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The mechanism of the onset of turbulence in active and nonequilibrium media (for which the absence of an inertial interval is
characteristic and, consequently, the turbulence cannot be of the Kolmogorov type) is discussed and, in the case of a one-dimensional
medium, investigated experimentally. It is shown that the onset and development of turbulence in such media can be induced by a
cascade-like increase in the number of parametrically coupled waves with incommensurable frequencies, which build up as a result of an
explosive instability. The boundary for the onset of turbulence is determined.

1. It is well known that the onset of turbulence—the
disordered motion of a nonlinear nonequilibrium
medium—is connected with instability of the laminar
flow, as a result of which rapidly oscillating perturba-
tions arise, with a continuously broadening spectrum of
frequencies and arbitrary phases!'™*], The intensity of
this disordered motion is limited by the linear or non-
linear dissipation. In many cases (e.g., for gravita-
tional and capillary waves, acoustic turbulence, etc.!®l),
the regions in w-space corresponding to dissipation
and instability do not overlap and are separated by a
large region of ‘‘transparency’’ (the inertial inter-
vall®*1), Such turbulence, known as Kolmogorov turbu-
lence, is characterized in the steady-state regime by
a stationary energy flux through the inertial interval;
its spectrum is determined by the nonlinear and dis-
persive characteristics of the medium in the transpar-
ency region, and, in the framework of the weak-turbu-
lence approximation, is found from the solution of the
corresponding kinetic equation for the waves, which
describes a conservative system(%®],

There exists, however, a broad class of nonequili-
brium (including active) nonlinear media for which the
absence of an inertial interval is characteristic, and,
consequently, the turbulence cannot be of the Kolmo-
gorov type. Belonging to this class are media with
nonlinear dissipation (semiconductors with hot elec-
trons, piezo-semiconductors, a plasma with collisions,
p-n tunnel junctions, etc.), and also media in which the
development of the instability is associated with the
interaction of waves with opposite signs of the energy [71,
The mechanism of the establishment of turbulence in
such media depends on their concrete dispersive, dis-
sipative and nonlinear characteristics. For example,
in active media with cubic nonlinearity (the imaginary
part of the dielectric constant is proportional to the
square of the field), under certain conditions generation
of a large number of waves (modes) with incommensur-
able frequencies is possible. Even such a process is
disordered—its correlation function, according to a
theorem of Kac!®®] is, for all x and t except for iso-
lated points, small and proportional to nY 2, where n
is the number of incommensurable frequencies repre-
sented in the spectrum®, Such a situation, however, is
not typical for the majority of active and nonequilibrium
media. This is connected with the fact that, in contrast
to reactive cubic (and, in general, odd) nonlinearity,
which, as is well known, leads to overlap of the reso-
nances and to the establishment of stochasticity in the
dynamical system!'!], dissipative nonlinearity that is
odd in the field hinders the establishment of dis-
ordered motion. When the dispersion is strong, such
nonlinearity usually leads to competition between the
individual modes and to the establishment of a dynami-
cal regime with a narrow spectrum, and, when the dis-
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persion is weak, leads to synchronization of the fre-
quencies of some modes with the harmonics of others
and to the establishment of an ordered regime with a
broad spectrum (of, in particular, nonlinear stationary
waves!'?1),

Below we discuss and investigate experimentally the
mechanism of the onset of turbulence in nonequilibrium
media whose nonlinearity is determined by the vis-
cosity (conductivity) and contains components that are
both odd and even in the field. It is shown that the onset
of turbulence is facilitated by quadratic nonlinearity
and hindered by cubic nonlinearity. The possible
spectra of non-Kolmogorov turbulence are discussed.

2. As a simple example, we shall consider a wave
medium with weak dispersion and noninertial non-
linearity, the medium being described by a nonlinear
current j(u) = o(u, uo)u. In order that the dissipative
medium can be nonequilibrium, the dependence j(u)
should have a decreasing part (like, e.g., the volt-
ampere characteristic of a tunnel junction or of a Gunn
semiconductor). The concrete form of the conductivity
o(u, uo) of such a nonequilibrium medium will be de-
termined by the magnitude of the constant bias field u,.
When u, is greater than a certain critical value, the
dependence o(u) can be represented in the form

0 (1, uo) =—7Yr—Yautysu’+yau’+ysu, 1)

where 7, and 7Y, are responsible for the buildup of the
oscillations and 73, ¥4 and 75 are responsible for the
nonlinear damping; the values of 7j depend on uo: in
particular, for uo = uo we have Y3,45=0, ¥1,3#0, and
for uo = ug < uo, on the other hand, ¥, =0 and 72 = 0.

Suppose that in such a medium the self-excitation
conditions for a small number of quasi-harmonic per-
turbations with incommensurable frequencies wj are
fulfilled. As a result of the action of the quadratic non-
linearity (we assume that ¥4,5 = 0), perturbations arise
in the medium at frequencies™ w; = wj + wj, the num-
ber of which can be extremely large for weak disper-
sion and is determined by the ratio between the quad-
ratic and cubic nonlinearities. The equations for the
complex amplitude of these perturbations can be written
in the form (we assume the increments to be small)

da;/ 9t=t [Iv‘(m,)a;i-vz (2a.a,+ Z a,a,') —¥sa; (Ila,|2+2 E Ia,\g)],
ii<j i

i>j1<j

i=1,2,...,n; @)

here aj and t are dimensionless, 72 = Y2/u’ 7s

= 73/(u°)? u° is the mean amplitude of the pulsations
((u )~ 71("o)/73(U)), and ¢ > 0 has the meaning of
the wave impedance of the medium; 7, = ¥, - ¥(w),
where 7(w) characterizes the linear losses in the
medium.
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The most fundamental feature of the system (2) is
the equal signs of the real coefficients 7. of the terms
ajay and aia*. If Y3 =0, then, according to these equa-
tions, perturbations which existed at the initial moment
of time and satisfy the parametric-coupling condition
increase explosively!*®], and, in addition, new modes
with incommensurable frequencies are generated, the
number of which increases according to the law
i ~ n®, Thus, in the absence of nonlinear absorption,
the interaction of perturbations with incommensurable
frequencies in the dispersionless nonequilibrium
medium under consideration would lead to the vanish-
ing of the correlation function R(t)~ (n(t))”?ina
finite time to ~ 1/no(n, is the number of initially ex-
cited modes with incommensurable frequencies), i.e
in this time the motion would become completely ran-
domized. The dissipative cubic nonlinearity hinders
this process by limiting the number of perturbations of
different scales and incommensurable frequencies.
However, if the cubic nonlinearity begins to take effect
substantially later than the quadratic nonlinearity, the
motion of the medium has time to become turbulent, and
the cubic nonlinearity limits only the intensity of the
disordered pulsations. The spectrum of the pulsations
in this case can be both discrete (quasi-periodic turbu-
lence) and continuous (developed turbulence).

We shall trace the evolution of the stationary spec-
trum of pulsations when the ratio between the quad-
ratic (¥2) and cubic (7s) nonlinearities of the medium
is changed. According to (2), for 72 =0 (uo = ug), for
arbitrary initial conditions a single-frequency regime
is established in the medium as a result of competition
of the modes (cf., e.g.,l'*)); with increase of 72 (u,
< Uup) stable many-frequency regimes appear, for which
the amplitude of one of the spectral components is sub-
stantially greater than the other amplitudes. As one can
convince oneself, further increase of ¥ leads to the ap-
pearance of stable regimes with a large number of in-
tensely excited modes. For 72 = 73 cr all the quasi-
single-frequency regimes become unstable (for a two-
frequency degenerate interaction, 79 .er =
= (v175)Y¥V2). Evidently, it is prec1se1y this value of
7> that must be regarded as the boundary for the onset
of turbulence, In order of magnitude, 72 .cr

~ (27.75)/%/n"?, where n is the number of intensely
excited modes.

The shape of the stationary-turbulence spectrum can
be determined from the kinetic equation for the waves,
which follows from (2) after averaging over the phases:

ONWat=t [?. (k) Nyt Z, o' (k) (NN + N Nt NNy ) Swane - —
KR

= Y nme-sn]. 3)

For example, in the case when both the linear and the
nonlinear losses do not depend on the frequency, all the
Y = const and pulsations are established in the medium,
with a uniform distribution of intensity over the spec-
trum in the entire region of the interaction®

=l/("__ @)

From (3) and (4) it follows, in particular, that in the
weak-turbulence approximation the nonresonant absorp-
tion associated with the cubic nonlinearity does not al-
ways stabilize the exposive instability (in contrast to
the case of dynamical phases), and it is necessary to
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take into account either the more rapid absorption
(e.g., ¥s in (1)) or the resonant four-wave interactions
in the dissipative cubic nonlinearity:

ﬁ)k'+‘l’h"+(ﬂh"'=(l)k,
which lead to the appearance in (3) of the term

—5s 2 NNy Ny

KRR

+Nw NNy NNy Ny N N N S,
Then, in the stationary case, the excitation intensity

will be

3¥.—2%s 39 —2¥a\* L ¥ 1"
N=N= 8ys‘n * [( 8V ) f4\7;“)12] : ®)

If linear high-frequency viscosity is present in a medium

with a nonlinear current (1), ')’2 3 will remain constant
and 7, will depend on k: ¥7,(k) = ¥1-pk? and as a re-
sult Nx will be a decreasing function of k. It is import-
ant, however, that the effect of 71 becomes insignificant
on decrease of the magnitude of the cubic nonlinearity
(73) (see (5)), and the equilibrium spectrum will ap-
proach N = const.

3. The mechanism we have discussed for the onset
of turbulence has been observed and studied experi-
mentally for radio-frequency electromagnetic waves in
a one-dimensional active medium—a wave guide with a
nonlinear loss of the form (1). Tunnel diodes were used
as the elements of the nonlinear loss, and the relation-
ship between the coefficients 723,45 was varied by
changing the position of the operating point on the char-
acteristic of the diodes.

Two different experiments were performed. In the
first the onset of turbulence was associated with the
interaction of low-frequency and high-frequency waves,
and in the second, with the interaction of waves of the
same type, the frequencies of which occupied the inter-
val from 0to wmax. In a finite line with weak disper-
sion, the conditions were fulfilled for self-excitation of
low- frequency (20, qo) and a few high-frequency
(wi, ki) waves, satisfying the dispersion equation®’

w==*(cktws), 0>,
Qo=zkcqe, Q<. (6)
The synchronism condition
OEQ=Wizy, Kikgo=kis (7)

is clearly fulfilled here for any i =2, 3,...
pS2o # swi, where p and s are integers.

, m; with

For small quadratic nonlinearity®, ¥, «< 75, 75 (the
operating point is at the center of the decreasing part
of the diodes’ characteristic, uo = 0.3 V), a purely dy-
namical regime, the spectrum of which is represented
in Fig. 1, is established in the system. The compara-
tively small number of components in the spectrum is
explained by the strong competition of waves of different
frequencies in an active medium with cubic nonlinearity
(cf., e.g.,l*?!). With increase of the quadratic non-
linearity, the spectrum of the absorbed oscillations was

FIG. 1. Spectrum of the HF oscillations of
the dynamical process established in the absence
of quadratic nonlinearity (uy ~ 0.3 V).
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FIG. 2. Spectrum (a) and oscillogram (b) of the regime of quasi-
periodic turbulence (ug ~ 0.2 V).
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FIG. 3 FIG. 4
FIG. 3. Spectrum of developed turbulence (uy < 0.2 V).
FIG. 4. Spectra of the developed (a) and quasi-periodic (b) turbu-

lences established for the same bias (ug~ 0.15 V) but different initial
conditions.

continuously broadened, the connection between the
phases of the oscillations at different points of the line
and at different moments of time was lost, and for 7.

~ ¥s, ¥s (uo~ 0.2 V) a regime of disordered pulsations
with a discrete spectrum (quasi-periodic turbulence)
was established in the system. The spectrum of this
regime and its oscillogram are presented in Fig. 2. On
the oscillogram, obtained by means of a high-speed
oscillograph with a memory, the phases of the quasi-
periodic oscillations are clearly visible. A further
increase in the role of the quadratic nonlinearity (uo

< 0.15 V) led to the establishment of developed turbu-
lence, the spectrum of which is presented in Fig. 3. We
call attention to the fact that the character of the turbu-
lent regime depended essentially on the initial condi-
tions, i.e., on the intensity of the initial excitation of the
different components of the spectrum. For the same
system parameters, both developed turbulence and
turbulence with a discrete spectrum were established,
depending on the previous history. Both these regimes
were observed, in particular, for u, = 0.15 V (see Fig.
4)—the first when the bias was increased from 0.13 V
and the second when it was decreased from 0.17 V.

Thus, there exists a region of the parameters Y2 and
Y3 (the values of 7, 74 and 7s in this region of biases
practically do not change) with soft excitation of quasi-
periodic turbulence and hard excitation of developed
turbulence. This result is explained by the fact that the
boundary of the onset of turbulence (the value 73 ¢p)
depends strongly on the number of intensely excited
modes at the initial moment of time: if this number is
sufficiently large the boundary of existence of the turbu-
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lence is lowered, and in the opposite case an increase of
72,cr occurs (see Sec. 2). We note that a similar situa-
tion also occurs in hydrodynamics, where, for the same
Reynolds numbers, both laminar and turbulent flow can
be established, depending on the magnitude of the initial
perturbations, and the boundary for the onset of turbu-
lence is also raised for small initial perturbations.

The spectrum of the HF turbulence can be found from
the kinetic equation for the waves. We shall write this
out for the case when 72 Y1,3,5, and 73, ¥4 < ¥s It
has the form

N0 §uNcH 52 (Vi Nysa) @M+ 0N) 1) [2v+ ¥ e-bm) N.']
A [3N:+ ¥ (3260 ) N6, (Nqu y (1—%-)1\/;,,)
R R

+s(1vq+2| N.') y NA..]}, Grg=01y>0, 8)
fgery Rk

where Ng is the intensity of the low-frequency wave,
determined by the equation

N, —aq{\’ N +y7 Z (NaeatNso) (0NiF0uN,) — 5N, (N +22N,.)

5, [ N4 +32N.+6N ZM%ZMZM]} ©)

As noted in Sec. 2, the shape of the equilibrium spec-
trum is determined by the spectral properties of the
coefficients )7]', which are connected with the frequency
dependence of the absorption.

To conclude this section, we add that the simultane-
ous growth of a large number of waves with compara-
tively close frequencies and unsynchronized phases in
a nonequilibrium medium, leading to the establishment
of turbulence with a discrete spectrum, is also possible
when an external signal interacts with the characteris-
tic high-frequency waves. Such an effect has been ob-
served by Janus and Meyer in a CdS acoustic-electric
generator!*®),

4. Onset of turbulence as a result of explosive inter-
action of waves with frequencies of the same order was
observed in a system of distributively coupled seg-
ments of identical active lines, with slightly different
lengths. The spectrum of the linearly excited waves in
such a system is the sum of two equidistant spectra
with several different spacings between the modes.
Clearly, in such a spectrum there are always incom-
mensurable frequencies, which, in view of the absence
of dispersion in the system, increase continuously in
number in the presence of resonance nonlinear interac-
tion.

For vz <« ?3,5 a single-frequency regime was ob-
served in the system; with increase of the quadratic
nonlinearity the spectrum of the oscillations was broad-
ened (see Fig. 5b) and for 7> < 75 already occupied the
whole transmission band of the system (Fig. 5¢). Fur-
ther increase of 7. led to the establishment of a regime
of developed turbulence with a constant distribution of
spectral intensity over the whole band (Fig. 5d). From
the spectra given it can be seen that, on decrease of the
cubic nonlinearity 7, the fall in the intensity as a func-
tion of frequency, associated with the presence of linear
high-frequency losses in the system, disappears. This
is in agreement with the result obtained in Sec. 2. The
oscillogram of the turbulent pulsations that were ob-
served for uo =0.15 V is shown in Fig. 6. The charac-
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FIG. 5. Spectra of the developed turbulence in a system of coupled
active wave guides (a-uy = 0.3V, b-0.2 V,¢c-0.15V,d-0.1 V).
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FIG. 6. Oscillogram of the turbulent regime in a system of coupled
wave guides (uo~ 0.15 V).

teristic period of the pulsations corresponds to that
frequency in the spectrum at which the intensity is a
maximum (see Fig. 5¢).

The authors are grateful to A. V. Gaponov and V. P.
Reutov for useful discussions.

DSimultaneous generation of a large number of waves with independent
phases occurs in weak coupling between modes, which is possible,
e.g., in an optically active medium with an inhomogeneously broadened
emission line [1°].

For the moment we neglect four-particle (sic—*‘four-frequency”” is
probably intended (transl. note)) interactions of the type wj + wj +
wj = w,;, which are associated with nonlinear absorption.

IFor the interaction of waves belonging to the same branch of the
dispersion equation, the interaction region coincides with the region
of no dispersion.

“Here a simplified dispersion equation is given, in which the dispersion
in the region w ~ wy and the fact that the transparency band for
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high-frequency waves is finite have not been taken into account.
We add that, in the real system, in view of the fact that it was finite,
the excitation had a resonance character; however, the Q of the
system was made extremely low and the boundedness of the turbu-
lence spectrum was associated only with the finiteness of the trans-
mission band of the system.

9n the region of biases uy < 0.2 V the quantity ¥, is negligible.
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