduces to the form

Vp.=AypVyp, (7)

where p, is a certain scalar function (the effective
pressure). From (7) it follows that p, = p,(¥) and

Ap=F (), (8)
where F is an arbitrary function of .

The velocity v in (5) must be chosen in accordance
with (8), i.e., so that the Laplacian v?% is always con-
stant on the surfaces y = const. Moreover, we must
satisfy the incompressibility condition

div v=0, 9)

which follows from the fact that the magnetic field is
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FIG. 2

frozen-in, and the perturbation of the strong longitudinal
magnetic field for slow plasma motions is small, so
that B, = const.

Thus, plasma flows with helical symmetry are de-
scribed by (5) and (8) together with the incompressibil-
ity condition. It is important to note that these equations
are two-dimensional (all the quantities depend only on
r and 6), and the velocity vector lies in the (r, 6§)
plane.

4. CONVECTIVE TRANSPORT OF A CURRENT-
CARRYING FILAMENT

We shall now give a quantitative description of the
plasma flow due to the motion of the overheated current-
carying filament.

In the initial state, the plasma column has cylindri-
cal symmetry and the function y(r) is determined by
the equation

5, (1-2q0). (10)

The function is illustrated schematically in Fig. 2.

We are considering the case where the singular point
a(ro) = m/n lies inside the plasma column. In the case
of a monotonic function q = q(r), this corresponds to
the hydrodynamically stable situation.

Let us now return to (5). In the equilibrium, cylin-
drically symmetric, state, the last three terms on the
right of (5) cancel each other out. We now suppose that
local overheating takes place in some small region in
the plasma. This means that the right hand side of (5)
now acquires a negative source Q = 41rc"AoE, where
Ao is the change in o due to the overheating. A large
current will flow in the overheated region. However, as
indicated above, such a current will necessarily be dis-
placed in the transverse direction and will excite a re-
verse current (see Fig. 1). The corresponding local
distortion of 3 is shown by the dashed lines in Fig. 2.

However, this formation cannot remain at rest either.
The point is that (5) is a diffusion equation and therefore
a ‘bump’ on the y curve (Fig. 2), which corresponds to
the induced reverse current, will tend to spread out.
However, the overheated filament can be in equilibrium
with the plasma only in the presence of the induced re-
verse current, since it continues to move in order to
compensate inductively the reverse-current dissipation.
It is readily seen that the result of all this is that the
current configuration in Fig. 3 will be displaced toward
the right, cutting (and tending to close on itself) the
lines of force. In the coordinate system attached to the
current, the flux y will be incident from the right, and
the outer part of the surfaces will break up and will
jump to the left. At the same time, since the current
filament is a source of j, it will generate the flux § be-
tween the filament and the boundary of the bundle, and
these surfaces will join the outer surfaces on the
separatrix. Conversely, on the right half of the bundle,
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the flux will be directed inward, as shown by the broken
arrows in Fig. 3.

As the region on the right, which contains the colder
plasma, is approached, the conductivity perturbation due
to the overheating tends to increase. The excess of the
conductivity above the background will increase, and the
‘cavity’ in Fig. 3 will tend to increase in size.

The foregoing discussion refers to the region dy/dr
< 0 (on the right of the point r, in Fig. 2). In the region
dy/dr > 0 the overheated bundle with enhanced current
should move toward the center, i.e., into the region of
higher temperature and greater current. Naturally, the
difference between the temperature and current in the
bundle and the ambient region will fall during this pro-
cess, i.e., the perturbation will gradually disappear.

To calculate the resulting plasma flow we must sim-
plify the problem. Thus we shall assume plane geometry
with uniform magnetic field at infinity, lying along the y
axis: y = (dyo/dx)x = I'x. We shall transform to the
set of coordinates in which the overheated region is at
rest and the plasma is incident upon it with velocity
-V, which is constant at infinity (see Fig. 3). In this
coordinate frame, the initial set of equations assumes
the form

$(—vnr+vw)=zxw—g6<r). (11)
AY=F (}), (12)
div v=0. (13)

We are assuming for the sake of simplicity that the
linear size of the overheated region is small, and re-
place the corresponding source on the right of (11) by
a § function,

In general, the overheating will ensure that the local
perturbation of the current will continue to increase,
but we shall simplify the problem and consider the flow
of a constant current over the plasma. The point is that
the transport of the overheated current-carrying region
in the outward direction, and its heating, take place in
comparable intervals of time and, therefore, in the first
approximation the heating effect can be neglected.

It is convenient to rewrite (11) in terms of dimension-
less coordinates. This will be done by introducing char-
acteristic quantities with the dimensions of velocity and
length: vo = A(c%/4n0g)T, | = g/T, so that in terms of
the dimensionless variables u = v/vo, V¢ = Vy'/ T,
r =1p, Eq. (11) assumes the form

A(—1+uVy) =Ay'—5(p), (14)

where A is the characteristic parameter of the problem.
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We note that v, is equal to the velocity with which the
plasma is incident on the overheated filament from in-
finity.

Let us return again to Fig. 3. There are three
natural regions. There is the outer region (relative to
the separatrix) and two internal regions I and II. The
initial current lies in region I and the reverse current
is generated in region II.

Let us begin by considering the region which is ex-
ternal to the separatrix. In this region, the lines of
force depart to infinity, and at a sufficiently large dis-
tance from the filament we have Ay = 0 and, therefore,
F(y) =0 [see (12)]. However, in that case F(y) = 0 on
all the lines of force which are external to the separa-
trix and, consequently, in the external region too. Thus,
in the external region, (14) reduces to

A(—1+uVp) =0. (15)
Its general solution is
V¢
=—"—+b[e, xV¥].
Rl IO [e. XV (16)

The second term in (16) describes the outflow or in-
flow of plasma along the lines of force, and does not
lead to flow across the magnetic field. It is uniquely
determined by the incompressibility conditions div v
=0 and v = v, at infinity.

In the internal regions I and II we may suppose that
u = 0. The point is that, in these regions, the quantity
uvy is a constant along the y = const lines in accord-
ance with (14) and (12). When uvy = 0, the conclusion
might be that the fluid flows into and vanishes in region
II, whilst it is created in region I. However, this is in
conflict with the condition div v = 0.

Since u =0, we find that in the internal regions I and
II, Eq. (11) reduces to the following:

Ap=A—8(p) (17)

in region I, and

Ap=1, (18)

in region II.

To ensure that regions I and II are in equilibrium
with the plasma, the total currents flowing through I and
II must be equal and opposite, i.e.,

~ [ a—8(0))ds = [ 1.as.

This leads to the condition

AS=1, (19)

where S is the total area of regions I and II. Therefore,
to find the characteristic value A we must find S. In
general, the shape and size of regions I and II are de-
termined by (11) and (12) together with the boundary
conditions which ensure that the magnetic pressure in-
side and outside of I and II are equal. It may be sup-
posed that the shape and size of S are not very sensi-
tive to the current distribution inside the overheated
region. We shall therefore simplify the problem some-
what by replacing the distributed currents in (17) and
(18) by equal point currents.

The shape and size of the separatrix, bounding re-
gions I and II, can readily be found for such currents. It
turns out to be very nearly circular, and its area is
S = 1/16x. In other words, its diameter in terms of our
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dimensionless coordinates is d = 1/27. From (19) we
then find the characteristic value

A=16m. (20)

Substituting this into the expression for the velocity
at infinity, we can find vo from the formula v,
= A(c?/4nog)T.

It is more convenient, however, to introduce a quan-
tity which has the dimensions of the coefficient of tem-
perature diffusivity y = vido, where do is the diameter
of the nearly circular region of localization of currents
in the usual units, i.e., do = [d, so that

y=2c*/no. (21)

It may be supposed that the temperature diffusivity
will reach a value of the same order in the plasma col-
umn when the latter is sufficiently densely packed with
the overheated filaments.

As can be seen, y is independent of the local current
perturbation and hence of the diameter d, of the fila-
ment. A large current moves more slowly but occupies
a larger area, whilst a small current moves more
rapidly but its size is smaller.

So far, in order to be specific, we considered an
overheated bundle of plasma with enhanced current. The
analysis will of course be also valid for a bundle in
which the temperature is lower than that of the ambient
medium, except that the bundle will move in the opposite
direction. Thus, overheated bundles will travel in the
outward direction, whilst underheated ones will travel
from the surface of the plasma in the inward direction.
The result of all this will be that the plasma will con-
tain formations which are very similar to knots in
wood. The only difference is that ordinary knots grow in
the transverse direction, whilst ours lie along the
‘‘trunk.’’ We shall use the work ‘‘knot’’ for the sake of
brevity henceforth,

As we have seen, the formation of a knot leads to the
breaking up of the magnetic surfaces. As a result, a
plasma column containing moving knots is only very
remotely similar to the idealized symmetric plasma
column which is usually investigated theoretically.

We shall now consider what happens when two knots,
one overheated and one underheated, encounter one
another. If the currents in the two of them are equal
and opposite, and they move along the same radius, the
resulting configuration will be stationary. The lines of
force will assume the same configuration as in Fig. 3,
except that regions I and II will contain external sources
of equal strength but opposite sign. Such a configuration
will, of course, be very unstable. As soon as one of the
currents undergoes a slight change, the entire configu-
ration will move in the inward or outward direction,
depending on the sign of the resultant source. However,
it is convenient for explaining the conditions which are
necessary for the existence of the knots. We must
therefore consider it in somewhat greater detail.

Firstly, it is more convenient to express the source
Q = 47¢”'A0E connected with overheating (Ao > 0) or
underheating (Ac < 0) of a knot in terms of the current
density Q = 47A0/¢c0)jz in the column. Next, since we
have a source in both regions I and II (with different
signs), we now have the following equations instead of
(17) and (18):

1015 Sov. Phys.-JETP, Vol. 39, No. 6, December 1974

Ap=A—8(p+1:/2) (22)
and
(23)

where [, is the distance between the centers of the cur-
rents, which we again replace by 8 functions,

Ap=A+8(p—1/2),

Since the currents are equal we have
—f -8)as = [ (+o)as

from which it follows at once that A = 0. This is to be
expected because this result signifies that the velocity
of the knot is zero.

Transforming back to dimensional variables, we can
find the relation between the knot diameter do (in ordi-
nary units) and the strength of the source Q:

1

_, ap/dr 4 Ao\~ 24
d,=4 0 =4By(m nq)( : jz p m) (24)
Since
1 4d 4n
TP

and assuming that By = 27c™Yjzr, we can rewrite this
condition in the form
d, o m—ng ©

= _— 25
r m Ac ( )

The knot diameter cannot of course exceed the radius
of the column, i.e., do/r < 1. This condition imposes the
following restriction on conductivity fluctuations for
which the appearance of the knot is possible:

Ac m—nq

2 (26)
ag

m

Thus the knot can appear only near resonance sur-
faces, in the neighborhood of which condition (26) re-
duces to the following: Ac/o >> 4rq’/q. Their subse-
quent motion in the radial direction is entirely con-
nected with overheating (or cooling) which is described
by the heat balance equation.

5. CONVECTION OF PLASMA

The appearance of regions with enhanced or reduced
electrical conductivity can thus lead to the formation of
locally closed magnetic surfaces (knots) which can move
in the transverse direction in the plasma. This mecha-
nism naturally leads to thermal conduction and diffusion
for which the scale is the magnetic viscosity c? 270,
The associated possible convection mechanism is the
most natural variant of diffusion when its magnitude is
determined by the rate of transport of the lines of force.
The possibility of such diffusion was considered some
time ago by Grad.[*]

This type of convection would appear to correspond
to the observed loss of plasma in tokamaks. However,
it is not at all obvious that this type of convection does
in fact occur. It was shown above that the knots exist
only for sufficiently strong relative perturbations
A0/, On the other hand, for small perturbations, the
magnetic surfaces tend to self-heal, i.e., there is a
restoration of configurations of the form of toroidal
surfaces inserted one into another. Even near singular
points, where the lines of force close, the appearance of
the knots requires sufficiently strong overheating insta-
bility. One cannot, of course, exclude the possibility that
strong knot-type perturbations may develop on the peri-
phery of the plasma in the region where the plasma is in

B. B. Kadomtsev and O. P. Pogutse 1015



contact with the diaphragm. In this case, the loss of
plasma is very dependent on the conditions on the plasma
boundary (which is, by the way, observed in practice).

6. CONCLUSION

We have shown that conventional ideas on magnetic
surfaces in tokamaks, in which they are looked upon as
circular toroidal surfaces inserted one into another, are
not always correct. In particular, overheating-type in-
stabilities, or strong conductivity perturbations in the
region where the plasma is in contact with the diaphragm,
may lead to knot-type perturbations, i.e., closed bundles
forming an isolated system of surfaces inserted into
each other. Such bundles should be transported across
the plasma and, when the cross section is filled with
them to a sufficient density, they may lead to thermal
conductivity and diffusion with the scale c%2n0. The
experimentally observed transport is precisely of this
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order of magnitude, but further detailed and largely ex-
perimental studies will be necessary before any firm
conclusion can be drawn as to whether this plasma-cur-
rent convection mechanism is in fact the determininig
factor.
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