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The vertex functions, polarization operator, and Green functions in the (4—e)-dimensional theory of
phase transitions with a ¢* interaction are calculated for small values of € by direct summation of
perturbation-theory graphs. The expressions obtained are valid both in the region of applicability of

perturbation theory and in the scaling region.

1. INTRODUCTION

As is well known[”, the Landau theory of phase transi-
tions holds with logarithmic accuracy in four-dimen-
sional space. It is natural to expect that in a (4—¢€)-
dimensional space with € «1 the deviation from the
theory will be small. Wilson and Fisher therefore pro-
posed using € as a small parameter to calculate criti-
cal indices '’ . Using renormalization-group 1deas,
wilson ® has calculated the indices to order € and
has obtained an expression for the four-point functlon
in the scaling region. Tsuneto and Abrahams"™’ have
done the same using Ward identities. However, the
field-theory equations were not solved in these papers
(it is well known that the theory of phase transitions is
formally equivalent to field theory). On the other hand,
Larkin and Khmel’nitskii *’ showed that in a four-
dimensional field theory with a ¢* interaction a log-
arithmic situation obtains and the principal contribution
to the vertex functions is determined by the parquet
graphs. It is natural that these same graphs should also
give the main contribution in a (4— €)-dimensional theory
with € «1, although the logarithm is replaced by a power
function with small exponent €. This is connected with
the fact that for small € the power function, like the
logarithm, is large and slowly-varying.

In the present paper, by summation of parquet graphs
in (4— €)-dimensional space, explicit expressions are
obtained for the vertex functions, polarization operator
and Green function in the whole range of variation of the
momenta, and the connection with perturbation theory is
made. It is shown, in particular, that in the scaling re-
gion the coefficient of the corresponding power of the
momentum in the vertex with two external points and
one angle and in the polarization operator is a power
function of € with a non-integer exponent. Critical in-
dices are also calculated. The expressions obtained for
the indices coincide with the results of the papers "***

2. CALCULATION OF THE VERTEX FUNCTIONS

We shall consider the theory of an n-component field
@ a, the Hamiltonian of which is equal to ™

T W+ Vem I+ S}, (1)

o=Yor (Yo=Y (Ve
i i
d is the number of dimensions. We shall define the
Green function
Gii(r) =<{@i(r) 9;(0)>;
the averaging is performed with weight e-H/T, 1t is

(2
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perfectly obvious that Gij(r)=5ijG(r). The zeroth-
order Green function in the momentum representation
is equal to

Go (k) =1/ (k*+%o%). (3)

We note that a factor 1/ 2! must be associated with each
closed loop, as is shown easily in the derivation of the
perturbation theory.

We turn now to the calculation of the vertex function
T'aBuv- In the first approximation of perturbation
theory, we have

apwv =M gy,
Y apw Py (4)
Igpuvzéaﬂﬁuvdl-6ap65v+6gvépu.
We shall consider the second-order graph:
gp
« F
/g v
£
This equals
A‘Z

ATlapy=—— ————G(p)G(ptq),

]a.puv

2 d
B (5"
Japuww=lapaplspu.
As usual, we shall assume that for large momenta G(p)
=p~2*7. On the other hand, as shown in the papers of
Wilson and Fisher [2’3], and as will be shown in Sec. 3
of this paper, 7 is small (7=0.02). Therefore, we shall
assume in this Section that n=0.

We shall consider the region of large momenta q >k,
where k is the renormalized value of ko (at the phase-
transition point, ¥ vanishes). We note that for d=4 the
integral in (5) diverges logarithmically. For finite €,
it is not difficult to see that the integral is determined
by the range of variation: p~qe”€ >>q. We can therefore
write (A is the momentum cutoff)

Araﬁuv= - aﬁwj (2 P)d Gz( ) (6)
Putting ™’
dd

N (M

d -1
— > K.p* dp, K4={ 2012 (7)} ,

we have (e=4—d)
A2 K,

A e
Aruﬂuv——'—z' apuv EAl[(—q‘) '—‘1], (8)
From (8) it can be seen that for €<« 1 the function

obtained varies very slowly (when (A/q)€ chan ges by a
factor of e, q should change by a factor of e'/€). In this
case as in the logarithmic situation (for €=0), the
principal graphs are the parquet graphs "’*!. To
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calculate the vertex in the parquet approximation,

it is convenient to use the method proposed by Poly-
akov'®. As we have seen, the power divergences arise
on account of the two-particle sub-units. Selecting in
each graph the two-particle sub-unit in which the mo-
mentum of integration is smallest, we can obtain for

the vertex the equation
4y 3

/
/ g ! Iy J
z 4
Z u o 4

2 J 2 4

(9)

Here the external momenta are equal to

k.=k/2%q,, ks.=—k/2+q, ktk,tk;+k=0,

and the external indices are equal to o, 3, 4 and v re-
spectively. The shaded circles are vertices in which
all the virtual momenta «j »p, where p is the momen-
tum of integration in the equation.

We shall assume that q; »q. >k. We put

z=(%) y=(q£) ~=(%)" t=(£_)"

z>y>a>1,

(10)

Then, as in Polyakov’s paper [6], we obtain the following
equation for the vertex I'aguu(x, vy, 2):

Tapus (7,4,2) =Yanv—B [ AT (t, 1, 1) Topn (8,1, )

+Fawvo<ty t: t) I‘ﬂbpv (t, tv t)’+I‘u§w(t: tr t) I‘dpuV(t: ty t)) ( 1 1)

v z
—ﬁj AtTapop (2,8, 2) Topuy (£, 2, 1) —B Idtraﬁap (z,¢,t) Topuv (1, £, 8)
: v

where
p=Ka/2e A" (12)

We introduce the notation

I‘aauv(ﬁf, vy :I‘iahw(xv y)y

Fabw(xy z, x) =F0m§uV(x)y

Topw (z, y, 2)=T1(, ¥y, Z)Iap,.,,-f—Tz(I, Y, 2) Rapuv,
Tiopw (2, y) =P (, Y) LopuwtP2 (2, y) Rasyy,
Fouﬁuv (I) =Po (1) I(IBMV’
Haw\'=5a§6u\h

(13)

From (11), taking (4) and (13) into account, we obtain

T\ (z,y,2) =h—B (n+8) jdzpoz(z)

23 [ dtP(2,0)Po() =23 [dtPi(2,t)Pu(y,1),

Ti(z,3,2) =—8(n+2) [@t[Pi(z,0+Pi(x,0)1Po(e)  (14)

- j dt{(n+2) [P (z, ) P, (y, t) +P, (2, £) P2 (y, 1)
’ +P.(z,t) P, (y, t) 1+nP,(z,t) P (y,t)}.

It can be seen from (14) that T, and T, are ex-
pressed in terms of P;, P, and P,. It is therefore
convenient to have equations for these quantities im-
mediately. Putting y=2z in (14), we obtain

Py (z, y) =A—p (n+8) J’dt P2 (t)—2p fdt Pi(z, ) Po(t),
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P.(z,y)=—p (n+8) J'dt[P,(x,t)erz(x, £) 1P, (t). (15)
We put x=y in (15); then,
Po(z) =A—B(n+8) j dt P2 (t) (16)

We begin by solving Eq. (16). We differentiate (16)
with respect to x and solve the equation obtained:

P,(z) =Mt(z), t(z)=1+AB(n+8) (z—1). (17)
Next, from (15) and (16) we have
P, (z, y) =P, (z)—2p j.dtPI(x,t)P‘,(t). (18)

We differentiate (18) with respect to y and solve the
equation:
P, (x, y) =A[t(x) ]—(n+8)/(n+5)[t<y) ]_z/<n+s). (19)

Solving the second Eq. (15), we have

P.(z,y) :}‘n—:Z ([t (z) ] +0 ¢ (y) ]~ (nt2r/tnte) (20)
~[t(z) ]—(ﬂ+3i/(n+5) [t(y) ]_z/(“s,)'

Substituting (17), (18) and (20) into (14), we obtain

+
(2,4, )=o) 1-ownrmon (00 1y oarnen
n+4

— 34 L) |- (Z)]W.),m.)}, (21)

(a0, 5) = { S 3 emsny ) Jomeavoss

—_ ___(n+nz-‘)_2n+6) [t(x) ]—(n+8)/(n+3)[t<y) ]—1/(n+5)

~ L @i ) 1 fa(a) s

2(nt+2)
nt+4

+ [t ()t (y) |- (n+e/ e[ (5) ] (i) (nte) (22)

We now proceed to the analysis of the expressions
obtained. First of all, we note that for a one-component
system (n=1) all the expressions are considerably
simplified. For n=1 we must replace the tensor
RaBuv by unity and replace Iaguy by a factor equal
to three. Then we have from (13), (17) and (19)-(21)

T'(z, y, 2) =3T\(2, y, 2) +Ta(z, y, 2) =31 {2[¢(2) 17" [2(y) 1"

—[t(x)t(y) 1"[2(2) 1"}, (23)
Ti(z, y)=3Pi(a, y)+P:(x, y) =30[£(z) 17 [¢(y) ™. (24)
We now consider the region of momenta that are
small compared with the momentum cutoff A. Then
from (10), (17), (19) and (20) we have
I‘oaﬂuv(k) :akaluauv,
n+2
I‘mpw (q, k) =aqs("+G)/(n+5)kh/(ﬂ+B)[an+a (qE:/(n+!)k(n+2)z/(n+ﬂ)
— g (A e/ (SR (25)
2,
2e _16a%e (26)

*Tr8)K,  nts
In the latter equality we have replaced Kq by Ki.

There is also an analogous, but more cumbersome,
formula for Toguu(d:, g2, k). We write it out for the
case n=1 only:

T(qi, gz, k) =3a{2¢:*/°q.*"*— (q1q:) */°k~**},
Ti(q, k) =3ag™/ k.

(27)
(27"

The expressions (25) and (27), and also the analogous
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formulas for Tqgp 1, Q2, K), define, in the general
case, the correlation functions that depend on four co-
ordinates. It is easily verified that the rule formulated
by Polyakov ' for the coalescence of the correlations
is fulfilled for these functions. It may be hoped that the
general structure of the vertex functions will also be
conserved in the three-dimensional case, if we put
€=1, although, of course, the coefficients of the powers
of the momenta can change.

We shall now calculate the vertex Fap, represented
by graphs with two external points and one angle, and
the polarization operator [(q). In the case when the two
momenta defining Fog are of the same order, we have
for Fgp the following equation '*?

/Aﬂﬂh}\ - /\ + (28)
o /l “
or, analytically,
Fan(@) = sap—izA P @C O ). (28)
The polarization operator l'[(q) equals !
I(q)= j & )d ot Fos (B) Fas () G* (p). (29)

Putting FoB(p)=F06aB and solving (28) and (29) in the
same way as we solved the equation for Po(q), we obtain

F(z)=[t(z)]-n+D/int®)

0 1 (30)
- )/ (nb8) _
TI(z) p— {[t(z) ] s-m/iner 1},
for q «A, we have
(n+2)/(n+8)
F(q)= (%q‘) )
n o —(k—n)/(n+8) (31)
@ =7= (Tq )

Since a~ ¢, it can be seen from (31) that the coefficients
of the powers of q in F and II are proportional to
€(n+2)})(n+8) and e-(4-0)/(n+8) 354 cannot be expanded
in a series in €.

3. CALCULATION OF THE CRITICAL INDICES

To determme the index ¥y, we shall use the Ward
1dent1ty

dr

= FO,

r=G-'(0). (32)
Since for q — 0, if we neglect the index 7, we must put
k=r*? in place of q in F(q), we have

r~s(ﬂ+2)/(n+8) (an—uucz) v’

(33)
y=1+e(n+2)/2(n+8),

where koc is the critical value of x,. The expression
(33) for y was obtained in the papers **

The specific heat ¢ is proportional to I1(0), and
therefore

ch-(L—n)/(Tﬁs) (’Koz—%ncz) -:(&-n)/2(n+a).

(34)
We turn now to the calculation of the index 7. For this
we must calculate the Green function. It is easy to show

that in the parquet approximation Z is defined by the
graph
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£y
Gy (35)
~
PPk
where p and q are the smallest of the virtual mo-
menta and q >»>p>>k. We then obtain
1 ¢ dip
S () =200 =~ 3| oG @) j’ T2y Toovs () T (@) ((2)3 .

Taking into account that ToaBui(q)= Po(q)laBuy, where
Po(q) satisfies Eq. (16), which we rewrite in the form
n+8 ¢ dip

= ——

2 J (@)

Py (k) G (p)P¢ (p).

and that IggoplopuB=3(n+2)6q ., we obtain
n+2 % d“p

2= 58) e

G(p) [P (p)—1]

+2 0 df (37)
__rre L4 — —
=) e G (k—p) [Py (p)—7].

It can be seen from (37) that =(k) diverges quad-
ratically at large momenta, and it is therefore con-

venient to make a subtraction. We introduce
2 (k) =32(k)-2(0)

(38)
n+2
=13 (2 )d[ (k—p)—G (p) 1P, (p).

Since the renormalized quantity «° is determined by the
condition

#t—3 (0, %)= (39)
the Green function equals
G=[k+x»*—%, (k)] (40)

To determine 71, we must consider the region of
momenta k > k. On the other hand, since 7 >0, in this
region

2, (k) ~km> ke,
Therefore, in the region of interest,
G=—3," (41)

On the other hand, from (25) and (26) we have for A >»k
>K:

(k) =A k= -

Po(k) = e,

(n+8) KA (42)

The expression (42) differs from (25) because in the
derivation of (25) we assumed that G(k)=k?, and in
the derivation of (42) we took for G(k) the formula (41).

From (38), (41) and (42) we obtain
2(n+2)e 1 _ 1
{ |k—p|?—" prz‘“}'

(n-I-S)zK.;JI (2n)"
It can be seen from (43) that the integral is determined

k=

(43)

_ by the region of momenta ke*" >k, and therefore the

1ntegrand can be expanded in k. Taking into account
that™’

d'p Koy ¢ N T
— —e : 2-¢ y,
e o _!p p! (sinv) v

(44)

we obtain after simple computations the following ex-
pression for 7n:
~nt2
1= 2m8)
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which coincides with the corresponding expression in “T. Tsuneto and E. Abrahams, Phys. Rev. Lett. 30, 217
Wilson’s paper ™. (1973).
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