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The influence of quantum effects (particle production near the singularity) on the external properties
of a white hole is considered. It is shown that spontaneous particle production radically changes the
properties of a white hole. In the big-bang model of the Universe, a white hole separates from the
surrounding expanding matter of the Universe in the epoch t =~r,/c, where r  is the gravitational
radius measured by an external observer after the individualization of the white hole. Excluding
extremely artificial choices of initial conditions, a white hole either blows up practically without delay
at the epoch ¢ ~r, /c or never explodes at all. An appeal to the energy of explosions of white

holes for an explanation of the energy production in astrophysical phenomena seems extremely

unlikely.
INTRODUCTION

A white hole is a hypothetical object expanding from
a singularity to the outside of its Schwarzschild hori-
zon. One of the authors ™! and later also Ne’eman 2
have shown that the existence of such bodies (within the
framework of classical general relativity) is possible
in an expanding Universe. According to this hypothesis
white holes are nuclei of matter of the Friedmann
cosmological model which have been retarded in their
cosmological expansion (owing to local inhomogeneities
of the initial conditions). The delay (retardation) of the
expansion in the time of an external observer can be pre-
scribed arbitrarily. The magnitude of the delay and also
the composition and the kinetic energy of the emitted
matter are given as initial conditions at the singularity
(or arbitrarily close to the singularity). The delayed
core is surrounded by a cavity of lower density (a vacu-
ole) or, in the limit, by vacuum.

It is tempting (but not necessary!) to compare the
hypothesis of white holes with a series of not yet com-
pletely explained astrophysical phenomena, in particular
quasars and explosions in galactic nuclei. In the present
paper an attempt is made to take into account quantum
phenomena which must occur in a white hole. The theory
predicts spontaneous particle production inside the white
hole near the singularity of spacetime. The produced
particles have an extremely strong influence on the
metric of spacetime and interact with the expanding
matter exterior to the white hole, as well as with the
matter of the retarded nucleus, and thus radically change
the whole phenomenon. As will be shown below, it seems
very unlikely that one can appeal to white hole explo-
sions in order to explain energy production in astro-
physical phenomena.

Let us consider the situation in more detail. The
general theory of relativity introduces the concept of
a noneuclidean spacetime continuum. After giving up
the idea of euclidean space it is not hard to make the
next step and introduce a change in the topology of space.
Thus have appeared the ideas of Eddington and others on
‘‘channels’’ (wormholes) connecting ‘‘our’’ space with
‘“‘other’’ spaces and of the possibility of ‘‘injection’’ of
matter and energy through such a channel. We first
stress that the presence of such channels does not allow
one to change the mass of isolated structures by injec-
tion of energy from another space. There is a rigorous
theorem asserting that the total mass of any object
measured by a far away observer by means of the gravi-
tational field can change only on account of an influx of
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mass (energy) through a remote sphere of our space, a
sphere which surrounds the object in question.

The idea of white holes differs from Eddington’s
idea. A single space with a simply connected topology
is considered. The evolution of the Universe as a whole
is taken into account. The expansion starts from a singu-
larity. Within the white hole, in the vacuum of the
vacuole (R; <R <R;) in the simplest case the singularity
is of the Schwarzschild type and outside the vacuole
(R >Ry) the singularity is of the Friedmann type (cf.
Fig. 1).

The singularity is everywhere spacelike—both out-
side and inside the white hole— ,i.e., there exists a frame
in which this singularity is simultaneous. However, on
account of the inhomogeneity of the singularity there
appears a retardation (delay) (according to the clock of
an external observer) of the expansion of part of the
matter and this part expands later for an external ob-
server. Depending on the magnitude of the length of the
Schwarzschild singularity (the quantity R,—R,) the re-
tardation between the delayed matter and the external
matter can be arbitrarily large for an external observer.

In the case of matter with vanishing pressure p=0
an exact solution has been constructed in‘* for the case
when in an isotropic homogeneous Universe some spheri-
cal mass M is replaced by a white hole of the same
mass. In this case the unperturbed cosmological solu-
tion survives in the external region.
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FIG. 1. The structure of space time near a white hole singularity with-
out particle production: 1—the singularity of the delayed (retarded) core,
2—the Schwarzschild singularity, 3—the Friedmann singularity. The
regions filled by dustlike matter have been shaded.
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In the case when the retarded matter has a nonvanish-
ing pressure p, in particular p= % 3, mathematical diffi-
culties arise in the consideration of the interior region
of the vacuole, difficulties which are not problems of
principle and do not call into question the existence of
solutions of the type of a ‘‘white hole.”’ However, if
p #0 in the whole surrounding Universe, the external
solution gets perturbed. Indeed, there is a discontinuity
of the pressure in the solution at the boundary between
the unperturbed Universe and the vacuum Schwarzschild
solution. The discontinuity in pressure leads to a flow
of plasma from the exterior into the interior region.

The white hole leads to an accretion of plasma for any
ratio of the proper mass of the hole to the mass torn

off from the cosmological solution. So far there are only
rough estimates of the effect, and there is no complete
picture of the phenomenon. It remains to find out
whether, taking accretion into account, one may use the
hypothesis of white holes for the explanation of astro-
physical phenomena.

In addition to the accretion problem there exists
another side of the problem of the possible existence of
white holes, related, first to the fact that in a white hole
an extremely strong anisotropic expansion of space ex-
ists in the vacuole, near the Schwarzschild singularity,
in distinction from the isotropic expansion outside the
white hole in the isotropic Universe, and second, related
to the fact that with the ‘‘white hole hypothesis’’ a remote
observer will ‘‘see’’ the Schwarzschild singularity
throughout all the delay time. In a white hole the so-
called T.-region is situated underneath the gravitational
radius rg, where all particles move only from the singu-
larity towards rg and can get out from under rg to an
external observer (in this connection, cf.'*! and the re-
view in**Y),

The first circumstance—anisotropic expansion near
the singularity—leads, as shown in'°#7, to a strong
spontaneous particle production. The second circum-
stance—the fact that this occurs in an expanding T.
region—gives rise to the possibility that the produced
particles are ejected beyond r, to an external ob-
server, and consequently can lead to a spontaneous re-
duction of the mass of the white hole. Indeed, as will be
shown in detail below, the produced particles very
strongly modify the metric of space-time below rg. As
a result, in the real case of a big-bang Universe, the
produced particles turn out to be ‘‘locked-in’’ in the
white hole first, during the very early stages of the ex-
pansion of the Universe for t <« rg/ ¢, on account of the
pressure of the surrounding gas, and later, for t of the
order of rg/c and t>rg/c, owing to gravitational self-
closure: the gravitation of the produced particles is not
allowed out beyond rg. Owing to the outflow of particles
a white hole can lose only an insignificant fraction of its
mass.

It is very important that all the changes related to the
produced particles lead to impeding the explosion of the
delayed core if the retardation is larger than rg/c. Thus,
the main conclusion is that in a hot (big-bang) Universe
a white hole consists of a mass of particles produced
near a Schwarzschild singularity under which is ‘‘bur-
ied”’ a delayed core. The matter consisting of these
particles expands and for a remote observer the outer
boundary of the matter approached rg from within
asymptotically.

For times t> rg/c any emission of radiation or out-
flow of matter from the white hole decays exponentially
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very fast (in spite of the fact that an approach to r
accompanies the expansion!). Thus, although the white
hole can exist arbitrarily long, for an external observer
it acquires the characteristics of a black hole: there
occurs a freezing of processes and the boundary of mat-
ter tends to rg. However, a qualitative distinction is the
fact that such an object appears as a result of a (quan-
tum) explosion from the interior and the singularity to
rg, and not as a result of gravitational collapse towards
rg of initially rarefied matter.

In the following sections we analyze in detail the
quantum effects in white holes which have been enum-
erated above.

1. CALCULATION OF PARTICLE PRODUCTION

We first calculate the production of particles near
the singularity in the vacuole. The vacuole which sur-
rounds the delayed core is considered to be empty near
the singularity. Near the Schwarzschild singularity there
occurs particle production. The production of particles
is a nonlocal effect. Since the Schwarzschild singularity
is spacelike and homogeneous, the center of mass of
each volume element of produced particles must be im-
mobile in a space-time reference frame in which the
singularity is simultaneous. Such a frame is the T sys-
tem of Novikov ©! with the metric (we set c=1)

ds*=dt*—e*dR*—r*(dB*+sin® 0dg?), (1)

where X and r depend only on t.

As the singularity is approached we have r — 0. We
choose t=0 at the singularity. Then asymptotically, as
t — 0, the metric (1) corresponds to Kasner’s axially
symmetric solution:

rentth, Moot (2)
Particle production in such a metric has been calcu-
lated in '®?, The process occurs near the singularity
t=0. In order to obtain a finite expression for the en-
ergy density of the produced particles it is necessary

to switch on the production at some to,>0. It is likely
that t, must be of the order of the Planck time
tpl=(GH)*?, t,~tp]. For the time being we leave the
magnitude of t, arbitrary. The production process
dies out very rapidly as t increases: de/dtoc t™%. There-
fore after t~ (3-5)t, one may consider the particle pro-
duction completed. At a time of the order t, the energy
density of the produced particles is %%

oA/t =tp® / Gt

(3)

After the production (occurring practically at the time
to) there occurs a decrease of the energy density € at
subsequent times owing to the expansion of the system
(1). The energy density decreases adiabatically and for
a further concrete calculation one must know the equa-
tion of state of the produced particles.

2. AMODEL SOLUTION FORp=0

We start from the simplest assumption that the pres-
sure vanishes identically (p=0) in the delayed core, in
the matter formed by the produced particles near the
singularity, and in the external matter of the expanding
Universe. These assumptions are blatantly false, but,
as we shall see, they allow one to construct an exact
solution on which one can clearly follow the important
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features surviving also in the more complicated case of
nonvanishing pressure.

Thus, we shall assume that everywhere p=0. Fig. 1
represents space-time near the singularity of the white
hole surrounded by the cold (p=0) matter of the ex-
panding Universe, furthermore without taking into ac-
count the particles produced near the singularity, i.e., ac-
cording to Novikov’s original 1964 hypothesis b7 Ac-
cording to the particle-production hypothesis £5,61 ,
particles are produced near the Schwarzschild singu-
larity (where the deformation of spacetime is highly
anisotropic) and are not produced either near the singu-
larity in the delayed core, nor near the Friedmann
singularity (where the deformation of space-time is iso-
tropic) Y The process of matter production near the
Schwarzschild singularity has been discussed in the pre-
ceding section. Let us follow through the further expan-
sion of the produced matter. We first recall that at p=0
the external matter of the Universe to the right of the
Lagrangian coordinate R, does not at all affect the in-
ternal solution "*’, The influence of the boundary R,
can be essential, since, depending on the initial condi-
tions, this boundary may have a velocity relative to the
produced matter. Moreover, the motion of this boundary
and its influence on the whole solution determines the
explosion of the retarded nucleus. However, we shall
take this influence into account later, and for the mo-
ment we consider the Schwarzschild singularity suffi-
ciently extended in the Lagrangian coordinate R and
shall consider produced matter which has not yet been
reached by the influence of the boundary R;.

In order to describe the expansion of the produced
matter it is necessary to solve the Einstein equation
for the metric (1) (cf. Appendix I, Eq. (I.1)) with the
initial conditions

r/re=e=*=(3t/2r,)"+ for t=t,<r,

(4)
where rg=const.” This solution is written in the
parametric form:
r=fr,{1—cos t), t='fore(E—sint),
eM=ctg(£/2) ta[1—"/2ctg (£/2)],

0<E<2m.

(5)

8nGe=ar*e ",
The constant o is determined from the condition (3):

A Tetor™ (tor / 1) ~rg/ ta>1.

(6)

The solution (5) describes the expansion of the whole
produced matter from the instant t=to to the size of
the gravitational radius rg and its subsequent compres-
sion to the singularity. The whole solution, including the
region to the right of the Lagrangian coordinate R, is
schematically represented in Fig. 2. For an external
observer the boundary of the expanding matter approaches
the gravitational radius only after an infinite time,
asymptotically. The phase of matter compression (7= ¢
= 2m) is not observed by an external observer at all.

Thus, in the indicated approximation (p=0) there is
no flux of produced matter beyond the gravitational
radius. Although the singularity produces particles via
quantum effects, the matter never gets out from
under rg.

We stress two important properties of the solution
(5) which persist also for solutions with other equa-
tions of state of matter. The first property: at the max-
imum of expansion of r, when dr/dt= 0, the matter
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energy density € is finite, independent of the initial
conditions and equals ‘

£=(81GTmar) ~* = (87Gr?) . )

‘The second property is: the path traversed by a signal

with the velocity of light along the radial coordinate R
from the instant of beginning of expansion to the instant
t, when dr/dt=0 is finite and is of the order of mag-
nitude rg, independent of the initial conditions.

The second property leads directly to an important
result. If a portion of the Schwarzschild singularity is
sufficiently long in the Lagrangian coordinate R, i.e.
if in the frame (5)

2 2
sin*z ry

a

(8)

4y /
T,
Re—R>Rpp, = [dte =22
: o ¢ 1—zctgz

for a>>1, then a signal emitted at t=0 at the left
boundary R; is manifestly unable to reach the right
boundary R, over the whole time of expansion of this
boundary (up to the time when R. reaches the point A
in Fig. 2; then £=m) no matter what velocity v=1 it
had. This means that a signal can never get out from
under rg to an external observer.

Thus, if R;—R; >Rhor, then no matter what condi-
tions are imposed on the expanding nucleus, ‘‘matching”’
it at the initial instant t, to the boundary R,, this nu-
cleus can never expand beyond rg to an external ob-
server, i.e., for such an observer the white hole does
not explode.

It is further clear that in order that a signal from R,
should reach an external observer with a large delay
time 7 with respect to the clock of the external observer
started at the instant of beginning of expansion of the
external matter of the Universe, it is necessary that the
length R;—R; be only slightly smaller than the critical
length Rer corresponding to an infinite retardation
time (the reaching of the boundary R, at A by a signal
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FIG. 2. The complete space-time for a white hole in the Friedmann
model with p = 0, including the phase of compression of the dustlike mat-
ter of the white hole: 1 —the Schwarzschild singularity, 2—the Friedmann
singularity, 3—the phase of expansion of the white hole matter, 4—the
phase of its compression, 5—the expanding matter of the Friedmann Uni-
verse.
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from R,).® The approximate formula has the form

R..~(R,—R,)~R., exp(—1/2r,), 9

where the quantity Rer depends on the speed of the
signal. If the speed of the signal tends to the speed of
light, then Rer—Rhor.

Thus, the enumerated properties make extremely
unlikely a prolonged delay of the expansion of the mat-
ter of the white hole with subsequent explosion, since
this would require an artificial readjustment of the ini-
tial data. The white hole either explodes practically
instantaneously, during a time t<rg (for R.—R;<Rer
or it never explodes (for R,—R,;>Recr).

4)
)7

3. MASSLESS PARTICLES IN A WHITE HOLE

Let us consider a more realistic equation of state for
particles produced near the Schwarzschild singularity.
We assume that the produced particles do not interact
with each other and move with the speed of light along
the radial coordinate. Then Tg=—T}= €, and all other
T¥=0. In order not to consider accretion problems we

shall assume, as before, that the white hole is placed in
a cold Universe, i.e., that outside the white hole, at

R >Ry, the pressure of matter vanishes. As in the case
of dust, we shall not take into account the influence of
the boundary R; for the time being (we consider first
that it is sufficiently remote).

The problem reduces to the calculation of the motion
of free massless particles produced at t=t, with a den-
sity (3) on the segment R;<R<R;. One can solve this
problem exactly and the solution is given in Appendices
I and II. At the time t, the produced particles form two
noninteracting fluxes of equal density moving against each
other with the speed of light. In the region of produced
particles to which the decompression wave has not ar-
rived yet the solution describes an expansion followed
by a contraction of the system. These particles never
get out from under rg. The particles flying to the right
which have been reached by the decompression wave
before r reaches its maximal value in the expansion are
emitted from under rg towards an external observer.
The flow of these particles carries off mass. Thus, in
this model the white hole inevitably decreases its mass
immediately owing to quantum effects. The calculation
carried out in Appendices I and II shows that the ratio
of the initial mass M, of the white hole (determined by
the conditions near the singularity) to the final mass
M, after emission, is

e (B =)

Mo 1} Y tp t, (10)

We note that M, is determined by the properties of
the ‘‘vacuum’ solution near the Schwarzschild singu-
larity (the magnitude of r at the time t;) and M, is
determined by r at the time of maximum expansion
of the homogeneous metric (2GM,; =rmax). As we shall
see in this model problem, the mass decreases quite
substantially.

If the white hole explodes after a long delay, the
energy released will be much smaller than the energy
“‘introduced’’ into the singularity, which is carried
away by the produced particles. One may not, however,
apply this conclusion directly to astrophysics, since in
this model the white hole is placed in a cold Universe.
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As we shall see in the following section, placing the
white hole in a ‘‘hot Universe’’ is quite essential for
the interpretation.

We finally note that a second property of the solution
of the preceding section holds for the solution under
consideration, namely: the path traversed along the
radial coordinate in the matter of the produced particles
is finite. It follows immediately (as in the preceding sec-
tion) that if the left boundary is sufficiently remote

R:—R\>Rpor="/ory~' In y, (11)

the white hole will never explode. The condition (9) is
necessary for a long delay of the explosion.

We consider now another assumption on the equation
of state of the produced particles. We assume that owing
to the interaction of the particles with each other the
produced particles exhibit Pascal pressure p=€/3, i.e.,
Ti=T3=T3=—T3/3. In the rest we maintain the condi-
tions of the problem the same as in the preceding case.
A simple exact solution for all space-time does not ex-
ist in this case, since from the boundary R, matter
diverges to the right under the influence of hydrody-
namic forces, and a decompression wave travels along
the matter to the left with a speed 3™'2<v<1.

However, an exact solution can be found for the mat-
ter which has not yet been reached by the decompression
wave. This solution is listed in Appendix I (cf. Eq.

(I.4)). Qualitatively it coincides with (5). The energy
carried away by the divergent matter can be estimated
in the following manner. We shall assume that from the
surface which was initially attained by the decompression
wave matter is emitted with the speed of light and with
a density equal to the density of particles moving along
the radius from R; to R, at that instant. Under these
assumptions

M,

T'max r s tr s
i _Ime_ogn z( ') (_) >1.
M, rg p p tp to

(12)

In this case the mass loss is also quite insignificant.

Other properties of this solution are analogous to the
case of massless free particles which has been dis-
cussed above.

4. AWHITE HOLE IN THE HOT UNIVERSE

Finally, let us consider a white hole situated in a hot
Universe. We shall assume that the equation of state in
the matter outside the white hole is p= €/3. In addition
we shall consider, as before, the apparently most realis-
tic case when the particle production instant to=tp]. In
this case the most acceptable approximation for the
equation of state of the produced particles will be the
isotropic pressure p= €/3. The expansion of the mat-
ter of produced particles (cf. Appendix I) becomes iso-
tropic practically right after t, and remains isotropic
up to a time slightly smaller than t;, when r attains its
maximum. The expansion of the matter of produced par-
ticles during the period t, <t<t, occurs isotropically
according to a law coinciding with the expansion law of
the external matter of the hot (big-bang) Universe.

Thus, in the interval t, <t <t, the presence of the
boundary R, has practically no influence on the solu-
tion, since the conditions on both sides of the boundary
R, are practically the same.
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The expansion of the produced matter occurs up to
dimensions of the gravitational radius rmax which is
much smaller than rg, the one ‘‘put into’’ the singu-
larity (determined from r at the time to by means of
the initial condition (4)). Thus, the mass of the white
hole decreases in the course. of expansion. But this does
not signify an outflow of mass from the white hole (no
mass flows through the boundary R, in the given case,
up to t~t; the boundary R, is unimportant). The de-
crease of mass is caused by the work done by pressure
forces at the surface R=R, during the expansion. In the
same manner the mass of any separated comoving vol-
ume of the Friedmann hot Universe decreases in the
course of expansion. Indeed, the mass of the comoving
volu[m]e of the hot model varies according to the law
(cf."™):

M=M.a./a, (13)

where a(t) is a scale factor. If one uses for the white
hole the relations

3
T:.¢:='Tgrm. To=rg" tyr ’ ( 14)

one obtains
Pas/To1=(Tg/tp) .

Substituting into {13) rmax/TPl in place of a/a, we ob-
tain (12). Thus, in the hot Universe the mass of the
white hole does not flow out of the hole throughout the
period of expansion, but decreases only on account of

the work done by the pressure forces corresponding to
the decrease of the mass of any comoving volumes during
expansion of the hot Universe.

This can be shown in two ways. Indeed, the second
equation of the system (I.1) of Einstein equations for the
metric (1) has the integral (taking into account the ini-
tial condition (4))

dr\? .
r(a) = r—r+82G ({)1‘7‘.’ dr. (15)
It follows that
Fmas=T+81G j' PTdr (16)

r(to)

(We note thatrmax =rg for Ti=0). If the pressure in
the hot Universe is equal to the pressure of the pro-
duced particles in the white hole then the integral in the
right-hand side of Eq. (16) equals exactly the work done
by the pressure forces on the white hole in its expan-
sion, T{=0, so that rmax=<rg.

Only at a late stage, when t~t; the expansion of mat-
ter to the left of the boundary R, begins to differ mark-
edly from the expansion of the external matter. This is
the process of individualization of the white hole. In or-
der to determine exactly the outflow or influx of mass,
hydrodynamic calculations become necessary here.
However, it seems that this process does not modify
substantially the final mass of the white hole (cf. in this
connection '*1). All conclusions of the preceding sec-
tions on the necessity of extremely specific initial con-
ditions for a long retardation of the explosion of the
white hole (Eq. (9)) remain valid also for a white hole
in a hot Universe.

The question whether a white hole could explode after
a long delay with the production of energy of the order
E =Mc? requires separate consideration.
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CONCLUSION

Spontaneous particle production in the vicinity of a
singularity in a white hole has an importance of prin-
ciple. In the big-band model of the Universe the white
hole ‘‘individualizes’’ from the surrounding space at the
epoch t~t;= rmax/c. The white hole either explodes
before t; or (excluding degenerate initial conditions
given by Eq. (9)) it never explodes.

In the light of what was said, it seems unlikely that
one can explain in terms of explosions of white holes
astrophysical phenomena of the type of quasar explo-
sions or explosions of galactic nuclei. In addition it
seems that the existence in nature of so-called ‘‘bare’’
singularities tel js impossible, since they will immedi-
ately wrap themselves in a ‘‘fur’’ of produced particles.

APPENDIX |

The Einstein equations for the metric (1) have the
form

i i P\t
8naGT =22 + (—) =

a r r r

2
+ L
-

(I.1)
8GT =2 ’T + (’T)

’

Y

¥

"-

’

8nGT,*=8nGTs = — + 4
a a

r r

where a=eM2 and the dot denotes differentiation with
respect to t.

For dustlike matter (T{=T2=T3=0) an exact solution
of the system (I.1) is given by Eq. (5); then r=rmax=rg
for t=t,=rg/2 (£=m). If @ >7"", and in the particle pro-
duction problem @ > 1, then for t= mrg (§=2m), as well
as for t=0 (£=0) the metric has a singularity of the
Kasner type with exponent (-1/3, 2/3, 2/3).

The exact solution of the system (I.1) for matter with
an equation of state p=€/3 (T}=TZ=T:=-TY/3) is of the
form °

dt=*/,(r/a)"dg,

z=a’r"h,

(1.2)
|B—z*|=C|A—t|, 8anGe=B(ar*)-",
r=ro+3C-*(Bz—/3z%),
where A, B, C are arbitrary constants (B, C >0). If
C =0 the last equation of the system (I.2) must be re-
placed by
r="/.B~"(AT~/2%?).
Taking into account the initial conditions (4) we se-
lect the arbitrary constants in the following manner:
1 'y 3 s 3 _1
A=rg/, B=Br‘/, C=‘|B'—1|, Toy=-—Tyg -([35—1)2’ (1.3)

where $>0. Then (I.2) can be rewritten in the form
(for B=1)
@ ="+ B-1)T1",
r=(p—1){[rs" + (=181 [~ (B—1)t+rs" (3p—1)1-re(3p—1)}, (1.4)
dt=2/,(r/a)" dg, 8nGe=Br;/’ (ar®) =",

From the equation (3) it follows that in the problem of
expansion of matter consisting of the produced particles

N Ty ) ’/;( th ) 8/ ( rg ) s
=~ ~(—=) »1
b ( tp t tos ’

therefore we shall consider in the sequel just this case.

(1.5)
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For t« rgﬁ'”2 the spatial curvature of the metric (1)
is unimportant and the substitution £ = rzg/3 B~ (cosh*r—1)
the solution (I.4) transforms into an exact solution for
the spatially flat model of Bianchi type I, filled with
matter, with the equation of state p= ¢/ 3, which was
found in the paper of Doroshkevich '*°3, Then, for
t~rgh” 2 the expansion is Kasnerian with exponent
(—lﬁi, 2/3, 2/3), and for rgﬁ'm «t<«<rgB M? it is
Friedmannian (a~r~t"?). For t~ rgh-? 2 the spatial
curvature of the metric (1) becomes essential.

For t »rg8™*? and 8> 1 the solution (I.4) can be
written in the form

o, = (8) @iu,

a3 -1 )

at the instant of maximal expansion

by

(1.6)

[}

*n

T=ry', r=rma=2rf-" i=t=rp""(35-2%),

For £=3ry°, t=3%"?rgf™'/* the metric has a singularity
of the Kasner type with exponents (~1/3, 2/3, 2/3). The
size of the horizon along the R axis at the instant of
maximal expansion is

B = [ =2 =, (.7

t
a(t)
We now construct a solution of the system (I.1) for
the case when the produced particles are free and move
only along the radius, i.e., T;=T3=0 and T}=-Tj=—€.
Then 87Ge=7ya~’r %, where

_ ry 4 t“ ©fy re i
=) () ~() =t
For t« rgy"/z one may heglect the spatial curvature,
i.e., the term r~? in the system (I.1), and then the solu-

tion corresponding to the initial conditions (4) is of the
form

(1.8)

r=(2rg)*,  a=(ry/2n)"exp (1n/2r,),

dt=a(n)dn. (1.9)
The solution (1.9) coincides with a solution describing a
flux of free particles in a Bianchi type I metric, solu-
tion which was found in "'*). For t<<rgy™** the solution
is Kasnerian with exponents (-1/3, 2/3, 2/3) and for
rgy~¥* «t<«rgy™’ it is of the form (up to terms of the
form InInt and In In %)

(1.10)

In order to investigate the subsequent evolution of
the system it is convenient to take the first equation and
the sum of the first and second equations of the system
(I.1) and reduce them to the form

dart _ 2 _ o _ re—E
E—F("u &, _dg—__—r,—g 7’ (I.11)

where
t
E= I adt.
then in the region rgy™**<«t<«rg(»™* In »)"* one can

neglect the term (rg— £)/1r? and the solution is of the
form

9 _ aret v
a=—Lt r= ln(uy) 5 (1.12)

2ry Y
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At the instant of maximal expansion

t=t =t

,Y'I: *

Iny )‘/' 2rg

E=7‘,, F=Tmaz==Tg (

In the region rgy'/*«t« Yorrg(y™! In )2 we have
a»y? f« rg, therefore in tEe system (I.11) one can
omit all terms containing ¥ and rg. Then the solution
is of the form
P=(rlny=8)*(1lny)~", a*=&(rylny—E)~*yIny,

dt=a"'dE

(I.13)

For t="mrg(y™" In 1) (£=rg In v) the metric has a
s?’ngularity of the Kasner type with exponents (—1/ 3, 2/ 3,
2/3).

The metric (I.12) joins smoothly to the metrics (1.9),
(I.10) and (1.13) respectively from the left and from the
right (up to terms of the form In In(tt;!). Thus, a com-
plete solution of the system (I.1) for the case of a flux
of free particles has been constructed.

APPENDIX Il

Let us construct a solution which describes a cen-
trally-symmetric flying-apart of the matter of the white
hole with speed of light into the vacuum (or into the
cold Universe, filled with matter at zero pressure). This
solution has the form

ds*=2 dr du — (Lr“)- - 1) dut—r*(d9*+sin’ 0 dg?), (11.1)
where f(u) is some function which can be determined
from the equation

1 df

RS=———" — 8aGT.".

I1.2
rdu ( )

The other Einstein equations for the metric (II.1) are
identically satisfied for any choice of the function f(u)

if all the components of the energy-momentum tensor
except Tlr1 vanish. The metric (II.1) is a generalization
of the solution of Vaidya b21 ¢4 the case when there exist
both R and T regions. For r>f(u) the coordinate r
has a spacelike character and for r <f(u) it has a time-
like character. The coordinate u is isotropic (lightlike)
and has the meaning of a retarded coordinate. For
f(u)=rg=const. and r>rg the metric (I1.1) reduces to
the Schwarzschild metric by means of the transformation

(I11.3)

Thus, the function f(u) has the meaning of a variable
gravitational radius and shows how the mass enclosed
in a certain volume changes with time on account of
the flying-apart of the matter. It follows from (I1.2)
that if Tﬁz 0, f(u) is a nonincreasing function.

u=t—r—rgIn(r—ry).

Let the lightlike geodesic u=0 pass through the
point t=t;; R=R,. Since the production of particles
takes place in the region R <R, one must assume that

f(u)=rg for u=0. It follows from the conservation law
TK =0 that
ik
T =r"g(u),
hence

F(u)=ry—8aG [ g(u)du. (I1.4)
L]
In order to determine the function f(u) and g(u) it is
necessary to match the metric (II.1) with the homogene-
ous metric (1) (the solution (1.9)-(1.13)). Since in the
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case under consideration the matter consists of free
massless particles, the decompression wave moves to
the left with the speed of light according to the metric
(1). Therefore the matching must be done along a light-
like geodesic, the equation of which in the metric (I1.1)
has the form

2dr=[f(u)/r—1]du, r=R. for u=0, (I1.5)

and in the metric (1):

R=R, -j dtexp[—'/2A(2) 1. (11.8)
t
The continuity condition for the energy flux of the
produced particles through the moving boundary (II.5),
(I1.6) yields

(I1.7)

where €(t) is the energy density of the matter consist-
ing of the produced particles in the homogeneous sys-
tem (1), r(t) is determined from the solution (I.9)—(I.13)
and the function u(r(t)) from the condition (II.5). Hence

g(u(t))du/dt=r’e(t)dr/dt,

t(u) r(u)

dr
f(u)=r,—8nG j r’E e dt=r,—8nG j r’e dr, (11.8)
o r(t)
where t(u) is determined from the equation
¢ -t dry~!
du=2r (r,—r—BnG J r’e dr) dr=2 (5) dt (I1.9)

(1)

(in the derivation of which use has been made of the
relation (15)).

It follows from (II.8) and (II.9) that for t —t,, when
dr/dt~t—t,—~0,u—~« and

2GM =f(0) =Tpes.

A similar relation between M, and rmax can be ob-
tained also in the case when the matter consisting of
the produced particles has in the homogeneous metric
(1) the equation of state p=€/3, assuming that 1/6 of all
the particles moves along the R axis to the right with
the speed of light.
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DStrictly speaking this refers only to zero mass particles m = 0; however,
the production of particles with m # 0 near the Friedmann singularity
does not affect the subsequent expansion, if Gm?2/h 1, and can therefore
be neglected.

AThe function eX is defined up to a scale transformation; the coefficient
of eX in Eq. (4) has been selected from convenience considerations; Ig
is the initial gravitational radius of the white hole.

IThe delay (retardation) is determined by an observer situated at a con-
stant distance from the white hole.

9But not in particular Rer—(R;—R;) <Ry, when the equality (9) holds.

)n a slightly different form this solution has been first found by
Shikin [°].
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