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A nonlinear third-order process is considered which is induced by two external monochromatic fields
in a system of two unlike atoms, containing energy levels in resonance with the difference frequency
of the external fields. It is shown that, at small distances between the atoms, the effective resonant
(quadrupole-dipole) interaction may provide an increase of the probability for the process under
consideration, the conversion of the frequency to a value corresponding to allowed transitions at all
three frequencies. The possibilities of composite optical centers, containing resonantly interacting

atoms, are discussed.

1. INTRODUCTION

Emission processes in a system of atoms with coin-
cident or close energy levels have been investigated by
many authors.['™® It was shown that the strong resonant
interaction at small distances between the atoms leads
to an intensive exchange of excitations between them,
as a consequence of which coherent effects arise which
substantially modify the characteristics of the spon-
taneous emission by a system of identical atoms,[*~%!
Systems of unlike two-level atoms with noncoincident
energy levels and different spontaneous decay probabil -
ities were considered in!®"), It was shown that, just as
in the case of identical atoms, the resonant interaction
of unlike atoms leads to the collective nature of the
emission, altering the probability for decay of the sys-
tem from the excited state, and leading to a change of
the emission spectra associated with spontaneous decay
and resonant fluorescence, However, metastable states
are not formed in a system of unlike atoms, and the
spontaneous decay takes place at the allowed transition
rate, provided that for one of the atoms in the system
there is no prohibition against the transition from the
excited state under consideration to the ground state.

The nonlinear process of downward conversion of a
frequency, w, — w2 + ws, at an optical center contain-
ing two resonantly interacting atoms, due to the pres-
ence in them of levels with a resonance frequency close
to the difference in frequencies w; and ws of the ex-
ternal fields, is investigated in the present article. The
determination of the steady-state response of a system
to periodic external fields is a routine problem in non-
linear optics (see, for example,[®*°]), The characteris-
tic feature of the problem being solved is the necessity
to take the exchange of excitations between the reso-
nantly interacting atoms into account. In contrast, for
example, to magnetic resonance processes where re-
laxation occurs with the exchange of excitations between
identical systems (compare with!'']), here it is neces-
sary to take the exchange of excitations between unlike
emitters into consideration. The results of the previous
work'%™] are utilized in order to solve the problem.

2. THE NONLINEAR PROCESS IN RESONANTLY
INTERACTING ATOMS

Let us consider a system of two unlike atoms
(emitters) placed in stationary, harmonic electromag-
netic fields with frequencies w, and ws (w1 > ws). We
shall assume that, in addition to its ground level (a) one
of the atoms contains energy levels (b and c¢) with
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resonant transition frequencies wgp and wge, which
are close to the external field’s frequency w, and to the
difference frequency wz= wi — ws, respectively. The
other atom is assumed to be a two-level atom with a
resonant transition frequency wgg close to the fre-
quency w2 (see the Figure).

Let us investigate the steady-state response of the
system of atoms under consideration to the harmonic
external fields w; and w3 by allowing for resonant
dipole-dipole or dipole-quadrupole interactions between
the atoms at a frequency ~ wz, which is possible at
small distances between the atoms (compare with!®"]),
We shall assume that the following simplifications of
the problem are justified. In analogy to the procedure
utilized inl®%"! the recoil energy of the nuclei and the
motion of the nuclei associated with the emission
process are not taken into consideration (the atoms are
fixed). We shall assume the distance R between the
atoms to be fixed and comparable to the wavelength
¢/ w2, 80 that overlapping of the atomic wave functions
is not present. The external fields are rather weak (the
effect of level saturation is absent). For simplicity the
levels are assumed to be nondegenerate. It is assumed
that only the discussed levels (b, ¢, and 8) fall in the
resonant region with regard to the frequencies of the
external fields; therefore, the other levels of the sys-
tem are not considered. The system has six possible
states, which correspond to the three states of the
three-level atom (atom A) and the two states of the two-
level atom (atom B). Transitions between these states
may occur due to the presence of the external fields
(w1, ws), the resonant interaction between the atoms,
and due to spontaneous relaxation transitions.

We shall use time-dependent perturbation theory in
order to solve the problem, describing the system with
the aid of the density matrix. The equation of motion
for the density matrix pjk of the system under consid-
eration can be represented in the form

mp=[H0, p]+[]1coh. P]+[U.4m P]+m(ap/mf)ran, (1)

where H, is the Hamiltonian determining the unper-
turbed energy levels of the system; H¢op is the Hamil-
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tonian describing the interaction of the system with the
monochromatic fields w,, ws; Hopg is the Hamiltonian
of the resonant interaction of the atoms with the ex-
change of excitations; (8p/dt)ran is the rate of change
of the density matrix due to relaxation processes, de-
termined by the Hamiltonian which describes the inter-
action of the system with random (electromagnetic and
phonon) fields; i(k) are subscripts indicating a specific
state of the system, and in the general case this in-
cludes a specification of the energy levels of atom
A(a, b, c)and atom B(a, 8).

Taking account of only approximately-resonant terms
of the interaction by nonvanishing matrix elements of
the Hamiltonian of the external fields will involve only
the matrix elements Hac exp (iw:t) and Hpe exp (iwst)
(correspondingly Hcgexp (iw,t) and H.pexp (-iwst),
which cause transitions in atom A, The matrix element
of the direct electromagnetic interaction HAB of the
atoms causes transitions between the states ba and ag.
(The specific form of the matrix element Ujk of the
dipole-dipole and dipole-quadrupole interactions be-
tween unlike atoms, with retardation taken into account,
is given in!®),

As is usually done (see, for example,!®>*°!) one can
phenomenologically describe the effect of the random
fields, which give rise to relaxation processes in the
steady-state regime, with the aid of the attenuation
parameters 7Yji (‘‘longitudinal’’ relaxation) and [k
(‘4ransverse’’ relaxation):

( 0Pn) Z YanPnn — 2 YnrOnrry

apln)
=—Tapa
( 0t /ran o

There are no random pumping fields in the problem
under consideration; therefore, the ¥jx are determined
by the probabilities for radiative decays of the atoms
(from the levels b, c, and B). In this connection the de-
cay of atom A from level c does not depend on the
state of atom B; therefore, ¥Y3c and ¥pc are equal to
the corresponding radiative widths of an isolated A
atom. As for the levels b and B, it is generally impos-
sible to regard the decays of these states as independ-
ent. The resonant interaction leads to an intermixing of
the states ba and aB and to collective, spontaneous de-
cay. However, it is not necessary to know the time be-
havior of the system’s decay law and the spontaneous
emission spectrum, which may be substantially altered
due to collective effects (see!®")), in order to determine
the steady-state response of the system. It is sufficient
to know the total probability for radiative decay of the
system. This probability depends on interference be-
tween the radiation emitted by the atoms in the sys-
tem.!l%"] But the interference effect disappears at large
distances between the resonantly interacting atoms
(large in comparison with the wavelength of the radia-
tion) and at small distances for the case of transitions
of different multipole character.!®) Assuming that these
conditions are satisfied, in the first approximation we
shall neglect this interference effect, having assigned
the radiative widths Yo g and Yap of the levels 8 and b
of isolated atoms to the states a and ba.

)

altogether the system (1) contains 36 equations. One
can determine the nonlinear polarization of the system,
induced by the external fields w, and ws, from the
equations:
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where pji’ is the harmonic component of the matrix
element of the scattering matrix at the frequency w
(pik = Pkl),

Asp=—0,~0aptilap, Ass=—w1—@as+ilas,
Au=_ml—ﬁ)a:+ira=; An=—A",

(~w)

“Paata Hye"'+H, ce' Peaca—Paaaallocl fout —0

and wjk = (E{ - Ex)/h is the resonant frequency of the
levels Ej and Eg.

Simple calculations lead to the following results,
which are valid to the first approximation in the ex-
ternal fields w, and ws:

Paaca=—Hace"*"[Asc,
AapHacH:bei("'_.'“
Acc (AasDas—Uapral?) ’ (4)
UMMH“H“ei (0—ay)t
Auc (AabAup_ ] Uapbulz)

Paada =
Paaap = —

In the derivation of formulas (4) there were no restric-
tions on the magnitude of the resonant interaction.
Therefore, the results are also valid for | Uagpy |

~ | Ajk|. Note the structure of the denominator in the
expressions for pg,n, and pghag, Which is similar to

the corresponding expressions for the density matrix in
the presence of a strong external field, which equalizes
the populations of the states ba and ag (compare with(®),

The multipole moment of the system at the frequency
w2 (the nonlinear polarization), induced by the external
fields w; and ws, is determined in the first approxima-
tion by the obtained matrix elements (4) and the corre-
sponding multipole moments of the transitions from the
levels b and B to the ground states of the atoms. In the
approximation under consideration (see above), these
same moments djk determme the radiative widths of
the levels, Yjk ~ | dik|>.

In practice it is difficult to obtain a completely iso-
lated system of two atoms. In real systems several
atoms (emitters) can immediately interact in a resonant
manner. In order to understand the effect of surround-
ing atoms on the investigated two-atom system, let us
consider a system consisting of a single three-level
atom (with levels a, b, and c) and several two-level
atoms (with levels aj and gj), which are distributed
around the first atom at distances Rj comparable with
the wavelength ¢/ wz. We shall assume that those con-
ditions and restrictions, under which the two-atom sys-
tem was treated above, are satisfied. We shall charac-
terize the resonant interaction between the three-level
atom and the two-level atoms by the matrix elements
Ua[ﬁjbaj, and the resonant interaction between the two-

level atoms j and / by the matrix elements W, BIBja

(only the changing subscripts of the states associated
with the exchange of excitations are indicated).

The system of equations for the density matrix of a
system of several (N + 1) resonantly interacting atoms,
permitting us to determine the solution to the first ap-
proximation in the external fields w, and ws under the
initial conditions pg, .94 =1 (for j=1,2,...,N ),
takes the form =

—iw,t
AcoPea; oa;—Hea€™ " puajoaj =0,
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Anbpaalbaj'i_chehm:‘ pm,mj+ Z’ PmiaﬂiUuﬂ ba; =O.

i=1

(5)
N
Aa p,Pac o8 ,—Paa pa, Uba o8, — Z Paa, a8, Wa,s,,0,=0.

Lahj
The solution of the system of linear equations (5)
appears to be cumbersome in the general case. Let us
attempt to understand the main features of the influence
of the neighboring two-level atoms for the example of a
three-atom system, for which we can explicitly write
down the elements of the density matrix:

Pac=—H /A,

IUbunhlz)

Paaiat, =PacH €™ Aa {U baaps (Amm -
A

(6)
Ubu.nbl - Unﬂ:ba:

~Usauts (Waspon = )} {(Baan—1Uscunl?)
A
X (AwAasps— | Uparass|*) = (AasWessitrar— UsasatsUaibar) (Bav

The expression for pay,ag, is obtained from the
expression for Pag,aB, by making the following substi-
tution of the indices: aif1 — a2Bf2 and a2B2 — aif1.

The dependence of the cross section for the process
involving the absorption of a quantum w, and the emis-
sion of w3 on the frequency difference w; — w3 gives
the shape of the absorption line for level b correct to
within interference effects. In actual fact this shape
should correspond to the spontaneous emission spec-
trum of a two-atom system for initial excitation of the
single A atom into level b. The absorption line will
have a different shape associated with ordinary reso-
nance fluorescence by these levels (b and B). In this
case the absorption cross section will correspond to
the spectrum for spontaneous emission from an initial
state involving the excitation of both atoms (compare
with("]),

3. NONLINEAR POLARIZABILITY OF COLLECTIVE
CENTERS

From what has been said above it follows that, in the
presence of external fields complexes of specifically
selected two-level and three-level atoms may behave
like collective optical centers owing to the resonant in-
teraction, guaranteeing the exchange of excitations be-
tween different atoms in the system. Our goal is a de-
termination of the feasibility of increasing the probabil-
ity of the nonlinear frequency-conversion process w;
— w2z + w3 in the fields w, and w; upon using the sys-
tem of two-level and three-level atoms considered
above as active centers. We shall make the comparison
with the probability for the same process in active
centers, containing ‘‘isolated’’ three-level atoms (with-
out any resonant interaction with the neighboring atoms).
In order to be definite, we shall assume that the transi-
tions ac and bc are allowed (in the electric dipole ap-
proximation) in the three-level atom, but the transition
ba is forbidden, so that spontaneous decay from level b
occurs due to the electric quadrupole (magnetic dipole)
moment, determining the radiative levelwidth ¥,. In the
two-level atoms, which are resonantly interacting with
the active three-level atom of the composite optical
center, we shall consider the allowed transitions from
the levels Bj to the ground level o with the emission
of a quantum w.. We denote the corresponding radiative
widths of the levels by Yﬁj.
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Under the influence of the external fields w, and ws
on the system of emitters, comprising the composite
active centers under consideration, the sources of the
field w2 are the induced multipole moments which are
proportional to the corresponding Fourier components

"of the matrix elements of the density matrix (see Eqs.

(4) and (6)) and to the multipole moments of the transi-
tions in the atoms with a resonant frequency ~wz. The
latter are in turn determined by the radiative widths of
the levels b and Bj. Thus, the expressions
yéﬂpaajaﬁj and 7tl)/zpab are subject to comparison.

Let us start with an analysis of a two-atom collec-
tive center. Using the solution (4), we find the ratio of
the emission probabilities for the two-level atom (PB)
and the three-level atom (PA), respectively, of the
system in the frequency-conversion process wi — w:

+ wa:
Pa 1 Ukl

Pr 1 1A’

Comparison with the probability Ps for the same reac-
tion in an isolated three-level atom leads to the result
Py 1 |UsllAal®
p, N Yo ‘AaﬂAnb_'IUablzlz

Thus, in order to increase the yield of the reaction

w1 — wz + ws by using a system of resonantly interact-
ing atoms as a collective optical center, it is necessary
to fulfil the conditions

[Ueal > (1e/15) | A (7)

o || Upal
l K] ba Z_AnbAaﬂl 1
o> () @)
Let us carry out further analysis for more definite
conditions, having in mind impurity optical centers in a
solid, containing groups of resonantly interacting atoms
of the type considered above. The fact that the actual
levels are electronic-vibrational and correspond to
relatively broad bands has a substantial effect on the
effectiveness of the resonant interaction under consid-
eration, but does not eliminate it completely. The inter-
action involving the exchange of excitations between the
atoms depends on the effective values Tjk of the widths,
which are in turn determined by the phonon widths of
the active center’s sub-levels. In the case under con-
sideration (for an impurity center) one can assume that
the widths Ijk are primarily determined by their adia-
batic part, which is related to the variation of the reso-
nance frequencies (levels) of the system as a result of
the interaction with the phonon field. The width I of the
entire electronic-vibrational band can be regarded as
an upper bound on the value of Tjk. The requirements
of coincidence of the resonant frequencies of the inter-
acting levels within the limits of I' are theoretically
possible. In this case the minimum value of | Ajk |
turns out to be equal (in order of magnitude) to the
width TI'. Taking into consideration that the resonant
quadrupole-dipole interaction is small, | UQq| < T
(see below), from (7) and (7’) we obtain the condition
for enhancement of the nonlinear polarizability due to
the collective interaction in the form

[ Usa| >T (Y/10) ™. (8)
For the quadrupole-dipole interaction of the atoms
under consideration, | Ugq| (73/71))‘/2 ~ | U4q| ¢/ wR,
where Uqq denotes the matrix element of the dipole-
dipole interaction between identical (two-level) atoms.
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At small distances between the atoms | Re Ugq|

>> | Im Udd| (compare with(®]); therefore, one can at-
tach the form | Re Uqd| > T'wR/c or vg(c/wR)' > I' to
condition (8), from which limits for the distances R be-
tween the atoms immediately follow. Having in mind the
optical region, in order to make estimates let us as-
sume Yg ~ 10%sec™ and I 2 10" sec™ . As a result we
find that distances

R<0.1 ¢/e:

are necessary between the atoms in a center. In the
presence of a random (irregular) distribution of the
interacting atoms, the necessary distances ($107%cm)
are achieved at quite realistic concentrations

(n 210" cm™). The gain in the cross section for the
nonlinear process under consideration should grow in
inverse proportion to the eighth power of the distance
between the atoms of the collective center.”

(8")

As has already been mentioned, in real systems
several atoms may immediately turn out to be in the
region of the resonant interaction. An analysis of the
behavior of such systems generally requires the inclu-
sion of the solutions of systems of the type (5). How-
ever, one can utilize the solution (6) for estimates. One
can easily show that, in view of the fulfilment of the in-
equalities | Im Uap| < I’ and |Im Wik | < T it is not
possible to obtain an additional increase in the nonlinear
susceptibility of a collective center for several atoms
in comparison with the two-atom system. The effect of
several surrounding atoms is obtained (to order of mag-
nitude) in the same way as for a single nearby two-level
atom.? Thus, the estimates given above can be regarded
as valid in the general case for a many-atom center.

Up to now the purely nonlinear processes wi: — w2
+ ws without the emission and absorption of phonons
(w1 = w2z + ws) have been considered. In addition to
these, processes involving a change of the vibrational
state of the active center and the surrounding medium
are possible. The process involving a single transfer of
excitation energy from the three-level atom to a two-
level atom, accompanied by the emission of phonons,
may be an example of such a Raman process in the col-
lective center under consideration in the presence of
the fields w, and ws, that is, a process of the sensi-
tized-fluorescence type having the special feature that
the excitation of the atom-sensitizer is imparted in a
nonlinear process (involving the absorption of w; and
the emission of ws). One can raise the question of the
relative probability of the purely nonlinear process. In
particular, on the basis of the Condon principle one can
anticipate an increase in the probability for the nonpho-
non process associated with minimal Stokes’ shifts of
the resonantly interacting levels (b and ), at low tem-
peratures, at the exact resonance with regard to the
minima of the potential curves, and so forth. For a
number of reasons the effective widths of the levels may
turn out to be smaller than the width I' of the entire
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electronic-vibrational band. All of these questions re-
quire more detailed consideration and investigation. Our
goal was to call attention to the theoretical possibility of
obtaining composite (compound) impurity centers and an
increase of the nonlinear polarizability.

The estimates cited above indicate that, under cer-
tain conditions collective impurity centers may possess
a substantially larger nonlinear polarizability (for
third-order processes) than nonlinear media with in-
version symmetry. In the limiting case such a method
in principle enables us to obtain nonlinear media of
solid solution type with a maximum nonlinear polariza-
bility, corresponding to an allowed transition at all
three frequencies.

DAt distances comparable with atomic dimensions, the two-atom system
should behave like a molecule with three levels, with allowed transitions
between these levels in the dipole approximation (the system does not
possess inversion symmetry). For example, for R=3 X 10® cm, a
dipole moment of the atomic transitions d = 107! in CGS units and T’
=10"3 to 10" sec™, the nonlinear susceptibility tensor of such a quasi-
molecule may contain terms of the order of 10728 to 1073 cm®/2 erg™”2,
which is comparable to the maximum nonlinear susceptibility of mole-
cules (compare with [?+12]).

DThe presence of many two-level atoms around an active three-level atom
turns out to be favorable for another reason. These atoms can have
several different values for their resonant frequencies (inhomogeneous
broadening due to local fields), and therefore the fulfillment of the
resonance conditions, which are imposed on the energy levels of the
active pair of atoms in the collective center, will be facilitated.
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