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The density of electron states in a random Gibbsian field is calculated by means of Feynman path
integrals and functional integrals over the fields ¢. The correlations of the scattering centers are

taken into account by using the analogy between the statistical averaging and the functional
averaging of Green functions over the vacuum in quantum field theory. Virial expansions of the
density of states and of the free energy are obtained, and also the equation of state for a mixture of
classical and quantum particles. The quantum-mechanical virial coefficients are expressed in terms of
the Feynman integrals and the phase shifts for scattering of an electron by many centers. The
density of states of an impurity electron is calculated at the critical point of the system of scattering

centers.

1. INTRODUCTION

The equilibrium and kinetic properties of electrons
in a dense system of neutral scattering centers (im-
purity electrons in dense atomic and molecular gases
and liquids; electrons in a dense plasma with a small
degree of ionization) have been considered many times,
but agreement between the data of theory and experiment
is still far from being achieved (cf., e.g., the sur-
veys [1'3]). In the case of a semiconducting plasma, the
solution of the problem is made easier by the facts that,
firstly, for a sufficiently high density of charged cen-
ters, the electrons can be described semi-classicallym,
and, secondly, the distribution of impurities can al-
most always be assumed to be a Poisson or Gaussian
distribution. To obtain correct results in a dense sys-
tem of neutral centers, the scattering of the electrons
must be treated quantum-mechanically (A~ 10-100 A).
The problem is also made considerably more compli-
cated by the necessity, in a dense gas, plasma or liquid,
of taking into account the Gibbs correlations of the scat-
tering centers, since, e.g., phase transitions in the
system of scatterers can give rise to considerable
changes in the equilibrium and kinetic characteristics
of the electron subsystem.

Below, by means of the method of continuous inte-
gration, the equations of state of a mixture of quantum
particles (non-degenerate electrons) and classical
particles (the scattering centers) will be obtained. The
method of continuous integrals is evidently the most
natural generalization to the case of quantum systems
of the classical methods of thermodynamic averaging,
since it enables us to reduce a quantum ensemble to a
classical ensemble of Wiener-Feynman trajectories.

Integrals over virtual ‘‘paths’’ (and ‘‘fields’’-cf.
Sec. 2) provide great opportunities for the construction
of new perturbation-theory methods, inasmuch as they
are always sums of an infinite number of diagrams.
Here, the analogy between functional averaging of the
Green functions over the vacuum in quantum field theory
and averaging over the ensemble of the scattering cen-
ters of the Green function of the electron in the random
field (written in the form of a Feynman path integral and

a functional integral over the ¢‘field ¢’’) turns out to be -

extremely useful.

We shall consider the solution of the Schrédinger
equation (everywhere below, i=m=k=1)

[ —%A +jdr' v(r—r)n(r) ]\p(r) =Ey(r),
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N

n(r)= Zé(r—R.v), V(r)= Z‘ v(r—R),

=1 i=1

(1.1)

for electrons in a random field of Gibbsian origin, i.e.,
we shall assume that the probabilities of different con-
figurations (R;, Rz, ..., RN) of the scattering centers,
the density n(r), the binary function g;» and the higher
correlation functions are determined in Gibbsian fashion
(U is the potential energy of interaction of the centers,
and T is the volume of the system),

1 1
w(Ry, ..., Ry)= e, ZN=Jd1....d1ue‘””, ="
N

1.2)
1 TZ (
U=~ § w(R-R), go=o jdr, ooty e,

2. THE DENSITY OF STATES

The density of states of an electron interacting with
N scattering centers can be expressed in terms of the
S-operator for N-particle scattering (ﬁ is the kinetic-
energy operator):

- 1 P
v (E)=Sp8(E—Hy)=p.(E)+ o Ia't e"* Sp(e~"*f),

(2.1)

F=8—1, B=K+V, po(E)=Sp8(E—K),

Calculating the trace (2.1) in the plane-wave represen-
tation, using the displacement theorem and, in the ex-
pansion in powers of h

efy (e — itk — R)e R = v(r — tk — R) + it | Ko (v — th — R)] + . ..
(2.2)
retaining only the first term, we can take the thermo-
dynamic limit N —», 7—w, N/7=n<« in (2.2) and ob-
tain a closed expression for p(E).

First, we shall discuss the classical approximation

dkdt —————
—TG(E—er),

e(E)= (2n)*t

(2.3)

Er= (.
2

For the averaging (denoted in (2.3) by a line) over the
distribution P(®) of the random field & (cf. %)

p(E)= jd(D po(E—D)P (D), P((I))=2—1ﬂj dte"®P(t),

o (2.4)
P(t):Idt....dr,ve““"zv(R.,...,RA-), N-oo

we must calculate the partition function Zy of a real
gas in the external field itv/B.

In (2.4), we go over to a functional integration, using
the generalized Fourier transformation (cf., e.g., [4]):
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exp [—%J drdr’n(r)u,,-n(r’)]

= [soK(@exp [ [arnro)] / [S0k@).  (2.5)

K (@) =exp [— %J drdr’ @ (r)u () ].;

Here “rr' is the matrix in the coordinate representa-
tion that is the inverse of the interaction matrix ury’,
i.e.,

j Ar'u s, =8(—r"), (2.5")

Then ( {...) denotes functional integration with weight
K(9)),
P(t)= <exp [nj' de(hf+h+i) ]>/ < exp (nj d h)>
h=eiﬁw_1, f=e—l'f|r_1 (2-6)

Thus, the calculation of the Gibbsian average reduces
to functional averaging over all possible distributions
of the field ¢, with a nonlinear self-action.

It is not difficult to generalize the formulas (2.5)-
(2.6) to the case of a multi-component mixture of gases
(or of a pure gas with allowance for excited states of
the centers).

In the self-consistent field approximation, the values
of the functional integrals in the numerator and de-
nominator of (2.6) are determined by the fields ¢; and
¢, satisfying the conditions that the functionals be
stationary:

In(hH)=—np [ dr'u,, (1+1) (b, 1), )
In(het1) == [dr'., (hit1). (2.7)

The practical calculation of the functional integrals
can be effected by expanding in powers of ¢ in the ex-
ponent in (2.6) and using the linear functional transfor-
mations

o) =9’ (1) +in [ dr'u.. 1(). (2.8)

Another simple method is to expand in semi-invariants:
(2.9)

For a large partition function of the system of centers,
the series (2.9) corresponds to the usual virial expan-
sion (M is the mass, u is the chemical potential, £

is the activity, and bj is the cluster integral)

zZ= Z_z,, <exp [ j—e“““‘” ]> —exp ( g’b,)

A =2nB/M.
In the expansion for P(t)

<(e*y=exp [In (1+<e*—1)) ]=exp [{z)+/. (K> —<2>¥)+ .. .].

(2.10) -

p@)=exp{n farr+ [ dndufiloxp(—puR—R)) (1+.) 4] (2.11)

we perform the summation of the subsequence of Mayer
diagrams contained in the round brackets, which reduces
to the replacement

exp(—pu(R,—Rs)) {1+nJ‘dr'[exp(fﬁu(R,—R’))—H
(2.12)
Xlexp(~pu (Re—R"))~11+... } > g

and find, finally ¥

dkdt . n?
= J.(2_n)‘eXp [ it(E—ey)t+n _[ drf+ -5 _[dr.drzf,fz(g,z—l) ] . (2.13)
In the calculation of the integral over t by the stationary-
phase method, terms of order t* in the exponent in (2.13)
can be omitted, so that
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p(E)= exp[lt(E —E,— e.)——votz] Eo=n[dvo(R),

I dkdt
2 4
(2n) (2.14)
v, 2=”ITZJ‘LT [v,l2S,, Sq=1+n_[ dR e[ g, (R)—1].

In the absence of correlations, g;»=1, the structure fac—
tor Sq=1 and (2.14) co1n01des with the known results??’,
The terms of order n® in (2.13)-(2.14) describe the de-
viation of the Gibbsian random field from a Poisson
field. It is possible to generalize the classical ex-
pressions (2.3)-(2.13) to the case of the eikonal ap-
proximation (which corresponds to the first term in

the expansion (2.2)), by replacing

f=1 —exp[—tj.dvv(vk R)] 1= exp[ Z ('(H)(kV)’v(R)]
(2. 15)

to pass to the classical approximation, it is sufficient
to take into account only the first term in the sum over
j in the exponent in (2.15) ?

3. USE OF CONTINUOUS PATH INTEGRALS

If the scattering of an electron by a center is essen-
tially quantum in character, it is necessary to take into
account all the terms in the expansion (2.2), so that it
is not possible to pass to the thermodynamic limit di-
rectly in (2.1). In this case, we can obtain a closed ex-
pression for the density of electron states with allow-
ance for the correlation of the scattering centers by
wrltmg (2 1) with the aid of a continuous path inte-
gral

1 1 ‘
p(E)= ﬂj drdte™® (ﬁﬁr(v) e%p’,  so= 2—J dv[r(v)]?,

p'=exp( ZN‘e) 0= jdw(r(v)—R,)

j=1

(3.1)

The continuous integral is taken over all closed trajec-
tories with r(0)=r(t)=r; for r(0)=r and r(t)=r’, the
path integral in (3.1) defines the corresponding Green
function Gt(r, r’). The averaging over the configurations
and the passage to the thermodynamic limit in (3.1) are
carried out in exactly the same way as in Sec. 2. In
place of (2.6)-(2.13), we find

p'= <exp {nJ'dr[h(e-fﬂ—1)+h+e—-°—1] }>/ <exp (n jdrh)>

. (3.2
~exp [n Javtee—1)+ 5  dudu (=) e=-1) (gxz—i)] .

If we expand e~19 in a series in powers of v and
confine ourselves to terms no higher than v* in the
exponent in (3.2), we obtain

t
o’ =exp [—itE.,— J. dv,dv.Q (vy, v2) ] ,

(3.3)

Qv = 5 [ o 1040, expliar (v —tar(s) 1.

The averaging in (3.1) was performed, without allowance
for the correlations (g = 1), by Edwards and Gulyaev''?’;
the possibility of taking pair correlations into account
in the case of a Gaussian random field in the nv®-
approx1mat10n has been discussed by Lukes 031 and
Chaplik “**). The integrals in (3.2)—(3.3) can be calcu-
lated dlrectly if we use the analogy between Eq. (1.1)
and, e.g., an equation of the Klein-Gordon type for a
scalar charged particle in a quantized electromagnetic
field. Then the procedure for averaging over the con-
figurations of the scattering centers (or, after the ther-
modynamic limit has been taken, over the random field
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@) in (3.2) corresponds to the functional quantum-field
averaging (in the nv’-approximation, IVqIZS in our
case plays the role of the causal field function Dq). We
remark that, in contrast to (3.2), in the usual linear
formulation of quantum field theory the averaging can
be carried out exactly, since the integrals are Gaussian
(if we exclude the contribution of the polarization loops).

After a displacement in the functional space,
r(v) — w(v) +k, the density of states (3.1)-(3.2) can be
written in the form",%1

1 Imj (dk

G(k,E) =ij?dl explit(E—eytin)le jém (v)exp[ jdv ®*(v) ] o,
’ (3.4)

p(E)=-—

Gk, E),

n—0, ¢ f S (v)exp (sz‘ dvo®(v) ) =

Here p’ is defined according to (3.3), but with

0= [avo(r(v)-R), r@)=vkt [dvo ). (3.5)

If in the integration in (3.4)—(3.5) we confine our-
selves to rectilinear paths r(v)=vk we obtain the
eikonal approximation (2.15), and with 6=tv(R) we find
the classical result (2.13).

In the discussion of the infrared asymptotic behavior
of the Green functions in quantum field theory in *
an approximation going beyond the framework of per-
turbation theory (and connected with a regrouping of the
corresponding series) was proposed for integrals of the
type (3.4)-(3.5) in the nv*-approximation. We introduce

(3.6)

({...)) denotes the Feynman averaging (3.4)). It is not
difficult to calculate the averages in (3.6) by means of
linear transformations of the type w — w’+qO(v,

w=CQ vy, v2) D, w=CQ(vy, v2) Q(V/, v2) ), ...

- V)O(v—v,) (6(x)=0 for x<0 and O(x)=1 for x >0).
Specifically,
w,=l dq |vgl*S, expli(ex—ersq) IVi—val 1. (3.7)

(2m)°

Cumbersome expressions for wp, ws, etc. can be obtained
by performing calculations analogous to those of Bar-
bashov "%, In the so-called ‘“‘modified’’ perturbation
theory, the expansion is performed not in £ but in

the difference Q—w;; terms of order v* then vanish.

In the next approximation, we have (allowance for fur-
ther terms in the exponent leads to the complete can-
cellation of the terms of order v* and v* and the partial
cancellation of terms of higher order)

t t
kot 1 " ot
6“"9 =exp {_ J dv,dv,w,— —2 .‘!‘ dv,dv.dv, dv,’ [w.

(3.8)
—w, (v, v2) wy (v, v ) T(1+. ) },

and so on (cf. "), In fact, the expansion (3.8) coin-
cides with the cumulant expansion (2.9).

By comparing (3.3) and (3.7), it can be seen that tak-
ing the functional argument w into account leads to a
quadratic dependence on the virtual momenta. If the
product quIZSq is small for large q, then €g-q— €k
~k-q and the dependence of 2 on w can be neglected
(the eikonal approximation).

We put
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[ dvidvar,=m I, 128, j'dz (1 77-) explit’ (ex—eng) |=tE+I (k. 1).

(3.9)

q
(2a)*

Since the integrand in the integral over t
G(k,E)=i j(zz explit(E—E,—e,+in) —tS—I]

o

(3.10)

is bounded, the possible singularities of G are associ-
ated with the integration over the large t. Near the
‘“‘mass’ surface €eg=E—E,=¢€, we find in the limit
t—o

dq_ 1v,l*S,
(2n)° e—en-q

(3.10"

d
limE=I‘—iA=nnj (2(1)" [v,]%8,8 (e—&n—g) —in
[ )"

which corresponds to the usual Z-approximation ts1,
For the correction function I(k, t) we can use ap-
proximations that ensure the correct asymptotic be-
havior. For example, for I(k t)"Beltb we have
pE)= .[ (Zn) 4 z+rl ,
(3.10")
| BI”‘ T, cos(m arg B) —A4,, sin (m arg B)

AT, ’

D
where Aj,=E+A—E;+m Reb,and I'm=T"+m Imb.
Thus, the correction function I(k, t) takes into account
the contribution, proportional to | B Im/m!, of the singu-
larities of the Green function that are displaced by
m Reb from the principal (for |Bl<< 1) pole corre-
sponding to the Z-approximation.

The results obtained make it possible to study the
change in the density of states of the impurity electrons
near the critical point (T¢, n¢) of the system of scat-
terers, when we can use the Ornstein-Zernike approxi-
mation ¥ Sq=So(1 +12g?)"! for the structure factor (at
the critical point, the correlation length L(T, n) —«).
It follows from (3.7) that

Idv,dvzw.=F(t) _F(0)—tF’(0),

3.11

dq [PARNA ( )

(2n)° (en—en-q)?®

In the particular case qul2 =v} exp(~2qRo) (which corre-
sponds to the polarization interaction v(R)~(R®+R2)7?),
in the classical approximation p’=~ exp[—itE,— 1/ztzF”(O)]

we obtain (@, — 0; C=0.577 is the Euler constant)
F7(0) =Q*=02[1—"/maotas’ In ae— (C—1) a’+ . . .],
Ql2=nSw,*/4n*R,L*, ay=2R,/L.

F(t)=—n explit(ex—en-q) ]

(3.12)

Since Q¢ =Q(nc, T¢) >Q(n, T) and the function p(5)
~151%2 exp(—562/2Q?) for 65=E—E, ——=, the density of
states in the ‘‘tail’’ increases sharply m the critical
region—it behaves like ~exp(—1roz062/4Qc) For § —,
the density of states at the critical point has a mini-
mum ((p— p¢)/pc = T00Qe/46%). When Q —~Qc for any
8, it is not difficult to find (Dp(z) is the parabolic cylin-
der function)
P—p. 1

o =— gnao-k

| ) Y

By analogy with the results (3.2)-(3.4), we can calcu-
late the averaged two-particle Green function, which de-
scribes the kinetic properties of the electrons with the
correlation of the scattering centers taken into account.
A virial expansion for p(E) can be obtained either by
expanding the exponential in (3.2) in powers of the den-
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sity n, or directly from (2.1)-(2.2) with the aid of the
series

I—ZH— Z(f., - E(/» forfa—fatfct it +...

(3.14)

},»=exp (itIA{) exp(—it[I?—Fv (r—R;) 1}—1.

The expansion (3.14) of the nonunitary f-operator for
scattering at many centers in terms of the operators for
scattering at one, two, etc. centers is analogous to

the representations used by Luttinger and Kohn"*"? for .
the colhsmn T-operator and the density operator e~ -BH
(cf. also ™). We note that for the one- particle density

operator e'B(K+V) and the electron free energy we can
use the results of Secs. 2 and 3, by replacing (it) by B.
For example, in place of (3.1)-(3.2) we find

sptexpl—p K+ V) 1= exp [ n [ ar, 1. +%, JaroaR popifict.. ] ),
, (3.15)
fumexpl—pu(Ru) 11, fu=exp [~ [avo(e()—R) | -1

4. EQUATIONS OF STATE FOR A MIXTURE OF
CLASSICAL AND QUANTUM PARTICLES

We shall discuss in more detail the virial expansions
for the free energy, density of states and equilibrium
properties of a mixture of N;+ N, classical particles
(atoms and ions) and N; quantum particles (a nonde-
generate electron gas). In the case of a classical mix-
ture, the grand partition function

explB (Vi +paNot+pslVs) ]
NIN.IN,!

Z=

Ny Ny Ny

Splexp (—ﬂf}N,N,N,) 1, (4.1)

which enables us to calculate the densities, partial
pressures, etc. from the conditions of equilibrium and
quasi-neutrality, can be written analogously to (2.10).
In place of the virial expansion of the partition function
(2.10) and the corresponding quantum expression

(cf. 1Y), it is simpler to use (4.1) directly with

- d“R, d"P,d"R, d":P
Splexp(—phvw) 1= [ et T et

(20) 3NN

xjd"w@ﬁ"r(v)e‘\p{ J de [— i‘az(V)+Z Vea (X

a=1

+§; ru(v>—R,>+—Z‘vM(ra v-ra) |}

Here H,, is the kinetic and potential energy of the
classical components of the mixture; vag is the poten-
tial energy of interaction of particles of types a and 8;
the trajectories of the electrons in (4.2) are closed, i.e.,
r(0)=r(B)=r. In the expansion in Mayer diagrams in
(4.2) we can use the usual diagrammatic formalism,
but the coordinates of the particles in the Mayer func-
tions f for the electrons will depend on the choice of
propagation trajectosy, and, therefore, in the final ex-
pression for the virial coefficients, we must integrate
over all possible trajectories, with the appropriate
weighting function. For example,

Baa=—<<fu»,

(v)-R) (4.2)

' . (4.3)
Bﬂm = ”2-Bea - é? I dR; dRz <<f12/|efz-+/ufz->> 9
and so on.
The equation of state has the form"™®’
p=Dotnn.T (BeatBia) +1TBout 2012 T (BusatBiad) +. . . (4.4)
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For the practical derivation of the virial expansions we
must express the virial coefficients in terms of the par-
tial phase shifts for scattering at N centers *’. From
the integral representation

o N 1 o o 9 - “
Sp(et+v—et) = — [ de e+ 5p [ 5 (e%sm - (0—5 ) S(e>] .
(4.5)

(cf., e.g., *7%; the integration is taken over a contour
enclosing all the singularities of the resolvent (H—e€)™?),
going over directly to the eigen-amplitudes Ay(n) and
eigenvalues exp(2i7y) of the collision operator S(¢) and
using the completeness of the system of eigenfunctions
on the surface of a unit sphere

YA ma@)=se-n), [dnds @4, @)=y,  (4.6)
we obtain
Sp(e-n?—sv_e-“?) = -4-‘_% 2 j dndn’ de e=** [Ay' (n) -
a "
Xexp(=2in,) 4y (n')=—(4y" (n) exp (2iny) Ay (n))
€ (4.7)

(A7 (W) exp (~2im,) (1)) Ay (W) exp (2iny ) Ay () |

1 a
= —be ___ s,
- E J. dee 7 Ny (e, Ri. Ry RY).

In the presence of bound states the singularities in (4.5)
lead to additional terms, forming a sum over the dis-
crete spectrum.

For the virial coefficients in (4.3), it follows from
(4.7) that

—B,.—n"(2B)" fdk exp( —%kz) %2 @) (k),

[.'7|'U=

—Blega=(2m) "B% de exp[—pva(R)] ] dk exp (~ k’) (4.8)

] \ 1
e [ Von® kR -2 Y @ (k) | - 5 B
7 =0

The second virial coefficients (the classical Bja for the
polarization interaction and the quantum Bea for scat-
tering by a center with a short-range potential) have
been calculated by Likal’ ter[m the second and third
classical virial coeff1c1ents were recently discussed in
a paper by Vetchinin et al.”®?), For an arbitrary poten-
tial, the calculation of the phases 7y is extremely labori-
ous even in the simplest case of scattering at two cen-
ters. However, in the approximation of short-range
stationary centers (s-scattering of slow electrons), the
calculation of 7, reduces to the solution of an alge-
braic equation of degree N "%

inkRy; R,
I(s”‘ R | ygn ok ’)(1 (s,,)+(—tgn +k)6,,-l=0.
a,

R Ry (4.9)

Here aj is the scattering amplitude at the i-th center;
Rjj is the distance between the scattering centers i and
j. In particular, for scattering at one and two identical
centers,

ne =— arctg ak, 2 o2 <0n

v=1,2

(4.10)
(1—a*k?*)sin 2kR—2ak cos 2kR

(1+a*k?)*R*/a*—2ak sin 2kR— (1—a*k?) cos 2kR

= arclg

An interesting feature of (4.9)-(4.10) is the presence
of resonances arising as a consequence of interference
of electron waves during simultaneous scattering at
several centers, as in diffractional scattering at one
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center. In a low-temperature plasma, therefore, the
results of the classical and quantum calculations of the
electron-atom virial coefficients can differ sharply.
With allowance for the polarizability a of the scatter-
ing centers, we have for the partial phase shifts 7; (231

1 nak 4 ak?

— =+ — 2 In(1.23kVa
ketgno A P - In(1.23kVa)
1 2n — 2ma*  2nta?
+—frt—Vo——— ——— | k? .
2 [ro 3}/05 3 a 9 a’]k+ ’ (4.11)
tgm= nak? 1>1,

21+1) (21+3) (21-1) ’

As an example, we shall consider the calculation of Bea
in a low-temperature mercury plasma . According to
Flichtbauer and Géssler [2“, a=1.73; the effective range
ro is unknown, but since the other terms in the square
brackets in (4.11) are of the order of 10°, we have put
ro=0. At temperatures T =(1.5-2)X 10°°K, the principal
contribution to the integral (4.8) is made by k for which
the partial phase shifts from (4.11) do not exceed
0.15-0.20, and therefore the results of the work of
O’Malley et al.’?® can apparently still be used. A
semi-classical treatment of the scattering of an elec-
tron by a polarization potential is applicable (cf.,

e.g., ¥ when T 216 Ry/a~10 eV, so that, as we
should expect, the calculated virial coefficients Bea
=3.94x107%* ¢cm® at T=1600K and Bea=3.88x10"** ¢cm®
at T=1700°K differ considerably from the classical co-
efficients ??’, In the calculation of Bea, we assumed
that there is no bound state of Hg~ %',

The author is sincerely grateful to V. L. Bonch-
Bruevich and the participants in his seminar for valu-
able discussions, and to I. M. Lifshitz for a useful
discussion of the results of the work.

*tg = tan.

YAn analogous result in the calculation of the correlation corrections to
the Holtzmark distribution for micro-fields in a plasma was obtained by
another method in [*] (cf. also [®]).

IFor a random distribution of centers (g;, = 1), the eikonal approxima-
tion (2.13)—(2.15) and the corresponding Green function have been
obtained recently [7°®] by means of a diagram technique (cf. also [°]);
some specific (’unsubstantiated) models of eikonal scattering have been
considered by Jones ['°].

I1n a weakly ionized dense plasma the transition at the critical point of
the system of neutral particles can be regarded as isomorphous with re-
spect to perturbations due to the electrons.

91n the case of spherically symmetric scattering at one center, the ap-
propriate formula was first obtained by Beth and Uhlenbeck [!°].
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9The author thanks M. Berlin for help in the calculations.
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