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A nonlinear solution is otbained which describes the penetration of an electromagnetic wave at the
oblique incidence into an inhomogeneous plasma, in the case of sufficiently large amplitudes, where
allowance for the wave pressure is important. It is demonstrated that penetration of the wave beyond
a critical point w,(z)=w is accompanied by its transformation into plasma oscillations; the
corresponding transformation coefficient is found. Two nonlinear mechanisms of electromagnetic
energy dissipation are investigated for the case of normal incidence. The mechanisms appear in a
plasma confined by the wave pressure and involve excitation of plasma oscillations in the vicinity of
the point w, =2 and absorption of the wave energy by particles in the skin layer.

1. INTRODUCTION

The problem of the absorption mechanisms of elec-
tromagnetic radiation in an inhomogeneous plasma ac-
quires considerable significance in connection with the
problem of initiation of thermonuclear reactions in a
D—T target with the aid of a powerful laser.t*’ The
electromagnetic wave, propagating in the direction of
increasing density, is reflected from a critical point
w wp(z). Dissipation of the energy of the wave is con-
nected basically with parametric instability of the elec-
tromagnetic radiation, which leads to excitation of ion-
acoustic and Langmuir oscillations in the plasma. t2]
Along with this, additional absorption should occur on
oblique incidence of the electromagnetic wave, due to
transformation of a part of its energy into Langmuir os-
cillations in the vicinity of the point of plasma resonance
e(w, z) = 0,0

Such a transformation is usually insignificant due to
subbarrier damping of the field from the reflection point
€ = sin®0 up to the transformation point € = 0; however,
for small angles 8 ~ (c/wL)'”® (L is the density gradient),
for which such attenuation is absent, the transformation
coefficient calculated from linear theory (the ratio of the
energy flux in the plasma oscillations to the energy flux
in the incident wave) turns out to be comparable with
unity, Ry ax ~ 0.4.L*] Here the longitudinal electric
field in the vicinity of the transformation point z,
~ (Lvpw®)* increases to a very large quantity

E~H (Lm)'/'( ¢ )'/!
S U 2n0L

1.1)

(Ho is the magnetic field in the incident wave, v the
thermal velocity) and even at small amplitudes of the
electromagnetic wave

H 31600, T>2nv. col (1.2)

(a condition definitely satisfied in all experiments on the
heating of plasma by laser radiation), account of the wave
pressure becomes significant in the transformation reg-
ion" (E3/16mn,T ~ ).

The problem of transformation of the wave into plasma
oscillations then becomes essentially nonlinear, since
the distribution of the particles of the plasma n(z) in the
vicinity of the point of plasma resonance is determined
by the wave. The wave displaces the particles and the
region of resonance is shifted into the depth of the
plasma. The nonlinear solution which describes the
penetration of the wave in oblique incidence into the
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region €, < 0 is obtained in Sec. 2 (e, is the linear
dielectric constant, which is determined by the wave-
independent distribution of the density of particles). In
this solution, the field at the front of the wave increases
to a value at which its pressure is sufficient for displace-
ment of the plasma, Hin ~ |eg,l. Penetration of the wave
is accompanied by excitation of a longitudinal field E,,
with a transformation coefficient determined by the fol-
lowing formula at small angles 6 S (c/wL)*:

2
) sin® @

R~ 167cn,T e, | v_T( m;

HE c (1.3)

The wave penetrates into the plasma to values |ey,| at
which the transformation coefficient R ~ 1. Upon an in-
crease in the amplitude of the incident wave to the value
at which

H}*/16an,T>sin® 0, (1.4)

account of the wave pressure is essential in the vicinity
of the reflection point € = sin®0, and the wave results in
nonlinear "transparency' of the barrier after this point.
As a result, penetration of the wave takes place for all
angles 0 which satisfy the condition (1.4). This case is
considered in Sec. 3.

At amplitudes of the incident wave

Hy*/167n,T~1 (1.5)

the pressure in the electromagnetic wave is sufficient
to constrain the plasma. A solution has been found"®
which describes the equilibrium between the plasma and
a standing electromagnetic wave for strictly normal in-
cidence. For oblique incidence, transformation into
plasma oscillations takes place for a self-consistent
density gradient determined by the wave, and nonlinear
penetration of the wave into the plasma €N <0 (ey is the
dielectric constant of the plasma for normal incidence).
The corresponding solution is obtained in Sec. 4 of this
paper.

Finally, in Sec. 5 we consider some additional mech-
anisms of dissipation of the electromagnetic energy in a
plasma which is confined by the wave pressure—mech-
anisms which, in contrast to the usual transformations,
are preserved even for normal incidence. One such
mechanism is connected with the fact that, by virtue of
the high-frequency pressure evy Hy /c acting on the elec-
trons in the longitudinal direction, along with a time-
independent term which guarantees confinement of the
plasma, there is a term which varies with a frequency
2w, In the vicinity of the point wp(z) = 2w, this force

Copyright © 1975 American Institute of Physics 811



leads to the excitation of longitudinal oscillations;®
however, as is shown in the present work, the corre-
sponding transformation coefficient contains the small
quantity (vp/c)*:

vt ©p5”
Ry;=n —_—
(4

4o*

ln‘/.

(1.6)

®po

(wpo is the Langmuir frequency, calculated at maximum

equilibrium plasma density; it is assumed that w < “’pO)-

Another mechanism of dissipation is connected with
the collisionless damping of the wave—the transfer of
its energy to particles which interact with the profile of
the field f(z) cos wt. For vy/c < w/w, When the time
of flight of the particles through the skin layer is much
greater than the period of the high-frequency field, the
irreversibility in such an energy transfer is due in the
main to the presence of a group of particles with suffi-
ciently high velocities, passing through the barrier crea-
ted by the wave. The number of such particles
~exp(~w’o/w?), and the coefficient of energy dissipation
of the wave due to this mechanism also contains the
small quantity exp (_""12)0 /w?):

%) () (155
o’ 2nm.c? 4ot

2. NONLINEAR PENETRATION AT SMALL
AMPLITUDES

The set of equations which describes the propagation
of a wave in an inhomogeneous (e = €(z)) plasma at an
angle 6 to the direction of the inhomogeneity is written
in the following form (see, for example, €=l ):

2
0

R,=2 m’; exp(— (1.7)
®

&#H, 1 de dH. K o !
L O H=2 ¢E,sine, (2.1)
dz* e dz dz c* c*
T. d°E, .
WW_FSE':HXSIHQ' (2-2)
¢ dH,
e a @3)

In obtaining this set of equations, it has been assumed
that a reflection point is always produced in a wave
propagating in the direction of increasing density, with a
reflection coefficient sufficiently close to unity so that
one can assume the wave in the plasma to be approxi=-
mately a standing one: ®

E,=E,(z)cos ®, H.=H.(z)sin ©, E,=E,(z)sin ©,
O =nc'ysin 0--wt.

2.4)

The force of the high-frequency pressure acting on
electrons in the wave leads to polarization of the plasma
and to the generation of a static electric field Eo(z). In
the steady state, the quasineutral perturbation of parti-
cle density due to the wave 6n(z) and the electric field
Eo(z) are determined from the condition of equilibrium
on the forces acting on the particles of the plasma and
are given by

ne* EME;?
dm,w®* T +T:

T: don
, En<z>=j——dz
0

(2.5)

dn=—

(Te, Ti are the temperatures of the electrons and ions,
respectively).

Using Egs. (2.2), (2.3) to relate E, and Ey with Hy
(in the first of these equations, it is assumed that the
gradient of the field E, is not too large and that one can
neglect the term ~Tg, which describes the transfer of
plasma oscillations), we obtain the following equation
(with the help of (2.5)) for the dielectric constant of the
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FIG. 1

plasma in the presence of the wave:

c* dH.\*
®?sin? 0 (?) ] !
where T = Tg + Tj; the linear part of the dielectric con-
stant ep, will be approximated below by ep, = —z/L.
Equation (2.6) was obtained under the condition that |y |

<1, and this condition determines the region of applica-
bility of the results of this and the following sections.

sin* @

=t (z) +———
e=e.(2) 165n,Te*

x [H,’+‘ (2.6)

In this section, we consider the case of sufficiently
small field amplitudes of the incident wave, when the
condition
H.Z2(0) v
16nn,T  ©*L*sin®*8

sin‘ 6> (2.7)
is satisfied for the magnetic field intensity in the vicinity
of the plasma resonance point. In this case, at a suffi-
ciently large distance from the plasma resonance point,

HZ2(0) e

—z>8=Lsi 20[———
z sin 162n,T sin“ 6

, 0«<Lsin®0

the dielectric constant of the plasma is identical with the
linear constant, and in agreement with the results of
linear theory[33 the magnetic field of the wave is finite
for small z (Hy = Hx(0)), and its derivative vanishes

(Hy ~ 2 In z).

Near the plasma resonance point |z| ~ §, account of
the wave pressure is necessary and we have the cubic
equation (2.6) for €. The result of graphical solution of
this equation is shown in Fig. 1, where €0
= [HZ(0) sin®6/167n,T]"”, and segments I, II, III are the
roots of the cubic equation (2.6). Only the root I, for
which € > 0, has physical meaning. It is essential that
intersection of the roots of Eq. (2.6) does not occur in the
considered case of oblique incidence sin?6 > (vp/wL)*
as well as the jumps in € and the plasma density associa-
ted with such intersection. (In the problem of propagation
of an electromagnetic wave in an inhomogeneous plasma,
according to Ginzburg, £3] allowance for thermal motion
is equivalent to allowance for collisions upon the substi-
tution (vp/wL)*”® — v/w.)®

For |z| ~ &, the dielectric constant of the plasma
€ ~ €o; in view of the narrowness of this region
|6 < c¢/w sin @], the magnetic field of the wave in it
remains approximately constant, Hy ~ Hy (0). The most
interesting solutions arise in the region of large z
(Iz] > 6) in which we have the following asymptotic
formula for € from (2.6):

sin 6 c? dH, \*1'"
- % [g. +——(—)] .
e(2) (16nnoT|e,,|)"[ @ ©*sin*0 \ dz

The stationary distribution Hy(z) of the magnetic field in
the wave is determined from the equation

2.8)

” e’ ’ (l)z
H, __EH‘ +?(s— sin® 0) H,=0, (2.9)

which is obtained from (1.1)—(1.3) under the condition

R. Z. Sagdeev and V. D. Shapiro 812



1 dE, mew? \'
wal <7
Equations (2.8), (2.9) together describe the electro-
magnetic wave sufficiently far beyond the linear trans-
formation point (z > §). In dimensionless variables,

_ A (2.10)
sin 0 (16zn,Tle.l)"

C=-m—zsin 0, h=
c
the nonlinear dielectric constant of the plasma is equal to
., R , h \*q'
&= sin G[h +(h +-E) ] s

and the equation for h(¢) takes on a universal form (inde-
pendent of 6 and €y)):

2y ¥,
W —2hh b [ o= (4 (h'+zic) )]

+%[(h'+7’;)z —2h’]+ hzz -

with the boundary conditions

2.11)

(2.12)

H.2(0) ‘e @Lsin®0 1'% , ho
ho= - [ ] , hy = ———
16nn,T sin* O 28,
at
oL sin® 0 H:2(0) n
=L~ ( — ) .
¢ 167in,7 sin‘ 6

An analytic solution of the equation can be obtained in
the limiting case of large ¢. In this case, omitting the
small quantities (S 1/¢) in Eq. (2.12) and introducing the
function w(h) = (h? + h’%)'"% we obtain an equation with
separable variables

h%zw@—w), (2.13)
the solution of which is
o o WP(h)
5 CWy s W= (2.14)

P(h) = 4C*h®*— (1 + Ch®? C is a constant which deter-

mines h as an oscillating function of ¢ varying in the

limits h. <h <h,; h, are the roots of the polynomial
P(h), h,=1% (1 — 1/C)1 /2

Account of the small terms ~1/ in Eq. (2.12) leads
to slow drawing together of both turning points h, toward
unity. In this case, in the solution (2.14), C becomes a
slow function of ¢, determined from the equation

dC 1 ¢ dh W (1HCR)* (W3R (R ) —h?) [ Fdh
3 W () (hjh—) (2.15)

Setting h, =1 + u(¢), 0 <1, h®* = 1 + o, we have from
2.15)

1 & da u*

—— | 4pr—a)=d / = %

o J.( w—o) "da ;[ P —
-2 —2n

5

and, consequently, the quantity ¢ falls off ~1/¢ Ve

large ¢.

A solution of Eq. (2.12) which is valid for all £ = ¢,
can be obtained only with the aid of numerical methods.
Figure 2 shows the results of numerical integration of
Eq. (2.12) for g, = 0.1 and various values of ho < 1. It
is seen that the asymptotic solution for large ¢ is prac-
tically independent of the boundary conditions and corre-
sponds to slowly damped oscillations of h(¢) about the
mean value h = 1. For such ¢, settingh =1 + ¢(¢) in
Eq. (2.12), we have the following inhomogeneous Bessel
equation for ¢:

for

9’ 1
Fo=—n.
C q) 8C'2

¢ (2.16)
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The solution of this equation
j No(c)

9@ =h® [a+ o= [ a] 4w [ 8- j 29 4] (2.17)

(A and B are constants) for ¢ 210 is identical with a
high degree of accuracy to the numerical solution. Here
the nonlinear dielectric constant of the plasma is always
positive and oscillates about the value € = sin®6:

e=sin’ 0 (1+A (%)'/zcos(c_ ~)+B(n§ )'/ sin(C—%)). (2.18)

The magnetic and transverse electric fields in the wave
are equal to

'

H.=sin 0 (16mn,Tle.|)™ (1+A (n_zc) Icos (Z;— %)
o[ 2] (i)
(orsmg) (asin(s=F)-peos (7).

Penetration of the wave into the region ¢ > 0is accom-
panied by excitation of a large longitudinal electric field

H.sin 6

(2.19)

E,=—

£= . =(16xn,Tle.l)" (I”Tt_'( 4 Sin(cf%) —B cos (cﬁ E[))n) ’

(2.20)

Equations (2.19), (2.20) describe a stationary distri-
bution of the components of the field of the electromag-
netic wave sufficiently far behind its front. It is essential
that in the motion of the wave into the plasma, the ampli-
tudes of the magnetic and longitudinal electric fields
grow ~ (|eL|)‘/2, so that the wave pressure turns out to
be sufficient for displacement of the plasma. The wave
thus plays the role of a "piston' which displaces the par-
ticles and penetrates sufficiently far into the plasma.
Behind the front of the wave, the density of the plasma
is less than critical: w,(z) < w; in front of the wave front
the density is the same as in the undisturbed plasma,

n = ny (z), and significantly exceeds the critical value.
The I'Jfasma displaced by the wave remains quasineutral,
so that a sufficiently large polarization field Eo(z) is
produced in the transition layer, leading to displacement
of the ions.

Assuming that the velocity with which the plasma is
displaced is much less than the thermal velocity of the
electrons, we obtain from the condition of equality of the
forces acting on the electrons

Eu+—————— HE) =

¢ dm.w* 0z (B +E) =

and from the equations of motion and continuity for the
ions

dAn av

+n,
at "oz

dAn
n nom; 0z

the following equation for the quasineutral perturbation
of the density in the transition layer:
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9*An
at*

,0°An 1
az* 167um;

C,

;T(E,’+E,z), cm ( ;) "2l
Then, inasmuch as E, > E, in the transition layer, and
the velocity of displacement of the layer is, as we shall
see below, greater than the velocity of sound, we have
the following estimate for An:

(At)* 9’E,

. 2.22)
9z*

An~

167um;

In the transition layer, the magnetic field of the wave
falls off exponentially:

H.(z+Az)=H.(z)exp(—0Azsin0/c), Az>0.

Hy (z) is the field behind the front, determined by Eq.
(2.19), and the plasma density undergoes a transition
through the critical value wp (z) = w, so that the longitud-
inal electric field E, increases significantly. For At

< 1/we, when the stationary distribution of the longitud-
inal field has not yet been established, the field increases
with time according to the linear law

H.o0At

E,~ (2.23)

sin 6.

Substituting into (2.22) the field E, from (2.23), the
dimension of the transition layer Az ~ ¢/w sin 6, and An
~ noleLl, we obtain the following estimates for the time
of passage of the wave through the layer:

1 . mc? \
At~:sm ’6(——T—)
and for the velocity of motion of the layer:

A
g~ (sinBc,c)™.
At

(2.24)

The longitudinal field in the transition layer, in ac-
cord with (2.23), is equal to
H, [ mic*\"
El~sin""0 ( T ) ’
and for the coefficient of transformation to plasma os-

cillations (R), defined as the ratio of the energy flux in
these oscillations

S—v E;? vrt HZ2(z) ( mic* )‘/z
e Azo 8nsin® \ T

to the energy flux in the incident wave S, = cH3/87, we
have the relation (1.3).

3. PE|;IETRATION OF THE WAVE FOR Hg > 16 T
X sin“6

For such amplitudes of the incident wave, as will be
shown below, the dielectric constant ¢ >> sin9. We then
have from (2.1)—(2.3)

in 0
H=--—2E/, E~=-—-22
[0}

E’

v

(0] € )

o (3.1)

E,” +— eE,=0.
C

The equation for the dielectric constant in this case is
written in the form

e=e.(z)+ ——~1—(E,,2 +

crz sin® 6 B z)
165n,T v

o' €

(3.2)

For § <1 in the region €1, > 0 we can neglect the
last term in the equation for €. For E_ we then have the
equation of a nonlinear oscillator; the first integral of
this equation is

E/*=V-U(E}). (3.3)

The amplitude in the standing electromagnetic wave
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1<:).stci11ates within the limits —Ep, < Ey < Ep,. The quan-
1y

®? E}?
UE)=2E 2( +4”)
) ct ! & 32nn,T

plays the role of the potential energy of the oscillator,
and

V=£E,,.2(5L+ En )

c? 32an,T

that of the total energy. A graph of the function U(Ey) is
shown in Fig. 3a.

By analogy with the WKB theory for a linear oscilla-
tor, account of the slow (in comparison with the wave-
length of the oscillations) dependence of €; on z leads to
the result that the amplitude of the oscillations also be-
comes a function of z. In this case, we have the following
equation for V(z) from the condition of compatibility of
the equation for Ey (3.1) and the first integral of (3.3):

av et de

dz ¢t 'z’ .
where we have replaced E;(z) by the approximation EZ,
inasmuch as we are interested only in the slow change of
the amplitude of the basic solution with z.

By making use of the definition of V, we finally obtain
an equation for the amplitude of the oscillations:

E.* \ dE,?
( e+ )

16nn,T/ de,
The well-known result E5, ~ l/eil/2 then follows for the

linear oscillator with Ep, /16mn,T < ey, Ej = 72Ep,.

In the general case, computing Ey, we obtain the fol-
lowing equation from (3.4):
dE,’

=E/—E,"

(3.4)

E(x)

der K(x)
(k = E0(327nTey, + 2Eq)'"%, K(k), E(k) are complete
elliptic integrals of the first and second kinds), which
describes the finite growth of the oscillation amplitude
Ep, as €, — 0.

=—32:m.,T[1— (3.5)

1/2

The solution has interesting features if ey <0. A
graph of the function U(Ey) for this case is shown in
Fig. 3b. For E, = E* = i(lGnnoTleLl)l/z, we have € — 0
and in Eq. (3.2) for € account of the last term is neces-
sary. Equation (3.2) then becomes cubic in €; the graph-
ical solution of this equation is shown in Fig. 1. In the
case considered, however,

2 E" 2

( ct . ) ) B
go=| —sin ,
et 16nn,T

and the role of the parameter z/6 is played by the quan-

tity
lec E;?
) €0 (1 TE: ) :
The field Ey remains an oscillating function of z, but on

the graph of this function we can distinguish three reg-
ions (see Fig. 4):

A=
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Vi, TIE}

- VB, Tiel

a) A -1, i.e,, lEyl > E,. Then the last term in the
formula for € (3.2) is negligibly small and for E, we
have the equation of a nonlinear oscillator (3.3);

b) |A] $ 1, € ~ €o. In this region we have the follow-
ing approximate relation for Ey:

E,=E.+E.5z—E.0%,(6z)*/ 2¢*+... (3.6)

The condition of applicability of the given solution is

'

c sme] | E|

|6z|€[ ¢ [sin’O(Ez
E.

4
~— <
E.: )] olel””
To obtain this estimate we used a formula for E; that
follows from (3.3):
lel E.}
(5 (=)

|71

and also the fact that the parameter
le | E,n
sin@ E.

le.l oVleld L le.l

>1

for the incident-wave field amplitudes considered in this
section, Ho > sin 6 (16mn,T)*.

With the help of the estimate for 6z, it is not difficult
to show that the last two terms in Eq. (3.6) are small
and consequently the field E_ in this solution remains
approximately constant: E_ = E*. The solution (3.6)
describes the passage through zero of the parameter A
and is thus transitional, linking the regions of negative
and positive values of A;

c) A >1; i.e,, lEyl < E,. For such A we have the
following asymptotic formula for e from (3.2):
|E,|

o (3.7)

c .
e=—sin0
®

In this region, the dielectric constant of the plasma is

small (¢ S €o), but the minimum value of € (at E, = 0)
X 3 . 2 y
still remains much larger than sin“9:
c '(:Ll E.? -
Emin = msmel_l smG( ) ) (Ffi) >sin® 6.
The equation for Ey in the case considered reduces
to the form
B, = — L oB,—sin®0(Ey'/e)'=0 (3.8)
C
and, consequently,
E,~E.+E. (z—2z.). (3.9)

Due to the smallness of € a large longitudinal component
of the electric field

E.=—(E~E,")"sign E, (3.10)

arises in the wave., A graph of the function E,(z) is also
given in Fig. 4.

The change in the amplitude of the oscillations of E
in motion of the wave into the plasma, E (e, is deter-
mined from Eq. (3.4). Introducing the function
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el

FIG. 5
y(er) :Ein / 167n,T e, | into this equation, we write it in
the form
:*{ o — Y—E2/16nn,Tle. —y=0(y). (3.11)
€L y—1

The solution of this equation is shown in Fig. 5. With
increase in |eg | the function y tends to the asymptotic
value y_, which is determined from the equation &(y )

=0, y_~ L.6. For sufflclently large |eg |, the amphtude
of Ey 1ncreases ~|€L|1 /2 ~ (161rnoTI€L|7 )1/2 like

the amplitude og the longltudmal electric field E,p,
~ (167n,T| e, [)"%

Penetrating into the plasma, the wave displaces the
particles, and in the steady solution established behind
the wavefront the dielectric constant of the plasma is
positive and osc111ates/ within the limits € ax ~ 0. 6|€L|,
€min ~ 0.4 sin 6 leg,I'”. In contrast with the solution
obtained in Sec. 2, when a barrier developed behind the
reflection point €y, = sin® 6 and a penetration took place
only for § S (c/wL)'” in the case considered here this
barrier is lacking and the wave penetrates into the
plasma over a wider range of angles satisfying the con-
dition

sin 0<H,/ (16mn,T)".

4. NONLINEAR PENETRATION INTO A PLASMA
CONFINED BY THE WAVE PRESSURE

The subsequent treatment pertains exclusively to the
case of high-amplitude fields in the electromagnetic
wave, H3/16mngT ~ 1, when its pressure is sufficient to
confine the plasma. In this section, we limit ourselves
to the hydrodynamic approximation. For-the field ampli-
tudes considered and a self-consistent distribution of
the plasma particles, we have the following equation in
the wave instead of (2.5):

E+E? 0y ]

ne=n, ex
! p[ 16nn,I o*

4.1)

The solution describing the confinement of the plasma
by the wave pressure was obtained previously as 6 — 0,
E, — 0 for this case.[®) We now present this solution.

Determining the dielectric constant € of the plasma
with the help of (4.1) and substituting it in (3.1), we ob-
tain the following equation for the transverse component
of the electric field:

2 2 B s
B+ 1= ep (- )] &~o.
c "

\ 16nn, T o

(4.2)

The first integral of this equation is

E} Op’ Eyz
16nn,I o° )_ 167n,T ] - (43)
For wyq > w, Eq. (4.3) has a solution in which the

plasma occupies the region z = 0 and is confined by the
wave pressure. At the point z = 0, the field E_, is at

maximum: Eyp = (167n,T)'" and the particle density is

(E,")*=16mn,T ﬁz [lfoxp (7
(4
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exponentially small: n~ noexp (—w?/w®); this density
corresponds to particles on the tail of the Maxwell dis-
tribution that pass through the barrier created by the
wave. Inthe region of large z, the field does not pene-
trate: Ey ~ exp (—wpoz/c) and the density of the plasma
in this region is close to maximum: n = ne.

In the present solution, the dielectric constant € pas-
ses through zero as

2
© ., Op

In* —-
Wpo o*

E,~E.=(16an,T)"

E,~E./=(16an,T)" -
[4

and if 0 # 0, a singularity of the longitudinal electric
field E, arises in the vicinity of this point, in accord
with (3.1). The singularity is removed if we take into ac-
count the contribution of E, to the wave pressure. Then
we have the following formula for € in the vicinity of the
point ey = 0:

2 2 Ze
ey + w,z sut ’
o® g
4,4
R w’mzex { E} \mmz} ( )
) ? P 16,7 o* J.’

€y is the dielectric constant of the plasma for normal
incidence of the wave; in obtaining Eq. (4.4), we have
assumed that @po sin 8/w < 1. In this case, the solution
which describes the nonlinear penetration of the wave
into the plasma for oblique incidence is analogous, to a
significant degree, to that obtained in the previous sec-
tion.

- : 2/3 . .
For ey > € = (wpg sin8/w)*’% the field Ey is ob-

tained from Eq. (4.3). For |ey| ~ €0, we have the follow-

ing approximate relation for Ey:

E,~E.+E.8z+..,
s

¢ [W@psin® ,
(— ) In—"
2W0po

It is easy to see that the variation of Ey is negligibly
small in this solution:

AE,

E.
The solution (4.5) is an intermediate one, describing

the passage of the parameter ey through zero. For

—€N > €o, the dielectric constant € remains sufficiently

small and is determined by the formula

oy, (4.6)

and substituting this in Eq. (3.8), we again obtain E” = 0.
The solution of this equation (3.9) is applicable for -E,
< Ey < E, in the interval

2c ., @p?
In" ——

o?

J 4.5
[8zl=lz-z.1< & (4.5)

(0] ®”

@poSin O ) ”'<1.
®

CWOpo
(1)2

2
W@po
2
_.Ev

2

e=sin 0

E,/ (16m¢.,T In

P
[0

i—z. <

®Wpo
In this interval, the wave has a large longitudinal elec-
tric-field component determined by Eq. (3.10). Thus, the
graphs which describe the changes of Ey and E, in the

wave are identical with those shown in Fig. 4; in the
considered case, however, we should make the substitu-
tion

(16T le.]) "> (167n,T) " —— I 222

Wpo (0]

Passage of the wave through the region with large longi-
tudinal field E, is accompanied by excitation of plasma
oscillations. The transformation coefficient R can be
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calculated in much the same way as in Sec. 2, and turns
out to be very large:
vr [ mg\"
R~ ——-—( 7) sin 6.

c

(4.7)

5. ABSORPTION OF ELECTROMAGNETIC ENERGY
FOR NORMAL INCIDENCE OF THE WAVE

In this case the absorption is due to two mechanisms:
excitation of plasma oscillations in the vicinity of the
point wp(z) = 2w, and collisionless damping of the wave
due to transfer of its energy to the particles of the
plasma. We shall consider these mechanisms of dissi-
pation for a standing electromagnetic wave of large
amplitude, E5 ~ 167n,T, which confines the plasma. We
shall assume that within the period of the high-frequency
field, the particles of the plasma are displaced by a dis-
tance that is significantly less than the depth of the skin
layer: vp/e < w/wpo (the normal skin effect). Under

these conditions, the energy dissipation of the wave is
small and it can be assumed in first approximation that
the distribution of the field amplitude E, is determined
by the integral (4.3). The first of the dissipation mech-
anisms indicated above is connected with the fact that the
force in the electromagnetic field acting on the electrons
of the plasma in the direction of the density gradient

evy Hy /c, along with the time-independent component,
which guarantees the confinement of the plasma, has a
component ~cos 2wt which leads to resonance excitation
of plasma oscillations at w_(z) = 2w. Attention was first
called to the existence of such a dissipation mechanism
by Caruso.'™ we shall give his systematic consideration
below.

Collisionless damping of the wave in interaction with
particles of the plasma is due to two causes: the trans-
fer of energy of the field to a small group of resonant
particles with velocities v, ~ cw/wpo and adiabatic in-

teraction of thermal particles of the plasma with the
profile of the field f(z) cos wt. In the latter case the
irreversibility in the transfer of energy from the field to
the particles is connected with the presence of a group
of particles with sufficiently large velocities to pass
through the barrier created by the wave. The number of
emerging particles and the corresponding absorption co-
efficient ~exp (—w? o/w?), but given the condition
vaf)o/cw2 < 1, such a mechanism of transfer of energy

to the particles is fundamental and we limit ourselves to
its study.

We perform our analysis in the kinetic approximation,
The solution of the kinetic equation will be sought by the
method of characteristics. Inasmuch as the electromag-
netic wave is, strictly speaking, not a standing wave in
the presence of dissipation, then the electric and mag-
netic fields in this wave can be written in the form

E,(t, z) =E.(z) cos wt+E,(z) sinot, E.<E,,
¢ /dE, dE, (5.1)
H.(t,z)= —(———sm ©t — ——cos mt) .
o\ dz dz

The equation of motion of the electrons in the direction
of the electric field of the wave
d

LAY
dt c
can be simply integrated:
Uy=Uyo — —e-(El (2)sin wt—E,(z)cos wt),
mo

(5.2)
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and for motion of electrons in the direction of the grad-
ient, we then have the equation

SR
dt
d dE, dE,
:g%+ e:”° —J—smmtfjd—-z——cosu)t] (5.3)

2

e dE;?
2m.w* [du

cos® wt —

dE\E,
di sin 2mt] —eE,(z)cos 20t,
z

where we have taken into account the polarization field
—dgo/dz and the field of the plasma oscillations, which
varies with frequency 2w.

The integral for the energy of longitudinal motion
follows from (5.3):

mcv,

e(p\,(z)+ (E12+E22)+
. [ dE dE, N dE* dE?
el %sin @t + — cos ot +Mev [( z )siant
0 |l dz dz 8m.m dz dz 5 1)
dE.E, dE, ‘
+2——co sth]+——[E 51n2mt+——cos9mt7
ds 20 dz
: E, 9 t] MUy
n
4 R ——sin 20 5

to obtain which we have made use of the fact that for any
function ¥ (z) which changes over distances Az > vz/w,
we have, approximately,

fdtw(z)cos ot = lpiz_)_ sin ot +U-‘wd\p—-cos ott....
® o? dz

In (5.4), the term ~d’E,/dz® remains; this is neces-
sary in order that account be taken in the equation for
E, of the transport of the plasma oscillations (see (5.11)
below). Assuming that the distribution function for par-
ticles which move from the region of large z is identical
with the Maxwellian fy;, we have, for arbitrary z,

mev,?

me
f(tv Z, Uy, L'x) =fu (vv02+vzoz) =R, onT. exp { - —ZIT

e E
2T (E, sin wt—E, cos ot) ] +— (Pj 4’;&ch}
ev, u,, dE, e'v, 1 dE? (5'5)
[ — —cos ot — P T P ——sin 2wt
ev, ( . dE, v, d*E, 9
2&)T 20 dz 4o* dzt P mr)]

where we have neglected the small quantities ~EZ,
v,Ez2/waz.

For the distribution function (5.5), the longitudinal
velocity of the particles v, changes within the limits

—o0 < Vz < Vzmax’

2 2 E,z 0 _Etz 'h
b= [ gu(0)) + S EOZED 1
m, 2m. o
V, max 1S the velocity at the point z of a particle which
is reflected from the barrier of the electromagnetic
field at the point z = 0. For v, >v the distribu-

tion function vanishes.

zmax’

Determining the density of particles with the help of
(56.5), we get

c@o e’E? 1+0 (w)
M=t OXP {Te_ - 4m,w*T, } 2 !
b SEO-EY | elpran®) (5.6)
4m.oT, T. ’

&(w) is the probability integral. The potential @o(z) is

found from the condition of quasineutrality and from the

condition of equilibrium of the forces acting on the ions:
T, )=T.»( eE? n 1+@ (w) )

T, 4m.o*T, 2

Qo (1 +
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The last term in this formula differs from zero only for
Ei ~ E}(0), when €’E}/4mow T, ~ wgo/wz > 1. We
therefore have, finally,
_eEl(2) Ts
e9o(2)= 4m,* T

The field amplitudes E_ — Ei1(z) and E:(z) are deter-
mined from the equations

I=T+T

(5.7)

2n/@

d’E : 4
y 2’ +_(12)_ = — w'e v, vyf (¢, 2, Vyy V),
Z C
5.8
5
2 [0]
7 + C_z = dv, va(t, Z, Uy, vz)~

Substituting f from (5.5), and completing the integration
of t, Vy, Vg, W€ write these equations in the form

2 2 2 2 2
dEg+(i_(0pO ox (_ eE: ) 1+® (w) )E1=0,
dz* c* ct 4m.w'T 2
dzE2 (_Tz_ ©po’ exp{_ e’E,? } 1+0(w) ) (5.9)
dz? c* c* 4m.o'T 2
_ op ( T, )'/sz',ex (_ e’E2(0) )( 1+ e’E*(z) )
e \2amet ) Tdz P 4m.o?T 8m.w*T.

The first of these equations is practically the same as
(4.2) (a difference occurs only in the last term for Ej(z)
~ Ef(O), when this term is exponentially small), and the
second equation determines the amplitude E., the gener-
ation of which is connected with dissipation of electro-
magnetic energy in the plasma.

The corresponding absorption coefficient Ry can be
defined as the ratio of the electromagnetic energy flux
flowing into the plasma across the boundary z =0:

S=—

) dE,
-~ — (b (0)__(0\ E;(O)—(O))

(the bar denotes averaging over the period of the high-
frequency field) to the energy flux So in the incident wave.
From (5.9), we have

Dpo” \ .,

o) 200 (14

(J.)poz T, 2
- 16:10)1(%) oxp (— ) (5.10)
Separating the wave incident on the plasma into compon-
ents of the electromagnetic field at z < 0, we obtain $o
= cE3(0)/32m, and the coefficient of absorption of the elec-
tromagnetic energy by the plasma particles, Ry, is de-
termined by Eq. (1.7).

We now consider the absorption of electromagnetic
energy due to excitation of plasma oscillations, The field
of these oscillations is E, cos2wt, where E,(z) is deter-
mined from the equation

/20

e’E(0)
16m.0*T,

E.,=—4e j dt sin 20t jdv,dv, v,f(t, 2,0y, 0.),
—n/2e
which can be rewritten in the following form with the
help of Eq. (5.5):
3 g’ T d’E,

16 o m, dz* (5°11)

(1 _ ®po® )E _ _em,,z(z) dE* '
4o’ 16m.0* dz

In the vicinity of the point 2w = wp(z), substituting and
converting to dimensionless variablés:

Ev=(16:moT)"‘l( ]n"’i"z— ‘_—m,o(z-za) )

Wpo 4ot ¢

(the smallness of E, in comparison with Ey makes pos-
sible neglect of the E, contribution to the wave pres-
sure), we get the following equation from (5.11):

E,=é’(16nn0T) ‘I'Lln'/“gi( Vr®po ) kA
@po 40® \ 3co

2, \ ' 2\ i/
z—zo=i( Sur'e ) (mL‘"’ )
2 \ oy 4ot
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& 1.
ac

With the help of the solution of this equation

$=—:[ sin(tg —t—;) dt

it is not difficult to find the asymptotic form of the longi-
tudinal field E, for ¢ > 1:
s
& (%) cos 20t= —%—g,—{ exp[i (%tvg_%—th)] +c.c.
+ (2., = (5.12)
exp[t (?; '——Z+2mt)]+c.c.}.

In this formula, the first two terms correspond to a
plasma wave propagating in the direction of the inhomo-
geneity, and the next two to the reflected plasma wave.
The energy flux in the plasma wave, E,

= E(z)cos (a(z) — wt) is equal to

3 T. _, | da
LR o E (Z)E' (5.13)
Then, with the help of (5.12), we get
4 o v ) o
Slz?noT wMTlnl 4:)2 ) (5.14)

which corresponds to the coefficient of transformation to
plasma oscillations Rg,, determined by Eq. (1.6).

The authors thank A, A. Galeev, S. S. Moiseev, and
V. I. Shevchenko for useful discussions of the research.

UThe force of the high-frequency pressure has been taken into considera-
tions previously [57], but in these papers the case considered was that
of normal incidence of the wave, when linear transformation into
plasma oscillations is lacking.
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D Actually, along with the transformations considered in this paper, be-
ginning with sufficiently small threshold amplitudes of the field

(see [2]), dissipation of a part of the electromagnetic energy takes

place due to decay processes. The approach used by us, in which the

various dissipation mechanisms are considered independently, is approxi-

mate to a significant degree.

9The jump in the density arises when the roots of Eq. (2.6) approach so
closely that account of the imaginary part of € becomes important. In
this case, discontinuous solutions occur for € and E, with hysteretic
dependence on the amplitude of the incident wave. [°*!°]
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