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The effect considered is the influence of absorption of virtual quanta owing to photoelectric effect 
and scattering from quasidiscrete levels of atoms of the medium on the bremsstrahlung spectrum 'of 
ultrarelativistic electrons. A classical method is used. Analytic expressions are derived for the 
bremsstrahlung spectrum in a dense medium over a wide range of atomic frequencies, as affected 
by the absorption virtual quanta. It is shown that in regions close to absorption lines and to the 
photoelectric absorption edge of the medium these processes lead to a decided change of the 
bremsstrahlung spectrum. 

1. INTRODUCTION 

The bremsstrahlung spectrum of high-energy elec­
trons in a homogeneous medium depends on its den­
sity. [1-9] Deviations from the Bethe-Heitler spectrum, 
which holds in a rarefied medium, can be caused by 
multiple scattering of the electron in the medium, by 
polarization of the medium, and by the absorption of 
virtual quanta. The possibility of an effect of the ab­
sorption of virtual quanta was first pointed out by 
Landau and Pomeranchuk in their ~aper on the effect 
of the medium on bremsstrahlung. 1] The effect of 
the absorption of virtual quanta owing to production 
of electron-positron pairs has been considered in 
more detail in a number of papers.[4-7] It was 
shown [5-71 that at sufficiently high energies of the 
electron (E ~ 1014 eV) and radiation frequencies1) w »1 
the process of absorption of virtual quanta with elec­
tron-positron pair production in the medium leads to a 
considerable suppression of the bremsstrahlung over a 
wide range of frequencies (lOS eV,$ w .$ 10-20 E2 eV). 

The radiation of softer quanta (w,$ 1) can be affected, 
generally speaking, by absorption of virtual quanta of 
the field of the electron in other processes, in particular 
as a result of the Compton effect and the photoelectric 
effect. The Compton effect does not affect the true 
bremsstrahluny of the electron because of other effects 
of the medium. 2,sl The Compton scattering of virtual 
quanta does, however, lead to the appearance of addi­
tional radiation, which can be interpreted as emitted 
from the recoil electrons.[Sl That an effect on the 
bremsstrahlung spectrum of high energy electrons ow­
ing to absorption of virtual quanta through the photo­
electric effect is possible in principle was pOinted out 
by Ter-Mikaelyan.[9) 

In the present paper we consider the absorption of 
virtual quanta owing to such processes as the photo­
electric effect and scattering by quasidiscrete levels 
of the atoms of the medium. It turns out that the photo­
electric absorption of the virtual quanta by inner shells 
of the atoms leads to a decided change of the brems­
strahlung spectrum of the electrons in the frequency 
range close to the binding energies of inner-shell 
electrons. 

These effects of the medium appear at relatively low 
frequencies of the radiation, w« E (E is the energy of 
the electrons), and the characteristic lengths for the ra­
diative processes affecting the fast electron (the coher­
ence lengths) are of macroscopic scale. This allows us 
to use classical electrodynamics to solve the problem, 
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and to take the effect of the medium into account in a 
phenomenological way by introducing the dielectric con­
stant and the characteristic radiation length (cf. [2-71). 
If in addition the coherence length of the radiation be­
comes comparable with the mean free path of the quanta, 
the way in which one separates the bremsstrahlung 
loss from the total energy loss becomes important in 
the analysiS of the results. [71 

2. GENERAL EXPRESSION FOR THE ENERGY LOSS 
OF AN ELECTRON IN A MEDIUM 

We use the results of our previous paper,[71 where 
the effect of the absorption of virtual quanta was con­
sidered in general form. The energy lost by an elec­
tron with energy E» 1 at frequency w« E per unit path 
length in matter (the spectral density of the specific 
energy loss), averaged over all possible paths of the 
electron and including effects of polarization of the 
medium and of the absorption of virtual quanta, can be 
put in the form[7) 

I«(i))='~{Re~S~[ 1jJ,(f.,.-r) _~) 
nt, rl," 1jJ,(f." 't) i'1.'t 

x (SI_'/siA,)exP[-2(I/sA.+iSI)T]d't+A.S·" sds } 
o (s-s,)'+(A/8)' ' 

where 1s = (qW)1/2 is the coherence length associated 
with the multiple scattering of the electron; 4q is the 
mean square of the angle in multiple scattering; 

(1) 

AS = 1s1L, where L is the characteristic radiation 
length; sl=(lol+1I/)/a1 g1,where 10=E21w is the co­
herence length of the radiation in vacuum and 1p 
=-[41TWX'(W)]-1 is the coherence length associated with 
the polarization of the matter, X'( w) being the real part 
of the electric susce~tibility of the medium; s7J = SI 
-ls/aw; ,MAS, T)=Hol)(j3)H~2)(6)-H62)({3)HP)(6); z{!2(AS, T) 
=H~2)({3)H~1)(6)-H61)({3)H62)(6); (3= 21/2i3/2Agl exp(-AsT/2); 
6 = 21/2i3/2Agl; H~) is the Hankel function of order v and 
index i; As is the ratio of the coherence length 1s to 
the mean free path of a quantum2) in the medium. 

The frequency dependence of the electric susceptibil­
ity X'(w) can in general differ from the form we used 
earlier.[7) In deriving (1) we used the condition that the 
effective angles of radiation from the ultrarelativistic 
electron are small. The polarization of the medium 
does not lead to violation of this condition if the inequal­
ity I X'( w) I «1 is satisfied (cf., e.g., [91). Another differ­
ence is that in Eq. (14) of [7) we have formally replaced 
the quantity A~C) = 1sna(P)(w) by the quantity As 
= 1sna(t)(w) , where n is the denSity of nuclei in the 
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matter, a(P)(w) is the cross section for production of 
an electron-positron pair by a quantum in the field of 
a nucleus, and a(t)(w) is the total cross section for in­
teraction of a quantum with an atom (specific cases are 
considered below). 

The part of the total energy loss given by the first 
term in the curly brackets in Eq. (1) vanishes for q -0 
and is identified with the true bremsstrahlung with the 
medium effects we have mentioned taken into account. 
The second term in the curly brackets does not depend 
on q and describes processes associated with the ab­
sorption and scattering of virtual quanta of the field 
of the uniformly moving particle. The superiority of 
this definition of the loss by bremsstrahlung in an ab­
sorbing medium as compared with other possible defini­
tions has been discussed in detail earlier. [7] 

3. THE BREMSSTRAHLUNG SPECTRUM 
IN THE REGION OF ATOMIC FREQUENCIES 

Let us consider the bremsstrahlung of an electron 
in a range of frequencies w in which the dielectric 
properties of the medium are determined by the inter­
actions of photons with the bound electrons of the atoms 
of the medium. In this frequency range the electric 
susceptibility X(w)=X'(w)+iX"(w) of the medium can be 
represented in the form 

(2) 

where d is the operator of the dipole moment of an 
atom, WV1 = Ev- E1 is the energy difference of the ex­
cited and ground states of the atom, and r v is the 
width of the excited level. The summation is taken over 
all discrete excited states of the atom and over all 
states of the continuous and quasicontinuous spectrum 
(in this case the summation sign must be replaced by 
an integral over frequencies WV1 and the quantity rv is 
formally made to go to zero). The imaginary part X"(w) 
of the electric susceptibility is connected with the value 
of the mean free path ls/As of the quanta [cf. Eq. (1)] 
by the relation As=41TlsX"(w)w. 

As was pointed out above, the expression (1) for the 
spectral density of specific energy loss is valid under 
the condition that the polarization of the medium is 
small: IX'(w)I«1. 

For condensed substances this condition is satisfied 
in the x-ray frequency range and in comparatively nar­
row frequency intervals corresponding to anomalous 
dispersion in the ultraviolet and optical regions. 3) The 
effect of the change of the multiple scattering constant[7] 
does not appear in the indicated region of atomic fre­
quencies even for high electron energies. The effects 
of polarization of the medium and of absorption of vir­
tual quanta are more important: AS« max{As, Sl}. As a 
result Eq. (1) is greatly simplified. Taking the last in­
equality into account, we can represent the frequency 
denSity of the specific loss in the form 

I(w)=~{Re 2::'S-[-icth 1-;i ._~] 
:rtl. l" 0 2 1,(,[ 

( iA.)( [(A. )] S·· sds ) 
s,- -8- exp -2 8+is, • d.+A" (s-s,)'+ (AJ8) 'f . 

(3) 

In the further transformation of the expression (3) 
we must keep in mind that the coherence length lp 
associated with the polarization of the medium, and 
along with it the parameter Sl, can take negative values 
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in the atomic frequency range. Depending on the value 
of Sl, the integral over the variable T can be trans­
formed as follows by changing the path of integration: 

S /(T)d., s,;?--A.l8, 
c, 

S j(T)d.+2"i ~rcs(f(T)' T.], s,<-A.l8, 
e 

where Tk = (1 + i)k1T, k = 1, 2, ... , are the Singular pOints 
of the integrand f(T) in the sector O<arg T<31T/4, and 
C u C2 are rays in the complex T plane coming out from 
the point T= 0 in the respective directions arg T= 71T/4, 
arg T= 31T/4. The second term in the curly brackets can 
be integrated by elementary means. The result is 

" { (iA. ) [ ~ ( ~) 1] I(w)=-;t; 81m -8--s, In 2 -¢ 2: -13 

8"[1 e- i ." ( A. )} e' I.' +Hc-----O -S,-- +--A.ln--,---
l+i1-e-m " 8 2,,/.. (80) '[s,'-I· (,\./8)'] (4) 

8e's, [ 8s, n] +-- arctg--? ' 
,,1, A, ~ 

where 1l=2(I+i)(Sl-As/S),/3=llsgn(sl+As/S), e(x) is 
the Heaviside function, z{!(x) = d(lnr(x))/dx is the log­
arithmic derivative of the r function, and sgn(x) is the 
sign function. 

The first term of the expression (4) gives the 
bremsstrahlung of the electron. The part of the spe­
cific energy loss associated with the second term, pro­
portional to As, is due to excitation and ionization of 
atoms by the fast electron.4 ) Integrating this term over 
frequencies and making use of the fact that the main 
contribution to the ionization loss of a fast electron 
comes from a range of frequencies w »WV1, where 
X'(w)=-Ne2/w 2 (N is the number density of electrons in 
the medium), we arrive at the well known expression for 
the ionization loss I(i) of an ultrarelativistic electron 
owing to distant collisions with the "denSity effect" [Io] 

included: 
JU'=2nNe" In(1/4nNe'). 

Finally, the last term in Eq. (4) is different from 
zero even in the absence of absorption (As - 0), and in 
that case represents the intensity of the Cherenkov ra­
diation. In an absorbing medium (As Z Sl) the Cherenkov 
radiation, unlike the bremsstrahlung, in general cannot 
be separated out from the total energy loss given by 
Eq. (4). 

In the region of relative transparency of the matter,5) 
where I s11 »As/S, the intensity of the specific energy 
loss is given by an expression which does not take ab­
sorption of quanta into account (As - 0): 

2e' 
I(w)= -[F(s,)-4"s,fl(-s,)], 

nl. 

[ 1 i" ] 8s e-2"x 
F(s,)=4s,lm 1jJ('x')+-,-,-- + Re-'-.-8(-s,), 

2 x 4 1-e--"" 

x= (Hi)s" lx' (w) 1«1. 

(5) 

If the electron's speed v'" 1-1/2E2 is smaller than 
the phase velocity of light in the medium, the parameter 
Sl is positive and the expression (5) is the same as 
Migdal's formula [3] for the bremsstrahlung intensity in 
a nonabsorbing medium. For negative values of Sl the 
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condition for Cerenkov radiation from the electron can 
be satisfied. The second term in (5) then is the same 
as the Frank-Tamm formula for the intensity of 
Cerenkov radiation in the limiting case I X'(w)l« 1, 
E»1. 

An example of a shape of the function F(sl) is shown 
in Fig. 1. For comparison the diagram also shows with 
a dashed line the plot of the function -41TSl associated 
with the Cerenkov radiation. In the range of frequencies 
where F(sl) is negative, bremsstrahlung must always 
appear along with the Cerenkov radiation at small angles 
e-(I((w)I)1/2 with the direction of motion of the elec­
tron. 4,9) Here, strictly speaking, it is only the total ra­
diation intensity that has meaning, and this is always 
positive. In this case it is incorrect (cf. [11) 6)) to define 
the bremsstrahlung as the first term in the expression 
(5) and the Cerenkov radiation as the second term, since 
the first term, proportional to F(s1), actually describes 
not only the bremsstrahlung but also the decrease of the 
Cerenkov radiation owing to multiple scattering in the 
medium. Negative values of F(s1) should rather be 
understood as decreases of the Cerenkov radiation, and 
not as "negative" bremsstrahlung. 

The criterion characterizing the effect of absorption 
of virtual quanta on the bremsstrahlung is obtained, as 
usual, by comparing the coherence length of the radia­
tion with the mean free path of the quanta: 

A,/8~max{1, s,}. (6) 

As was shown above, in the presence of the effect of 
absorption of virtual quanta the intensity of the brems­
strahlung is determined by the first terms of the ex­
pression (4). Further analysis shows (cf. Secs. 4 and 5) 
that in the range of atomic frequencies under considera­
tion the effect of multiple scattering is less important in 
comparison with competing effects of polarization of the 
medium and absorption of virtual quanta. The quantity 
Il, which characterizes the relative influences of the 
various effects of the medium, in this case satisfies 
the inequality I III »1. As a result, up to terms -I 1l1- 4 

the bremsstrahlung spectrum I(B)(w) can be repre­
sented in the form 

[<B)(Ol)=~Im-/!- [_2 ___ 1_] 
nl, 2(1+i) ·15/!' 3/!' (7) 

Accordingly, to the accuracy indicated, for weak po­
larization of the medium, I X'(w)l« 1, the expression (7) 
determines the bremsstrahlung spectrum in the region 
of atomic frequencies. Let us examine in more detail 
two concrete cases in which it is necessary to take into 
account the effect of absorption of virtual quanta. 

4. THE EFFECT OF SCATTERING OF VIRTUAL 
QUANTA BY QUASICLASSICAL LEVELS 

We assume that in a certain range of frequencies the 
electric susceptibility X(w) is determined by a single 
quasiisolated level wi, and that other levels do not con-
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FIG. 2. Dependences of the 
bremsstrahlung intensity (dia­
gram a) and the electric 
susceptibility (diagram b) on 
the frequency, near the ab­
sorption line: i-brems­
strahlung spectrum with 
polarization of the medium 

IJ.f 

and absorption of virtual 
quanta taken into account; 
2-bremsstrahlung spectrum 
with polarization of the 
medium taken into account; 
3-real part of susceptibility, 
X'; 4-imaginary part of 
susceptibility, X"; 5 -the 
quantity I /47rE2. 

Q~-~--~~-~~-----

tribute appreciably to X(w) [the electric susceptibility 
X(w) is determined by the i-th term in (2)]. According 
to Eq. (6) the absorption of virtual quanta must be 
taken into account in the range of frequencies w that 
fall on the absorption line of the medium, I w-wi!1 
.$ri, for electron energies E1!ri/41TnldhI2. Thus, for 
x- ray frequencies Wi '" 10 ke V, when the level width r i 
is governed by the radiation width (ri -Wf1 IdhI2), the 
effect of absorption of virtual quanta in condensed 
media (n -1022 cm -3) should be apparent at electron 
energies as low as E1!107 eV. 

A sample form of the bremsstrahlung spectrum, Eq. 
(7), near the absorption line Wi is shown in Fig. 2a 
(solid curve). The value of the bremsstrahlung intensity 
10 at a given energy E > ri/41Tn I dh 12, not including ef­
fects of dispersion on the bremsstrahlung process 
[x(w)=O], is taken as unity. 

In Fig. 2b the curve of the electric susceptibility is 
plotted in arbitrary units. The quantity 1/41TE2 is also 
shown. The shaded area under the curve of X'(w) corre­
sponds to frequencies at which Cerenkov radiation is 
possible. 

In the frequency range I Wh - w 1.$ Wcr, where Wcr is 
fixed by the relation X'( wcr) = 1/41TE2 , the polarization 
of the medium leads to a considerable change of the 
bremsstrahlung spectrum (curve 2 in Fig. 2a). The 
absorption of virtual quanta in the frequency range 
I Wi! - w I ,$ r i diminishes the bremsstrahlung spectrum 
still more (curve 1 in Fig. 2a). 

5. EFFECT OF ABSORPTION OF VIRTUAL 
QUANTA OWING TO PHOTOELECTRIC EFFECT 

Let us now consider the emission of quanta with en­
ergy w close to the binding energy of an electron of an 
inner shell of a suffiCiently heavy atom. We shall carry 
through the analysis of the specific case of absorption 
of virtual quanta owing to ionization from the K shell. 
In this case there is a simple formula for the imaginary 
part of the electric susceptibility in terms of the K-shell 
photoelectric cross section Ul(W) (cf. e.g., [12)): 

X"(Ol) =ncr, (0l)/4nOl. (Sa) 

The contribution to the real part X'(w) of the 
susceptibility from the K electrons is mainly due to 
the continuous absorption. In this case X'(w) has been 
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calculated by Honl [I3J and can be put in the form 

X'(Ul)=- N;: (1- QJ(;,Z») , 

where Z is the number of electrons per atom of the 
medium. The characteristic shape of the function 
<I>(w, Z) is shown in Fig. 3 for Z = 13. 

(Bb) 

In the frequency region W- WI of interest to us (WI is 
the binding energy of a K electron) and for energies 
E »1 the effect of multiple scattering is unimportant 
(max{sI, As/B} »1), and for the bremsstrahlung intensity 
we can use the expression (7), which takes into account 
only the polarization of the medium and the absorption 
of virtual quanta. Furthermore, for the description of 
the electric susceptibility we are to use Eqs. (Ba), (Bb). 

In the region of radiation frequencies and electron 
energies given by the inequalities 

[4"Ul I x' (Ul) 11- I«E2/Ul, 1/8YqUl, 

the bremsstrahlung intensity, Eq. (7), takes the form 

I(B)(Ul)=-~ X'(Ul) 
3,,' Ix(Ul) I' . 

(9) 

(10) 

For radiation quantum energies W »WI the real part 
of the electric susceptibility takes the form X'(w) 
=-Ne2/w 2 (<I>(w, Z)« Z). In this frequency range the 
absorption of virtual quanta is unimportant and we 
arrive at the expression of Ter-Mikaelyan[2J for the 
bremsstrahlung intensity in a nonabsorbing medium 
with allowance for the polarization of the medium. 

For smaller frequencies W - WI departures of the 
bremsstrahlung intensity (10) from the corresponding 
Ter-Mikaelyan expression can arise from two causes. 
First, in the range of frequencies where <I>(w, Z),2: Z, 
we must use for X'(w) the more exact expression (Bb), 
which takes into account the binding of the K electrons 
in the atom. Second, it is in general necessary to al­
low for the absorption of virtual quanta owing to the 
photoelectric effect from the K shell. The region of 
frequencies where the latter influence appears is found 
from the condition 

(11) 

where If = [naI( w) r 1 is the mean free path of the quanta. 
A detailed analysis of the inequalities (9) and (11) 
shows, for example, that for Al (Z = 13) the absorption 
of virtual quanta from the K shell has a decided effect 
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FIG. 4. Frequency de­
pendence of the brems­
strahlung intensity near 
photoabsorption edges, 
with influence of absorption 
of virtual quanta included fl.> 
(curve 2) and not included 
(curve 2'). Curve 1 is the 
Bethe-Heitler spectrum. 

OL---~~----~~--'2~W~f-------~~' 

on the bremsstrahlung spectrum in the frequency range 
2.3 keV'::;w'::3.5 keY for electron energy E~lOIO eV. 

For heavier elements the effect of absorption of vir­
tual quanta by the K shell is less important. In sub­
stances with larger atomic numbers Z the effect of 
virtual-quantum absorption can appear from absorption 
by other shells (L, M, etc.), since the photoelectric 
cross section near the ionization threshold for a shell 
increases with the number n of the shell. The nec­
essary analysis can be carried out in a similar way. 
For example, for matter with Z = 39 (Cu) the effect of 
absorption of virtual quanta by the L shell should ap­
pear in the frequency range 2.1 keV,$w~4 keY at elec­
tron energies E,2: 4 X 109 eV. 

The qualitative shape of the bremsstrahlung spec­
trum ('7) in the frequency range including the atomic 
frequencies WI, W2 (W2 is the binding energy of an L 
electron) is shown in Fig. 4. According to the theory 
not including the influence of virtual-quantum absorp­
tion the Bethe-Heitler spectrum for energies E 
~ w/( 41TNe2 )I/2 , in the frequency range WI« W ,$ E( 41TNe2 )I/2 

(sic), goes over into the Ter-Mikaelyan spectrum 
(curve 2'). 

At still lower frequencies w,$ WI the decrease of 
the polarization of the medium [cf. Eq. (Bb) and Fig. 3] 
should lead to a relative increase of the bremsstrah­
lung intensity (curve 2'). Precisely in this region, how­
ever, for not too heavy elements, the absorption of 
virtual quanta sharply reduces the intensity of the ra­
diation. Through the joint effect of these two factors 
the bremsstrahlung spectrum acquires a rather compli­
cated shape (curve 2 of Fig. 4). 

6. THE INFLUENCE OF COMPTON SCATTERING 
ON THE RADIATION PROCESS OF THE ELECTRON 

If the quantum energy w greatly exceeds the binding 
energy WI of the K electrons of the atoms in the medium, 
the absorption of the virtual quanta will be mainly due 
to the Compton effect on electrons of the medium and 
the production of electron-positron pairs in the fields 
of the nuclei (for w 2: 2). In this frequency range we 

have the relations: na(t)(w)"", Na(C)(w) + na(p)(w) , I 

=w/w5; w5=41TNe2 is the plasma frequency, and a(c)(w) 
is the cross section for Compton scattering of the 
quanta by a free electron. The Compton scattering of 
virtual quanta actually has no effect on the bremsstrah­
lung spectrum of a fast electron because of the stronger 
influence of other medium effects (polarization and ab­
sorption of quanta through pair production).[2,8J 

Estimates show that in the frequency range w.z WI 
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the mean free path of virtual quanta associated with 
Compton scattering, lC = [na(C)(w)r l , is much larger 
than min{lp, (na(P)t l }. In fact, the ratio lpllc is of 
the order of 1O-2wu(C)(w)/a(O) , where a(O) = 81Te4/3 is 
the Thomson scattering cross section. Since a(C)(w) 
is not larger than a(O), for w ~ 1 the ratio lpllc is 
small (.$10-2 ) and the absorption is unimportant 
(As/8« Sl)' For large w» 1 we have a(C) (w) - a(O) 
x In wi w, and consequently in the frequency range 
w ~ 105 , where lC ~ 1O- 1 l p , the Compton effect of virtual 
quanta could appreciably affect the bremsstrahlung 
process. But precisely in this range of frequencies the 
absorption of virtual quanta owing to production of 
electron-positron pairs is much more important, since 
the condition lC »[na(P) ]-1", L is satisfied. 

Although the Compton scattering of virtual quanta 
does not appreciably affect the competing process of 
bremsstrahlung of a fast electron, as noted above it 
does lead to the appearance of additional radiation. 
Owing to the scattering the virtual quanta are con­
verted into real quanta of smaller frequency. This 
process can also be interpreted as bremsstrahlung of 
the recoil electrons. [8] 

The intensity of the radiation of the recoil electrons 
can be obtained from the expression (1) for the specific 
energy loss of the electron at frequency w. In fact, 
the second term in the curly brackets in (1) is propor­
tional to the number of virtual quanta of the electron's 
field that are absorbed by the medium. The term associ­
ated with the absorption of quanta in the pair-production 
process has been considered earlier in [7] and must be 
excluded. The result is that the total intensity W(r) of 
the radiation of the recoil electrons, integrated over 
all frequencies, can be represented in the form 

Net - • Iy/.-) sdsdoo'doo 
Wld=-::-,",~ S a(w, w') S (12) 

" , , [s-sl(m) ]'+[1.;d(m)/8]' ' 

where a(w, Wi) denotes the differential cross section 
for Compton scattering (cf., e.g., [12]). 

Corresponding to this, we can write the intensity 
!(r)(w) of the radiation at frequency w (the spectral den­
sity of the recoil-electron radiation) in the following 

electron with a stationary electron was treated with a 
quantum mechanical method: 

I I ) ( ) 8N e' ( 1 1) 1 
, (0 = -- 1- - + -- In ----c:c=--=---

3m 10m 16m' (2E) -'+mo' . (14b) 

At energies E« (2wotl the dependence of the intensity 
of radiation from recoil electrons on the medium dis­
appears. Equation (14b) then agrees, to logarithmic 
accuracy, with the corresponding expression in [14], 

which was obtained without taking the effect of polariza­
tion into account. At larger energies, E~ (2wot\ as 
can be seen from Eq. (14b), the polarization of the 
medium has an important effect on the spectrum of the 
recoil-electron radiation. 

The intensity of recoil-electron radiation in a me­
dium, Eq. (14), differs from the corresponding vacuum 
expressions only in the argument of the logarithm. On 
the other hand, effects of the medium can lead to con­
siderable suppression of the bremsstrahlung intensity 
from a fast electron (cf., e.g., [9]). Therefore, as 
Toptygin[8] has pOinted out, in condensed media (n= 3 
x 1022 cm- 3) for frequencies w ,$107 eV and electron 
energies E ~ 105w the radiation is mainly due to 
recoil electrons. 

Even in this case, however, it makes sense to con­
sider these two types of radiation separately, since they 
can be distinguished experimentally. As was shown 
above, in the frequency range W:S 107 eV the coherence 
length lp of the bremsstrahlung is much smaller than 
the mean free path lC of the quanta in the matter, as­
sociated with the Compton scattering. Therefore there 
are also spaces along the trajectory of the fast electron 
in which bremsstrahlung quanta have already been 
formed but on the other hand have not had time to be 
scattered by the electrons of the medium. Within such 
distances (lp« d « lC) the bremsstrahlung quanta travel 
mainly in a narrow cone around the direction of the 
electron's momentum, with an aperture angle 
e-(lollp) 1/2/E. On the other hand, the angular distribu­
tion of the quanta emitted by the recoil electrons at 
frequencies w« E is almost isotropic. [14] Accordingly, 
these two types of radiation in a medium can be dis­
tinguished by their angular distributions. 

way: In the atomic frequency range w:S Wi the intensity 
of the radiation from the Compton recoil electrons can 

(13) be represented in the form [cf. (14a)] 

a=O, b=ml (1-2m) for m";; 'I,. a=m, b=oo for m> 'I,. 
Let us first consider the frequency range w::S %, where 
there is no pair production (A(C)=O). A calculation of 

s 
I(r)(w) to logarithmic accuracy leads to the result ob­
tained by Toptygin[8] by the method of equivalent photons 

I''' (m) ="I,Ne' (m'+(O-1) In (u)'£-'+(Oo'). (14a) 

In the frequency range w »% the main contribution 
will come from the interaction of quanta with frequen­
cies wv- E. In this region the classical approach used 
in the present paper cannot be applied. For the same 
reason the result of Toptygin/8] obtained by the method 
of equivalent photons, must be regarded as incorrect 
in the range w > %. 

The expression for the intensity of the radiation in 
the region w - 1 can be obtained to logarithmic accuracy 
by jOinin~ Eq. (13) with the result of Baler, Fadin, and 
Khoze, [14 where the radiation from the collision of a fast 
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11"«(0)= 8N,e'(1 _ _ ')In 1 
3 w m [(l,-I+lp-I)'+(nall»']m' (15) 

where NC is the number density of electrons in the 
medium with binding energies Ebd:S w. In this frequency 
range the effect considered above, from absorption of 
virtual quanta, should show up relative to the radiation 
of the Compton electrons in the same ranges of frequency 
and of electron energy as in the case of the bremsstrah­
lung. The effect is not as large, however, since the ex­
pression (15) for the radiation spectrum from the 
Compton electrons contains characteristic parameters 
of the medium (coherence lengths) in the argument of 
the logarithm. 

7. CONCLUSION 
Accordingly, the bremsstrahlung spectrum of high­

energy electrons in a condensed medium, in the region 
of atomic frequencies, depends strongly on the disper­
sion properties of the medium in this range of frequen-
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cies. The greatest influence on the bremsstrahlung 
spectrum comes from processes of absorption of vir­
tual quanta owing to excitation and ionization of atoms 
(photoelectric effect and scattering by quasidiscrete 
levels). The main competing effect of the medium in 
the region of atomic frequencies is that of polarization, 
and the effect of multiple scattering is unimportant; at 
the same time, in the region of harder bremsstrahlung 
(w »1) the competing effects are multiple scattering 
and polarization, and the effect of absorption appears 
along with that of the change of the multiple-scattering 
constant. [71 As has been shown above, owing to the 
competing effect of polarization on the bremsstrahlung 
spectrum the weaker effect of the Compton scattering 
of virtual quanta is not apparent. 

A distinguishing feature of the bremsstrahlung spec­
trum in the presence of absorption of virtual quanta in 
the region of atomic frequencies is its nonmonotonic 
character. Because of the fact that the total energy loss 
of an electron in an absorbing medium can greatly ex­
ceed the loss owing to true bremsstrahlung, the question 
of correct separation of the bremsstrahlung loss from 
the total loss takes on great importance. 

The bremsstrahlung spectrum (7) derived in the 
present paper corresponds to the loss of energy to 
bremsstrahlung in a single layer of matter which is 
sufficiently far from the boundary of the matter.?) In 
practice the distance to the boundary of the matter must 
be much larger than the distance in which a quantum of 
the radiation is formed (the coherence length). On the 
other hand, in frequency ranges where the absorption of 
virtual quanta is important, the radiation cannot be 
observed through the necessary distances along the tra­
jectory of the electron. In this case the coherence length 
becomes comparable with the mean free path of the 
quanta, As/8 ~ Sl, and at such distances a large fraction 
of the bremsstrahlung quanta is absorbed owing to ex­
citation and ionization of atoms of the medium. Since 
such processes can also be caused directly by the fast 
electron, the problem arises of separating the 
bremsstrahlung loss from the total energy loss. Accord­
ing to our results,en this problem can be uniquely solved 
experimentally. To do so it is sufficient to separate out 
the asymptotic value Ia of the total energy loss at high 
electron energy E -00 (q -0). By definition the re­
maining part I - Ia of the total loss will be the brems­
strahlung energy loss in the absorbing medium. 

In the range of atomic frequencies where Cerenkov 
radiation can appear, the bremsstrahlung cannot be 
considered separately from this radiation, since the po­
larization of the medium and the multiple scattering of 
the electron in the medium make these two types of ra­
diation indistinguishable. In this case a separation of 
the total radiation of an ultrarelativistic electron into 
bremsstrahlung and Cerenkov radiation can be done 
only conventionally. On the other hand, the effects of 
the medium do not in principle make it impossible to 
distinguish between the additional radiation arising from 
Compton scattering of virtual quanta (radiation from 
recoil electrons) and the true bremsstrahlung. This re­
sult is directly due to the negligibly small effect of the 
Compton scattering of the virtual quanta on the true 
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bremsstrahlung. Here, as in the case of a rarefied 
medium (vacuum) the criterion for separating the true 
bremsstrahlung and the radiation from recoil electrons 
is the decided difference between the angular distribu­
tions of these two types of radiation. 

I)The system of units with h = m = c - I is used. 
2)As was shown by GalitskiT and Yakimets, [5] the difference between 

the absorption cross sections for virtual and for real quanta is unim­
portant in the present case, and affects only the logarithmic accuracy 
of the second term in the curly brackets in Eq. (I), which is not con­
nected with the true bremsstrahlung (see below). 

3)ln gases this condition is satisfied over a wide range of frequencies 
where X"(w) is mainly due to the scattering of virtual quanta by the 
density fluctuations of the gas ("quasi-Rayleigh" scattering). 

4)For gaseous media, in the optical frequency range the second term in 
Eq. (4) represents the intensity of the radiation that arises in the quasi­
Rayleigh scattering of virtual quanta (cf. [9]). 

5)The condition IS11 »As/8 cannot be satisfied in a certain neighbor­
hood of the point s, = 0, no matter how small the absorption is. 

6)ln the separation of the total loss into true bremsstrahlung and 
Cerenkov radiation, the paper of Yakimets ["] does not include 
(simply omits) the negative values of the bremsstrahlung intensity. 

?)The problem of optical bremsstrahlung in an absorbing medium under 
different conditions, when the presence of boundaries of the matter 
is important, has been considered by Pafomov. ['S] 
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