Equation of state of matter near the liquid-vapor critical point
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The asymmetry of the coexistence curve near the critical point arising as a result of the fact that
the particle-number and energy densities do not possess definite scale dimensionalities is investigated.
Also investigated is the influence on the asymmetry of the term 7n3(x), which is present in the
free-energy expansion. The P=P_ and T =T, curves are derived.

Pokrovskil (see ') has pointed out that the lattice-
gas model contains no important features characteristic
of real liquid-vapor systems. This is connected with the
fact that in the lattice-gas model the fluctuations in the
particle-number density n and the fluctuations in the
energy density € are statistically independent, whereas
this is not so in a real system,i.e.,

f@2n(x)£(0)) == (3W/0T) v u (ON/6) 1y =A(ON/Op) v, (1)

where T is the temperature, p the chemical potential,
V the volume, N the number of particles in the volume
V, n(x) the particle-number density, and €(x) the en-
ergy density. The quantities n(x) and €(x) are meas-
ured from their critical values.

Equation (1) is at variance with conformal invariance
(see ") if it is assumed that the quantities n(x) and €(x)
possess definite scale dimensionalities Ap and Ag,
since conformal invariance requires the orthogonality of
quantities with different scale dimensionalities [2], ie.,
(n(x)€(0))=0. The conclusion offered by Pokrovskil is
that definite scale dimensionalities can be ascribed not
to the quantities n(x) and €(x) themselves, but to their
linear combinations:

0,=(1—ab)-'(n—be), 0,=(1—ab)~*(e—an) (2)

or

n=0,+b0,, e=a0,+0,, (3)

where a and b are constants.

For the dimensionalities of the quantities O; and O.,
we shall use the notation adopted in the literature for n
and €:

A>A=B/v, A.~>Ay=d—1/v,

where d=3 is the dimensionality of the space, v is the
correlation-length exponent (Re(7)~77Y), and B is the
particle-number density exponent ((n)~(~7)P). The
thermodynamic variables ¢ and h conjugate to O, and
O: can be expressed in terms of 7=(T—T¢)/Tc and
f=(n-pc) ket

t=t+bp, h=fptar. (4)

The purpose of the present paper is to investigate
the asymmetry arising in the coexistence curve near
the critical point as a result of the fact that the par-
ticle-number and energy densities do not possess defi-
nite scale dimensionalities. We also investigate the
influence on the asymmetry of the term m?%x), which
is present in the power series expansion of the free
energy F(n) in the order parameter n.

According to scaling theory (see, for example, taly,

the average values of quantities possessing a definite
scale dimensionality are determined by their transfor-
mation properties under uniform space dilatation:
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<0x>=§’f(h/§HV)y <02)=§l—ug(h/gp+v), (5)

where a=2-vd is the exponent of CyN, the specific
heat at constant volume and constant particle number,
y=vd—28 is the exponent of the isothermal compressi-
bility along the coexistence curve, and f(k) and g(k)
are universal functions (see, for example, [3’4]). The
equation of state is obtainable from (3) and (5):

(n>=C0>+b<0,> =t (k) +bE'-g (k). (6)
From this equation, it is easy to obtain the P=P¢ and
T =Tc¢ curves. In doing this, we should use the well-

known asymptotic forms for f(k) and g(k) (see £3)) and
the expansion of the chemical potential

f=A(P—P.)/P.+Br.
The critical isobar (P =P¢)

(ny~1*+ less singular terms, (7
8=(B+v)/p=vd/p—1.

The critical isotherm (T =T¢)

(n)~‘ L ; P |1 + less singular terms. (8)

Let us consider the coexistence curve in somewhat
greater detail. The existence of this curve is mani-
fested in the fact that the function f(k) is two-valued on
the line h=0, £<0, i.e., the equation F(z)=0 (F(z) is
the inverse of the function f(k)) has two roots: z,; and
z,. We shall assume that at the critical point the Ham-
iltonian of the system is invariant under the transforma-
tion O; —=—0,. Then z;=—2,. In the variables [ and T,
the equation h=0 yields the relations Z=-a7 and
£=(1—ab)7 (notice that the condition of thermodynamic
stability amounts to the requirement that ab<1). The
function g(k) is connected with the specific heat and is
therefore single-valued. Thus, we obtain for the liquid-
and gas-density dependences along the coexistence
curve the expressions:

ny—n.=z,(1—ab)?| v|*+bg (0) (1—ab)'~*|<|*-°,
ng—n.=—z,(1—ab)*|t|*+bg(0) (1—ab)'-*| t|*-= (9)
or
ny—ng=2z,(1—ab)*||*,

n1+ng-2n.=2bg (0) (1—ab)'~*| t[!~*=C | |-, (10)
The quantily nj+ng— 2n¢ characterizes the asymmetry
of the coexistence curve.

In conclusion, let us investigate the influence ex-
erted on the asymmetry of the coexistence curve by
small corrections that are not invariant under the trans-
formation O, ~——0,;. The most important correction,
from this point of view, is the effective-Hamiltonian term

%inf:gr:oiz(x):. (11)
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where :03(x): is the normal-ordered product in the
Wick sense. The scale dimensionality of the operator
¥Cint, as computed with the aid of the €-expansion up
to first order in €=4-d (see, for example, [5]), is
equal to

As=A (i) =4>d=3.
Therefore, it does not change the dimensionalities 4,

and A,, and the asymmetry of the coexistence curve can
be computed using perturbation theory:

+n,-2n,
ﬂ_z"nl_"_ ~ % j xGay (x) +C 152,

G () =€:0.(x):0, (0)) = | e[y (a2 o). (12)

The integral in (12) diverges at large distances; there-

fore, we can estimate it from dimensional considerations:

5 A*XGyy (X) ~ | g]vartad),
while for the asymmetry of the coexistence curve we
obtain
(ngtn ;) 2n—1~|t|*@+ts=D+4 0| |1,

Estimates of the dimensionalities A; and Az with the
aid of the first-order e€-expansion yield

A+A;—d=0.
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The experimental data (see the Table in tel giving the
densities of coexisting liquid and vapor near the critical
point of heptane) indicate that such an asymmetry ex-
ists, but it is impossible to determine its exponent from
the available data.
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