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The influence of magnetic dipole forces on the critical dynamics of cubic ferromagnets above the
Curie point is considered. It is necessary to take such forces into account, since the exchange
interaction conserves the total spin of the system and is therefore insufficient to describe the

relaxation of the uniform mangetization and the absorption of long-wave electromagnetic oscillations.
It is shown that, in the range of temperature for which 4wy <1 (x is the static susceptibility), the
dipole forces can be taken into account by perturbation theory, and with decrease of 7=(T —T )T,
the critical damping increases approximately as 7~'. In the region 4wx>1 and for momenta less than
go=a ‘(wy/T,)"% where w, is the characteristic energy of the dipole forces, because of the
long-range character of these forces the spin Green function becomes anisotropic and perturbation
theory becomes inapplicable. In this temperature range and for momenta greater than g, the
dynamic-scaling theory holds, with a critical index z,~5/2 that is the same as when the dipole
forces are not taken into account. In the region of momenta less tha g, part of the momentum
dependence is “frozen in” at momenta of the order of g, and dynamic scaling arises with index
z,=2z,—v '=1, where v is the correlation-length index. In this case the critical damping decreases
as 723, Thus, this quantity has a maximum in the region of temperatures for which 4wx~1. At the
end of the paper a method for studying the critical dynamics by means of polarized neutrons is

discussed.

1. INTRODUCTION

In the study of critical phenomena in ferromagnets,
usually only the exchange interaction is taken into ac-
count (cf., e.g., the paper*) by Halperin and Hohenberg).
However, this turns out to be insufficient for the descrip-
tion of a number of phenomena. The point is that the ex-
change interaction is isotropic; it therefore conserves
the total spin of the system. But there exist phenomena
which occur only in the absence of this conservation law.
These are, primarily, the relaxation of the uniform mag-
netization and the associated absorption of long-wave
electromagnetic oscillations in ferrodielectrics. In cubic
ferromagnets the magnetic anisotropy is small and the
magnetic dipole forces are the principal interaction
violating the conservation of the total spin. The present
article is devoted to an analysis of the effect of these
forces on the dynamics of the critical fluctuations above
the Curie point. The main difficulty here is that, because
of their long range, the dipole forces, despite their small
magnitude, cannot, generally speaking, be taken into ac-
count by perturbation theory. We now consider this ques-
tion in more detail.

The magnitude of the dipole forces is characterized

by the parameter
o,=4n(gu) v, '=dnguM,,

@)

where M, is the saturation magnetization at T = 0; usu-
ally, wo ~ (107°=107°)T,. We define the spin Green func-
tion by the equality

Gup(k, ©) =i j dt e[S (), S (0) ],

Su=N-" Y enns,

R

@)

This Green function is related to the magnetic suscepti-
bility of the solid, which determines the response to an
external field, by the formula

iuﬂ(k- (1))=

o Gan(k,0). )
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Above the Curie point in zero magnetic field, the tensor
decomposes into two parts, parallel and perpendicu-
lar to the momentum k :

Gus=G (8as—nany) +Gynyng,

4)

The long-range character of the dipole forces leads
to the result that in the limit of small k, as Krivoglaztz]
has shown, the following formulas hold (cf. also Appen-
dix I):

n=kk-!,

__G %= X
140,G, 1+4my,

®)

We note also that ¥’ = x is the ordinary susceptibility,
i.e., it determines the response to the internal field.

As T, is approached, the susceptibility y grows and
the anisotropy of the Green function increases. In the
temperature region in which 4ry << 1 we shall have
G, ~ G, i.e., the anisotropy is small and the dipole
forces can be taken into account by perturbation theory;
below we shall call this the exchange region of tempera-
ture. But if 4my >> 1, then G| ~ w5 < G|, i.e., the
critical fluctuations are extremely anisotropic; as T, is
approached they increase without limit only in the plane
perpendicular to the momentum. Below we shall call this
the dipole region of temperature. In this region pertur-
bation theory in wo is inapplicable, but in most cases we
can neglect the longitudinal fluctuations, i.e., we can
neglect the quantity G in comparison with G,. Formulas
(5) are valid for small momenta.

It is shown below that the anisotropy in the dipole
region disappears when the momentum k becomes grea-
ter than the dipole momentum:

go=a""(/T.)">x,

(6)
where a is a quantity of the order of the lattice constant
and k = a”'7¥ is the momentum equal to the inverse
range of the critical fluctuations. In accordance with the
static-scaling law,

X=0oZ/4nT "¢,

O]
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where Z ~ 1, 7= (T — T¢)Tg), v~ 7 is the correlation-
length index and n ~ 1072 is the Fisher parameter. It
follows from this formula that the dipole region is very
narrow: 7 S 10*—107°, But, at the present time, there
are already experiments on critical absorption of elec-
tromagnetic waves in ferrltes for 7 ~ 10"1 (cf. the pa-
pers of Drabkin et al,l , Luzyanin et al.l , and
Hashimoto et al.[®), so that a theoretical treatment of
the dynamics in this region is timely.

Recently, Fisher and Aharony[®) have studied the
static properties of ferromagnets in the dipole region
by means of the renormalization-group technique and
continuation in the dimensionality of space. They showed
that the static-scaling theory holds, with critical indices
that differ insignificantly from the indices of the ex-
change region, In fact, this change in the indices is as-
sociated with the limitation of the growth of the longitud-
inal fluctuations and with the resulting lowering of the
effective number of fluctuating components of the magne-
tization, In'®) a new index ¢ characterizing the tem-
perature region in which it is necessary to take the
dipole forces into account was also calculated. It coin-
cided exactly with the index of the susceptibility in the
exchange region, as indeed it should, by virtue of (5).
Below we shall not specially distinguish the values of the
indices in the two regions, since it will always be clear
which temperature region is being discussed.

2. UNIFORM RELAXATION IN THE
EXCHANGE REGION

The uniform relaxation has been calculated earlier
by Guber[” by means of perturbation theory and the
random-phase approximation. He obtained the following
result:
®o* _Co®

TETJvu_n)/;: T,;”C

[h=C 8
We shall now obtain this same formula somewhat differ-
ently. In passing, several formulas will be written out
and a number of features that are important for the sub-
sequent analysis will be discussed.

, C~1.

In the exchange region, the anisotropy can be neglec-
ted: G, B = CYB’ and, in accordance with the general
theory (cf., e.g., the paper [®) by Schwabl and Michel and
the Appendix of the author’s paper(®’), for small k and

w we have
G(k 0) v

o+l
:G*‘(k,O)lim(im)"[(D(k, 0)—0(k,0)],

w0

Gk )=
9)
O (k, 0)= Jij @t e[S (t), 8- (0) 17,

where the dot denotes time differentiation®’.

Furthermore, é{: consists of two (exchange and dipole)
parts:

= (9 (S

(85 =N ¥ (V= Vi) €30S0 S
Ky

(S&®) e=—woN~" le“’s;q

ky

..Sk‘ik‘(ul,Sk‘):

here Vy is the Fourier transform of the exchange in-
tegral and n; = k1k1 . In the limit k = 0 the quantity (Sk)
vanishes and (Sg is finite.
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FIG. 1

The long-wave dynamics associated with the exchange
part of S¥ was analyzed earlier [*’®) and will be as-
sumed to be given. The function ¢(k, w) is the Fourier
transform of the retarded commutator and can therefore
be regarded as the analytic continuation of the corre-
sponding function of discrete frequencies. For the latter,
the diagram technique of Vaks, Larkin and Pikin['® can
be used. In this, the diagrams corresponding to the di- -
pole part of I'y differ from the corresponding exchange
diagrams only in the form of the extreme right and ex-
treme left bare vertices. The complete set of them is
depicted in Fig. 1, where the shaded rectangle is the
exact four-point function, taking only the exchange forces
into account, and the extreme right and left vertices are
the dipole vertices?®.

We first consider diagram la. After summation over
the discrete frequencies, the stand/ard analytlc continua-
tion and replacement of n(x) = (eX/T Yby T¢ /%, the
corresponding contribution to I'p has the form

(n)_i P Uy T. dr 2
=306 (0,0)—(2n),jdk?j —(ImG(ka)):  (11)
This exgressmn is analogous to the corresponding form-
ula inf® ; in deriving it, we took into account that InG
is an odd function of x. In accordance with the dynamic-
scaling law [+,

o —1].—24n k
Gk =001 (£, 2), G0=1% ¢(—). (2
with z = (5 —n)/2. Substitution of this expression into
(11) leads to Guber’s formula (8).

We now show that the entire set of more complicated
diagrams 1b does not alter this result; their contribu-
tion can be written in the following way:

(®) 2

Iy =wsG™ (00)(2 e
where F(k,, ki) is the integral over the energies that is
obtained as a result of analytic continuation of the shaded
block (cf. Appendix II). The concrete form of this ex-
pression is now unimportant to us. Only one thing is
important—the convergence of the integrals over k; and
ks. If these integrals converge, then for F(k,, k;) we
can make use of the dimensional estimate
F ~ k1=2M—2  which follows from the properties of
the vertex parts in scaling theory (cf. the papers of
A. A. Migdal[*J and Polyakov('?*’1%)), As a result, it
turns out that T{b) also has the form (8). But if even
one of the integrals diverges in the regionk,; 3 >k,
then formula (8) is obviously not valid.

(f dkidks G2 (K, 0) G2 (ks ) F (ki ks),  (13)

From the principle of coalescence of correlations [12],
we obtain the following estimate for F for large k;,3:

F(khka)~x-zkl‘/""“"k;/““‘"xa—z/v (14)

and the integral (13) does indeed converge. (Estimates
of this type are considered in more detail below, in the
analysis of the dipole region.)

It should be noted that in the treatment of the diffu-
sion of the magnetization a divergence does indeed ap-

S. V. Maleev 890



4nZ=1 €
FIG. 2

pear, and the simple dimensional estimate leads to an
incorrect expression for the diffusion coefficient D:

D ~ k(1+1)/2 instead of D ~ k(1—1)/2, This divergence
is associated with the vector character of the vertices,
by virtue of which it is necessary to take into account

the dependence of F on the angle between k; and ks. Inm,
therefore, a procedure different from that used here was

used to estimate D.

3. THE DIPOLE REGION

Thus, we have shown that in the exchange region the
critical damping I'o grows with decrease of 7, and the
uniform relaxation time T, = I'z* decreases. But the
uniform magnetization is the order parameter charac-
terizing the phase transition in ferromagnets. This

means that as 7 — 0 critical slowing-down of the relaxa-

tion should occur, i.e., T, should become infinite. This
argument once again shows the inapplicability of pertur-
bation theory in the region 4my 21, Incidentally, in all

the calculations of the preceding section we neglected I'o

compared with the characteristic exchange-scaling en-

ergy T, (ka)?; using (8), it is easily verified that this can
be done in precisely the region 4my < 1. Thus, we should
expect that in the dipole region the quantity I'o decreases

as 7 — 0 and, consequently, the dependence of I'o on 7
has the form of a curve with a maximum in the region
4my ~ 1, as depicted in Fig. 2.

We now consider the relation between G and G, in
more detail. Substituting into (5) the Ornstein-Zernike
formula for G:

Z
= T 1)
where Z ~ 1, we obtain
Z
6, (16)

T T (Pt @ ZanT ]

whence the expression (6) for q, follows immediately® .
Assuming the scaling formula (12) for G, and taking
into account that, generally speaking, f(k/K, w/kZ) ~ 1
for k < qo, from (5) we obtain

1
oL Img~ ImG, 1

o 021G, |* 4nxw,

< wo (17)
Thus, the imaginary part of G is small compared with
its real part. It should be noted that formula (5) is cor-
rect only in the limit k — 0, Therefore, to justify form-
ulas (6) and (17) further investigation is necessary; this
is carried out in Appendix I.

Thus, in the dipole region for momenta less than qo,
G can be neglected in comparison with G,. Thus, if the
scaling laws hold, for momenta less than qo they are due
to the properties of G . Thus, if we estimate the vertex
parts from the "unitarity condition" [****) we must sub-
stitute the imaginary parts of G, into the intermediate
state; allowance for the imaginary parts of G leads to
corrections that do not possess the scaling property
(corrections of order (4ny)™ in the static theory and
(47¢)? in the dynamic theory).
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Moreover, if all the external momenta are large
compared with q,, it is necessary to use the exact Green
function in the unitarity estimates. Therefore, in the
dipole region there are two regions of momenta in which
there can be scaling properties—small and large mo-
menta compared with qo; the region of momenta of order
qo is intermediate and in it there are no scaling proper-
ties. Clearly, the values of the critical indices in these
two regions should be different. As regards the dynamic
index z, this is shown below. The static indices v and 7
in the first region have been calculated in the paxper[6
by Fisher and Aharony.

Since qo > K, there is only one static index 7 in the
second region. Clearly, its value coincides with the
value of 7 in the exchange region; this is connected with
the fact that the values of the static indices are deter-
mined by the number of components of the field. Our
primary purpose is to determine the dynamic-scaling
index zg4 in the region of momenta that are small com-
pared with q,. Since for small momenta the dipole con-
tribution to S¢ is greater than the exchange contribution,
we shall start from the assumption that the dipole dy-
namics is determined by the dipole part of S&, and then
verify the consistency of the picture thus obfained.

In place of (9), we now have:

=G, 7' (k,0)lim (iw) "' [® (k, ®) = (k, 0) ],

. (18)
t .

B (k, @) =] de e[S (1), 5. (0)]),
“o

where Slt is the part of Sk perpendicular to k.

It is not difficult to convince oneself that in the limit
k = 0 the function ®(k, w) does not depend on the way in
which k tends to zero. For ®, as before, we have the
diagrams of Fig. 1. Now, however, it is necessary to
take into account that, by virtue of (10), of the two lines
emerging from the dipole vertices, one corresponds to
G (the upper lines in Fig. 1) and the other to G, (the
lower lines). This leads to the result that, in the integ-
rals determining Ty, the important momenta are those
of order qo, and not of order x as in the exchange reg-
0n.

We shall consider the diagram in Fig. la. In place of
(11), we have

Tevo

(2a)*

@ 2
Iy = w0’G,7'(k,0) dlk, —
3 i*
1
y j- dz, dz. Im G, (k,+k, z,)Im G, (k,, z.) ( 9)

111':(11'{'11*1'6)

By virtue of (17), for k, < g the integrand in (19) is of
the order of wozrl'{ll, and for k, > q, it decreases rapidly,

so that the integral over k; converges. This means that
for k < qo we have the following order-of-magnitude
estimate:

N ~6,7 (k07— [ B (20)

(2n)® J To

1< qo

It is shown below that this contribution to Ty can be
neglected.

In order to write down the complete expression for
the contribution to I'y from the diagram 1b, it is neces-
sary, by making use of the complete expression for the
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shaded block that takes account of its analytic properties
in the energies (cf. the paper [**] by the author), to sum
over the frequencies w, and w;, analytically continue in
w, and perform the subtraction appearing in the defini-
tion of I'k. This is done in Appendix II. In addition, in
the formulas given there, it is taken into account that G
is constant for k; ;3 < qoand we can neglect Im G by
virtue of (17). This has been done because, as above,
for the estimates we shall limit the range of integration
over Kk, 5 by the momentum qo. The expression thus ob-
tained for Fl({b) consists of several terms, each of which

contains, in addition to the integrations over the momenta
k, and k;, integrations over two or three energies and a
certain number of energy denominators. In the expres-
sion there is one term in which the number of energy
denominators depending on integration variables is equal
to the number of integrations (two), and in all the other
terms the number of such denominators is greater than
the number of integrations by unity. All the energy de-
nominators are associated with variables emerging (out-
wards) from the shaded block, and the integration over
the outward momenta k, 3 is performed over the large
regionk, 3 pS qo. Therefore, for a given number of inte-
grations, each additional energy denominator should give
a definite small quantity and the principal contribution to
( b) is made by the above-mentioned term with two de-

nommators. Below we shall confirm this qualitative
argument by calculations.

Thus, taking (A.IL.5) into account for k < qo, we have
the estimate

dzidz,
o ), j' dk, dk;—j =,

[$2]

Iy ~G,~'(k, 0)
21)
AAG, (kitk, z,)G (ky, 13)—0—-Z(z,, 0, 5,0, 0, ki, ks, k) loo.
(0]

Here Z is the complete expression for the shaded vertex
in Fig. 1b, X, and x; are the energies of the lines 1 and
3, and A;,s are the discontinuities in these energies

(cf. (A.IL.3)). We have omitted a factor of order unity
multiplying the whole expression; there is no point in
taking it into account in our estimates.

The diagrams determining Z are organized in such a
way that there is no choice of G,or G| in the internal
lines, and this means that it is necessary to associate
G, with all the internal lines. In (20), momenta k; 3 ~qo
> k play the principle role in the integrals over Kk;,s.
Also, because of the presence of the derivative with
respect to the variable w, which passes through the en-
tire diagram from left to right (in (21) the energies of
the lines appearing in Z do not depend on w!), the mo-
menta k; and k; are not coupled. In other words, there
are necessarily internal lines, independent of k; and ks,
linking two blocks, of which the left depends on k; and
the right on k; (cf. Fig. 3).

Below we shall see that in the integrals over these
internal lines momenta of order k or k < qo are impor-
tant. In these conditions, to analyze Z we can make use
of the principle of coalescence of correlations '), Ac-
cording to this principle, if there is an n-particle vertex
and one of the momenta k is large compared with the
others and with «, the points of entry and exit of this
momentum coalesce into one and the following formulas
hold®’:

Tk, .. )=k (),

I‘a(.k' (I) =k”""’"q"”"c(q/u). (22)
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FIG. 3

Next, we assume dynamic scaling; this means that,
along with (12) for G » We have the following expression
for the vertices'**

Ta(k, z)=x""n0"2y (k/%, z/%*). (23)

Because of the formulas (22) and (23), we can separ-
ate the dependence on k, ; from the dependence on k and
w, and as a result the estimate for Fl(cb) has the form

T ve’
~G,(k,0)—— )

x [ (ki) (ksa) 1"~ H (k, ) ~G 7' (k, 0) (g0, @) " H (k, %),

. j'dk dk; G, (ky, 0) G, (ks, 0)

(24)

where H(k, «) is the quantity obtained by separating out
the dependence on k; and k; in the diagrams of Fig. 3.

For estimates of the function H(k, k) we can make
use of the static vertices. As a result, we obtain the
correct dependence on k for k < « and on k for k > «;
this is connected with the assumption of scaling and with
the convergence of the integrals obtained in this estimate
(there is a different analysis of the problem of such es-
timates in[%)).

First, we consider the first diagram of Fig. 3. Taking
(22) into account, we obtain

Vo 1 rdz,dz. Im G, (z,,ptk)Im G, (z:, p)
H(k,»)~T.—— |dpT's*(p, k) —
1(k, %) ~T (2n )3J I (p ) 5 2,22 (2 +22—08)
16, (06, (p,0) P (25)

(p, k)

(Zn) TppetTy

Here we have isolated the sum I‘p +k t l"p in the denom-

inator, as if the energy dependence of G had the form of
a simple pole (9); for order-of-magnitude estimates,
this is sufficient. For p >k, k, the integrand is pro-
portional to p~3(p*¥ "I by virtue of (23). But 2/v — 3

= —a/v, where «, the specific-heat index, is small and
negative tel, Furthermore, in accordance with the as-

sumption of dynamic scaling, T, = ch)lpzd forp > «.
If zy > —a/v, the integral in (2% ) converges, and
@it (ka) ~ et =g, (ka) ~r¢**¥| >y
H(k, %)~ y N
( K) {(pz_’()ca)""*"_z/"=(pz—i(,‘m)—:.ﬁrmvY k<x. (26)

Substituting this formula into (24) and neglecting r‘lga)
in comparison with F1(<b)’ it is easy to find zy4 and ¢;,2:

2e='/22—m+a/v) =z.—1/v>1,
nta/v)=z v @n
P1~p2~ (goa) /= (goa) *,
where zg = (5 — n)/2 is the dynamic exchange-scaling
index. Next, using (20), (24) and (26), we obtain the esti-
mate

I”~ [max (%, k) go~']*=**T\"

It is also not difficult to verify that taking the more
complicated diagrams of Fig. 3 into account does not
change the formulas (26) and (27). Thus, we have ob-
tained the following formula for the characteristic
dipole-scaling energy:

v ky A(qoa) " (ka)*'""=~A4,(q.a)"ka,
Te=T.(xa) cP(T)WT {A 2(goa) ¥ (na) ™"~ 4,(q.a) “xa,
A~A.~1.

Qo> k>,

k< 28)

This is the principal result of this paper. As we have
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already stated above, for momenta k >> qo exchange
scaling with the critical index zg should occur. Thus,
when the momentum k decreases through the region

k ~ qo, part of the momentum dependence of the quantity
Ty is, as it were, frozen in at the value qo. We note also
that, from (28), for the uniform relaxation time we have

To=Ty"'= (A:00) " (T/ 0o) ™7 (29)

Thus, the quantity T, becomes infinite as 7 — 0, as
followed from the qualitative arguments at the beginning
of this Section.

It now remains to estimate the discarded terms.
Primarily, these are vy, and y: in (A.IL.5). By virtue of
dynamic scaling their contribution to Ty is of the order
of T’ 1 ~max(k, k)5, i.e., for k, k < qothey are
small., urthermore, in the expression for I'y we
neglected the contribution of the exchange part of Sﬁ‘ and
the interference of the exchange and dipole parts. We
shall consider the purely exchange contribution to T'j.
The usual combination of functions G, appears in its
vertices. With allowance for the renormalization of
these vertices by means of the Ward identity["], in the
region qo >k > K we obtain

Qo oy =2n
dkik 2k, —i/v

D(k) k*~ W ~ k*=q,

—zet1/vH1
’

K2k max (k qa_“H/VH ). (30)
k
This expression is small compared with I'y, for k < go
and, as we should expect, is comparable whh T for
k ~ qo. An analogous estimate is also valid for the in-
terference contribution. It too is small for k < qo and
comparable with Ty for k ~ qo. We remark also that we
started from the assumption that, for k < qo, the dipole
contribution to the energy is greater than the exchange
contribution. By means of estimates analogous to the
preceding ones, it is not difficult to verify that the oppo-
site assumption is incorrect.

To conclude this section, we shall make one remark.
The results obtained above are based on the possibility
of neglecting I'(2) in comparison with I'(P). This can be

done in the entire dipole region (4my > 1) and for all
momenta k < qo only if the block in Fig. 1b has no addi-
tional small quantity. But if there is such a quantity

(we shall denote it by A), there exists a temperature
region k > qo)\‘/z, 4my < Xx'in which the main role is
played by the first diagram in Fig. 1. In this region, the
characteristic energy has the form

i (ka)?;
P2 (%a)?;

But in the temperature region k < qoA', 4my > A7, the
formula (28) holds for momenta k < qor'’% and for
qor!’? <k < q,we shall have Ty ~ ché/zkz. In the case
under consideration, I'o behaves as depicted by the
dashed line in Fig. 2.

k>, (31)

Pk=Tc<qoa)"'(ka)’~p(§) = Tc<q»a)"’{ k<.

Whence can the small quantity arise? As A. A.
Migdal has shown[15 the Fisher parameter 1 can be
small only if the statlc vertices are small; Ginzburg L16]
has confirmed this statement by calculating I', d1rect¥y
in the (4 — €)-theory. A crude estimate gives I's ~ 7
~ 0.1, If Z has a small parameter, then it is indeed
necessary to consider two temperature regions. On the
other hand, intermediate states with an odd number of
particles, which are absent in the static theory["] also
make a contr1but1on to the dynamics. But for odd vertices
the estimates of[%*7%%) do not hold. Moreover, the even
dynamic vertices are evidently not small. The point is
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that, as follows from the work of Halperin et al.l'" for
w > k?

Gk, ©)~p-C-"/
and it follows from the unitarity estimates for ImG-**
that the squares of the dynamic vertices are of the order
of sin[7(2 — n)/z] . This means that for the exchange
region )\ = gsm 411/5)1/2 ~ 0,85, and for the dipole region
(sin 37 £a|) ~ 0.53 (we have substituted |a| = 1/34
from[® ). It is clear that we do not have a small param-
eter in either case; all that is possible is some addi-
tional numerical small factor, the existence of which can
be established at the present time only from experiment.

4. CONCLUSION

We now discuss the question of the frequencEI depend-
ence of the Green function G,. It was shown in"® that
this dependence can be regarded as the dispersion of the
damping coefficient I'y(w). In complete analogy withtgj,
we can say that I'y(w) has branch points wy (k)
=—inT} /n(O), where n are integers. From these points

in the w plane there emerge cuts, downward along the
imaginary axis. Since I'o(0) # O for k = 0, the branch
points move further away from the real axis with in-
creasing n. Thus, it is necessary to take into account
the dispersion of the uniform damping I'o(w) for w ~ To;
if w < Ty, the expressions for I'¢(w) and G, (0, w) have
the form

I‘o(m) =T tizdo—po’—iyo’,

_ (32)
G.(0,0) =G, (0,0) (1 . {1+—[r0§s (a—1)? ]}+——-(a— )
where, by virtue of dynamic scaling, @ ~ 1, 8 ~ I't"
in the dipole region, and

a~(To/Te(na) =) "~ (4ny) <1, B~To~!(4ny) "<t

in the exchange region. To calculate the absorption of
long-wave electromagnetic radiation by means of (32),
it is necessary to take into account the shape of the
sample, as explained in the pa.per[18 by Vugal’ter and
the author,

The absorption of long-wave radiation near T, has
been studied experimentally [*) and a decrease of Ty
was found as the Curie point was approached. However,
in these experiments the measurements were performed
in the temperature region in which 4my ~ 1, and, there-
fore, there are as yet no data for comparing the quantity
T'p calculated above with experiment. The most interest-
ing result of this paper is the change in the dynamic
index on passing through the region of momenta of order
qo. Evidently, this prediction can be checked only by
means of inelastic scattering of slow neutrons. How-
ever, since the characteristic energy I'y ~ wo(wo/T )" 1
~ 0.1°K of interest is very small, its measurement lies
at the limit of present-day capabilities. We shall now
discuss, therefore, an experiment based on the use of
polarized neutrons.

The point is that, as shown in the papers of Drabkin
et al.[**) and the authorf®”, near T, the change in the
polarization vector of the neutrons in small-angle scat-
tering is very sensitive to the magnitude of the trans-
ferred energy. If the incident neutrons are polarized
parallel to the momentum, the polarization after scatter-
ing through a small angle ¢ is given by the formula[?®

P <o'(kB)>

“ T Ee) (33)

P
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Here P, is the initial polarization, P is the polarization
after the scattering, k is the momentum of the neutron,
E is its energy, and (wz(ko)) is the average energy of
fluctuations with momentum k@; this formula is correct
if —P)P;' K 1.

Substituting the quantity I'y ; into (33) in place of (w®),
we obtain the estimate

p ( T. )?{ (ka)®9°, kO>q,,

T2, T \BE) V)t (o), k9<qe. (34)

p,
Thus, for angles ¢ < o= (k::t)'l(wo/Tc)‘/2 this ratio
ceases to depend on the angle. If we assume that a =1 f\,
then, for neutrons with long wavelength A = 6 A for Te
= 1000°K and wo = 1°, #o~ 2° and the ratio —P/P,is of
the order of several percent, which is perfectly meas-
urable. With increasing wavelength of the neutrons, the
effect being discussed is magnified.

In conclusion, the author expresses his gratitude to
G. M. Drabkin, Ya. A. Kasman, I. D. Luzyanin, and E. F.
Shender for enabling the author to become acquainted
with their papers[®’*) before publication, to S. L.
Ginzburg for the same opportunity with regard to his
paper[*®) and to all of them for a large number of in-
teresting discussions.

APPENDIX |

We shall now give a simple microscopic derivation of
the formulas for G, and G, and discuss the question of
the momentum q, in more detail than in the main text.
Inf*% a diagram technique for spins was developed.
Lying at the basis of this technique is the idea of single-
cell blocks joined by interaction lines. In our case, the
interaction has a tensor character:

V,lp(k)=(Vk+’/3(1)o)‘5up“ﬁ)unanm (A.I.l)

where the last term depends on the way in which the
vector k tends to zero; in particular, for k = 0 the
tensor ngng must be replaced by the tensor of the de-
magnetizing coefficients N5 (N, = 1). Introducing, as
int% the set Z 45k ) of irreducible diagrams, we
obtain the equation

Gus(k, 0) =20 (k, ©)+Zuu(k, ©)Viu (k)G (k, ©). (A.L2)

In the presence of spontaneous magnetization this equa-
tion has been studied by Korenblit and Klochikhin [?*4,

In cubic crystals we have, in the most general form,
(A.L3)

where h is the unit vector in the direction of the mean
magnetic moment. Above T, in zero magnetic field,
23 = 24 = 0.7

For k # 0, Eq. (A.L.2) is easily solved:

ZupZEulsap”l‘szakp"‘Eahuha"“zaSmﬂvhvy

@G et Gyp
Gas=Grop — 1+ wopneGrop
G=(1-3V)™'S, V,=Vite/3.

Above T, in the absence of a magnetic field, it follows

from (A.L.3) and (A.L.4) that

p— 2‘

A

B G (1+K2.2")

TG [0 (Vi—0) k2.37']

(A.L4)

G, (A.L5)

Gy

It is not difficult to convince oneself that the diagrams
for T , 5 have a well-defined limit, independent of the

way in which k tends to zero. Therefore, for k — 0, the
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quantity =.k® vanishes and the formulas (4) and (5) of
Krivoglaz are obtained from (A.L5). It follows from the
second formula of (A.I.5) that the expression (6) for qo
given in the main text of the article will be unchanged if,
for k <qo,

V2,3, <w,.

The critical phenomena near T, are associated with
smallness of the denominator in the expression for G|.
This means that =, ~ Vi* ~ T., and we need to elucidate
the values of k® for which the quantity Vik®s, is com-
parable with wo. For this we remark first of all that
anisotropy of the Green function is sufficient for the ap-
pearance of the second term in (A.I.3), and, therefore,
in the dipole region there is no additional small term
associated with the small quantity w¢Tg'. Furthermore,
in the scaling region, the k-dependent part of ¥ must be
estimated from the "unitarity condition' t**>**], In this
procedure, since the term k®s, is determined from the
same diagrams as the k®-dependent part of Z,, these
quantities are of the same order (ka)®” 7Tg'. This is
sufficient for the validity of (6) and (17).

APPENDIX |1

We now perform the analytic continuation in w of the
diagram in Fig. 1b. The initial expression under the in-
tegrals over k, and k; has the form

A(io) =T‘Z GJ_(i(l)x)Gn(iU)z);,_5m+m.u
oy (A.IL1)
X Z(iwy, 0z, io, im‘)Tam,w., G (i05) Gy (iv.).
Here we have omitted the dependence on k,; and ks, which
is unimportant for the following discussion. The letter
Z denotes the complete expression for the shaded block.
In[**) it was shown that the following formula holds:
Z(iwy, (0, 10y, 10.) =Z,(io), 0, i, (0, i0,+io,)
+Z5(iwy, (02 ios, (0, 0,—io:) 24 (io,, ios, i, (0, i0—iod).

(AIL.2)

The terms in this sum are analytic functions of each of
the arguments written out, with cuts along the real axis.
This property makes it possible to carry out the sum-
mation over the internal frequencies and the analytic
continuation in w, by expressing the answer in the form
of an integral of the discontinuities of the function Z in
its arguments; we recall that the discontinuity of a func-
tion across a cut is the name given to the quantity

1
Asf(z)= -2—L.[f(1+i5)—f(1—i5) 1. (AIL3)

We shall not carry out all the calculations in detail,
since they are analogous to those available in"**), We
shall confine ourselves to indicating their consistency.
By summing over w, we obtain

A(im)———iz j MA,AZGJ_(I.)G" (22) K (24, 72, i) . (AJL.4)
n 222 (2 F2—iw)
Here K is the triangular diagram standing to the right of
the lines 1 and 2 in Fig. 1b; it is an analytic function of
each of its three arguments. The discontinuities taken
in this formula are of the whole expression standing to
the right of A,,.. In the derivation of (A.IL.4) all the
Planck functions n(x) are replaced by T/x. There is a
formula of this type in the Appendix int*J,

If, using the analytic properties of Z, we now perform
the summation over ws,s, analytically continue in w,
carry out the subtraction procedure (18) that appears in
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the definition of T'y and replace G| by wg', we obtain the
following expressions:

v =lim (io) " [A(0) —A0) = YoTYs T2

w0

2 P
Yo = -Z— j d.‘l},dxz A, AaGJ_ (11) G.L (I!) —Z (Ih 07 s, 01 (')) I
iwefn® § z,2: Jo
I* {_1_“' dz,dz.dz,
i0o? ZZ223 (2, 22)

1 dzydzsdz,

n®

Y= AAG (%)) G, (25) Z (x4, 22, 5, 0,0)

— A A3G_L (.‘t:) G, (.’t.\)Z(Ih 0, zs, Z4, O)l
LT3y (Ia‘f‘.‘h

Vi {Lj dz, dz,
iwe* \m*

2,22 (2, 2)
1
X AZ s (2, 22y 2,—y,0,y) + "—I

(A.IL5)

dy
Gs, (z,—y)*

AAG, (z:) [%jz

dzs dy

Ia(xn'y)
dz, dyG s (z:—y)
(z,—y) (z:Fzi—y)

AG, (Iz) A,,Zu (4,0, zs, Y, y) ]} .

1=

AZ (x4, T2y T3y 20— Y, Y) ]

= EAGL(J:,)[ J’x

1
+ —

nt J.
In these formulas certain arguments have been found

to be equal to zero, since after the replacement of G
by wo' the integrals

AZys (24,0, 2=y, T, Y)

dzs dy
23 (z1—y) (ztz—y)

,0,...).

o L W TOREP L T (A.IL6)

arose. This equahty is a consequence of the analytic
properties of Z and of the fact that the function Z should
fall off for large values of the arguments. In the expres-
sion for 7. the operations of taking the discontinuities
must be applied only to those arguments which do not
depend on the combination x;, —y. We note also that y.
is not symmetric with respect to the pairs x,,: and X3, 4.
This is connected with the non-symmetric procedure of
the calculations. It would also be possible to write y: in
a symmetrized form,

DIt was shown in [°] that the complete formula for 'k, unlike (9), con-
tains a further factor, which is usually close to unity. Starting from
symmetry considerations it can be shown that it equals unity in the
exchange region. In the dipole region there is a small correction to
unity, vanishing in the limit q, = 0; we do not take this into account
below.

DThe complete set of diagrams for 'k contains diagrams with a single-
particle intermediate state. Starting from the symmetry under time
reversal, it was shown in [°] that in the limit w = O such diagrams
give zero contribution to I'k. !

IFor k >> Kk we have G| ~ k2% and therefore Qo= a"(wo/Tc)l/(z_n);
but 7 is small and it is therefore necessary to neglect the deviation of
the power exponent from 1/2.

9n the static theory above T¢ there are no odd vertices; therefore, the
odd vertices in (22) must be understood as quantities obtained from
even vertices by differentiation with respect to 7, so that forq =0
the second of the formulas (22) is the Ward identity.
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