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The problem of the interaction of a relativistic electron beam with a plasma located in a weak

(H? S n,T) magnetic field is considered. It is found that the main cause of the collective slowing
down of the beam may be its instability against helicon excitation. It is shown that the interaction of
the beam with the helicons is described with sufficient accuracy by a quasilinear theory (the
nonlinear processes involving helicons are unimportant in the problem under consideration). The
relaxation length for a beam steadily injected into the plasma, as well as the spectrum of the
helicons excitable by the beam, is found in the framework of the quasilinear approximation.

1. INTRODUCTION

In the present paper we investigate the question how
" the presence of a magnetic field in a plasma influences
the nature of the relaxation of a relativistic electron
beam. The formulation of the problem is connected
with the problem of the beam heating of a dense plasma
confined in the transverse direction by walls" . The
magnetic field in this case only helps to decrease the
thermal conductivity, and is relatively weak, being such
that
p=8nn,T/H*>1. (1)

We shall henceforth restrict ourselves to such fields.

Let us first recall the results pertaining to the relax-
ation of a beam in a plasma without a magnetic field"’
The relaxation mechanism is connected here with the
excitation of Langmuir oscillations because of the beam
instability® . The generation of these oscillations during
the steady injection of the beam into the plasma is
balanced by their transfer to the long-wave part of the
spectrum, owing to induced scattering by the plasma
ions. The estimate for the relaxation length of the beam
has the form

I~ c ﬂi(mczy( E, \)“_ (2)

w, iy M \' T mc*

Here no and ny, are the plasma and beam densities res-
pectively, wp =(4moe’/m)"’? is the electron plasma fre-
quency, T is the plasma temperature, and Ey, is the
energy of the beam electrons.

Let us now turn to the case when the external mag-
netic field is different from zero. It is not difficult to
verify that for 8 > 1 the magnetic field has a slight
effect on both the dispersion law for the Langmuir osci-
llations interacting with the beam and on the probabili-
ty of scattering of these oscillations by the ions. There-
fore, in a weak magnetic field (8 > 1) the relaxation
pattern can change only because of the excitation of
these oscillations, which are absent when H = 0. From
among these oscillations, we investigate helicons in
detail in the present paper. As will be shown, their role
in the relaxation process can turn out to be decisive.

It follows from the linear theory that helicons are
excited by the beam less intensely than Langmuir
oscillations. Nevertheless, under conditions when the
energy density of the Langmuir oscillations is limited
by the nonlinear processes, the helicons, and not the
Langmuir waves, may be responsible for the relaxation
of the beam (this circumstance was pointed out in®’.
In conformity with the foregoing, we shall solve the
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relaxation problem in the following fashion: we shall
first consider the interaction of the beam with the heli-
cons, completely neglecting the influence of all the
other (including the Langmuir) oscillations, and then
determine more accurately the conditions of applica-
bility of this approach.

In the second section of the paper we investigate
qualitatively the formulated problem. An estimate is
obtained there for the relaxation length of the beam in
the plasma due to helicon excitation, and it is shown
that the relaxation amounts mostly to the scattering of
the beam electrons, the energy losses being relatively
small. Furthermore, it is established that the beam-
helicon interaction can be described with sufficient
accuracy in the framework of a quasi-linear approxima-
tion. In the third section we obtain an analytic solution
to the quasi-linear problem of the steady injection of a
beam into a plasma. In the final (fourth) section we
formulate the conditions of applicability of the results
of the paper.

2. QUALITATIVE INVESTIGATION

In a magnetic field H,, the condition for a beam
electron to interact with a wave is of the form

wx—k.v,~—nQR=0, (3)

where Q = mecz/Eb is the cyclotron frequency for rel-
ativistic electrons. This relation follows from the laws
of conservation of energy and momentum in an elemen-
tary event of emission (or absorption) of a wave by a
particle. The quantity hwk is then the energy of the
emitted wave, while Tin{Q is the change in the ‘‘trans-
verse’’ energy of the particle upon emitting the wave.
As is evident from the dispersion relation for helicons.

oc=wuk|k.|ct/o? (4)

the phase velocity of these waves in a weak magnetic
field (wy < wp) is low compared to the velocity of light.
Therefore, for helicons, a Cerenkov (n = 0) resonance
with the beam electrons is impossible. If, however, n #
0, then under the resonance condition (3) we can neglect
the quantity wg. In other words, the change in the ‘‘trans-
verse’’ energy of the particle is large compared to the
energy. loss due to the emission of the wave. This means
that the action of the helicons on the beam leads to near-
elastic scattering of the particles.

Let us derive the law of variation of the angular
spread A6 of the particles for the case of steady injec-
tion of the beam into the plasma. For this purpose, let
us estimate the distance from the plasma boundary
over which the energy density of the oscillations excited
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by a beam with the angular spread A6 attains a level
substantially exceeding the thermal energy density:

- Z“"’Avgr/‘{b.

Here A is the Coulomb logarithm, Vgr is the component
of the group velocity of the wave along the z axis, and
¥b is the instability increment. For ¥y, in turn, we have
the estimate (see Sec. 3):

(5)

Hence

If the nonlinear wave-wave interaction is negligibly
weak, then this relation can be simultaneously regarded
as the dependence of the angular spread of the beam on
the z coordinate. Thus, in the qua51 linear approxima-
tion®

A8 (z) ~ (/1) ", (6)
where the quantity )
=A— 22T

Wp Op My

is the relaxation length of the beam.

(7)

Let us find the energy density Uy, of the oscillations
at a distance z from the plasma boundary from the law
of conservation of momentum flux. At the entrance to
the plasma, there are no oscillations, and the momentum
flux of the beam electrons is equal to nyvppb, where vp
and pp are the electron velocity and momentum respec-
tively. Taking into account the fact that the relaxation
leads mostly to an increase in the angular spread of the
beam, we obtain

RV Dy=nVsPs [ 1—A0* (2) ]+v,,k,ﬂ
Wk
(wk and ky are respectively characteristic values of the
frequency and the longitudinal component of the wave
vector of the oscillations). It follows from this that

Us(2) ~nyvspeA0*(2). (8)

At a distance [}, from the plasma boundary the energy
density of the oscillations is comparable to the energy
density of the beam, and the energy flux of the oscilla-
tions, which is equal to VgrUh» remains substantially
less than the energy flux of the beam. i.e., the relative
electron-energy loss AE/(Ep, - mc?) turns out to be
small:

AE o \* me?
E.—mc? ~ ( ) E, <1 (9)
(we have allowed for the fact that when A6 = 1 the beam
excites oscillations with wave vector k =Q/vp ~ ©/c).

Let us now estimate the effect of the nonlinear pro-
cesses on the course of the relaxation. The computa-
tion of the probabilities of these processes shows that
the dominant process is the decay of the helicons:

'k=k,+kz,

where wk is given by the formula (4). The increment

Yh — h + h of the decay instability is equal in order of
magnitude to wkUn/H? (see, for example,™’). Using the
expression (8), we can easily verify that ¥ — h + h is
comparable to yp only at the final stage of the relaxa-
tion (when A6 ~1). Thus, we have shown that the impor-
tant part of the relaxation process can indeed be describ-
ed by the equations of the quasi-linear theory. The solu-
tion of these equations is obtained in Sec. 3.

®p

Ox=0x,1 Oy
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3. SOLUTION OF THE QUASI-LINEAR PROBLEM

We shall consider the problem of the steady injec-
tion of a beam into a plasma in the following formula-
tion. We shall assume that the plasma, in which there
is a uniform magnetic field H,, occupies the half-space
z > 0. Into the plasma along the z axis is injected a
monoenergetic relativistic (Ej) = me® 2 mc®) electron
beam of infinite extent in the transverse direction. The
beam-electron distribution function F(p, 6, z) at the
entrance to the plasma is specified in the form

1
F(p,0,2) .- s

o 6(p Ps) 04 (0)

(10)
(we shall assume, for simplicity, that the function ®(6)
is a monotonically decreasing function — see the figure).
Here and below we use a spherical system of coordi-
nates (p, 6, ¢) in momentum space, the z axis being the
polar axis of this system.

We shall restrict ourselves to the investigation of
beams with not too small angular spreads A6, so that
the excited instability can be regarded as a kinetic in-
stability. As applied to the problem under consideration,
this restriction can be written as follows:

ny, kyc\™
20> (2-5)

no

(11)

Here k) is a characteristic value of the transverse (with

respect to the magnetic field) component of the wave vec-
tor. As will be shown below (see formula (28)), k; ~ Qc™*
A9_2/3

For the description of the relaxation process let us
use the system of quasi-linear equations:

oF 1 9 oF 1 _ OF
veosd o= gyt (P Gt D)
) oF 1 _ oF
2 sin0( Doyt — ——) 12
psin® 0esme( »%p o 3 (12)
dox OWx
AL WY 4
ok, 9z e (13)

We denote by Wi = Wk(z) the spectral energy density

of the oscillations, and by v = v(p) the electron velocity.
The components of the diffusion tensor Dyg and the
increment ¥, of the instability are given by the following
formulas:

3 1 0 -t
Dw:Sn"‘ezZ J' Wi (ﬁT mze,.va,.'avlu:mk)
[0) [0)

Piz=—o0

X Re 4¢" 43" 6 (0x—k.v cos 0—nQ) dk, (14)
4 2,2 1 0 2 . | -
Yo=4n’e (:Em el Oy | 0mo k)
(n) (m* 4 (m v oF
xReLI(A Iv +48 "poe)
-8 (wk—k.v cos 6—nQ) dp. (15)

Here a is the polarization vector of the wave and €, is
the permittivity tensor of the plasma. Furthermore, we
introduce the notation

25

1 k
A :kaj‘ {aox+[v[ka]]}exp (—imp-i—i—w s

0 sin (p) deo,
where the angle ¢ inmomentum space is measured from
the direction of the vector k). Using the explicit expres-

sion for the polarization vector of the helicon, we obtain
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K2y nQ | k
w_ (g4 5 J. ) 16
4> (1 k,z) ( kv ( )
1 ko
AP g™ L
° ’ sin® o (17

where J,, = Jn(kleZ'1 sinf) is a Bessel function.

Notice that the formulas (16) and (17) are valid only
for n # 0, since in deriving them we neglected the quan-
tity wk in comparison with nf2. As to the terms with
n = 0, they do not, as has already been noted in the pre-
ceding section, make any contribution to the quasi-
linear equations.
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FIG. 1. The dynamics of beam relaxation (the dashed curves repre-
sent the initial distribution function): a) the initial phase of the relaxa-
tion; b) the asymptotic phase. Af, is a characteristic value of the initial
angular spread of the beam.

With the aid of the formula (17) it is not difficult to
obtain the following relations between the components
of the diffusion tensor:

Dpo Wk

<
Do k.v

D,,,, ®k

< 1.
Dyy kw

It is evident from these relations that the angular spread
of the beam increases much more rapidly in the course
of the relaxation than the momentum spread. Therefore,
the problem can be reduced to that of finding the angular
distribution ®(6, z) of the beam electrons:
=2—njFp’dp. (18)
Ry °
The equation for ¢ is obtained by integrating (12) over
p with allowance for the condition Ap/pp, < A6:

7] 1 7] 20
6080 ——=— — —
VoS T preim ag i B0 | pmp, 90 (19)
The boundary condition at z = 0 has the form
@ (6, 2) | .=e=00(0). (20)

The increment ¥, of the instability is expressible up to
terms of order wk/k v in terms of the function ¢ as
follows®’

non, k? k. kv,
-0 ——(1+—_)__——
R W T ) T o,

xz j |4 I’

N=—oc0 0

where Qp = Q(pp).

( ko cos 0+n) g, (21)

To simplify the notation, it is convenient to go over
to the dimensionless variables

TRy U
Q, Q
ko=—"% k =—n,
Uy 12
1 vy \°
Wemrgmmpwn (o) 1

95 Sov. Phys.-JETP, Vol. 39, No. 1, July 1974

In the new variables the system of quasi-linear equations
assumes the form

ad 1 a0 1
s —m = — ——
dx sin® J0 sin6

o0
xZ [l n+n 5 18(Ecos O+n) dim dn =

5 (22)

n=—x

—_——— Z j2n1+n — 6(§cose+n)—d9 (23)

where
*g
Q.= (1+" cos ) —J..('r]ﬁnﬂ)-&-sin@l,.'(nsinﬁ).
lu

We shall obtain the solution to the system (22) and (23) at
that stage of the relaxation where the angular spread of
the beam is still small (A6 <«< 1), In that case, however,
A6 may substantially exceed the initial angular spread
Af, of the beam.

Let us make the assumption, which will be confirmed
by the result, that when A6 << 1 the dominant contribu-
tion to the right-hand sides of Egs. (22) and (23) are

made by the terms with n = —1, This enables us to
substantially simplify the basic system of equations:
00 146 1% Q. E1)
—=——= | Iy
5z 0900 ) 1tn " Ge (24)
oI Q-& 1 40
—_—]
oz 2+n? 0 90 " (25)

Here I is a fraction of the variables 6, 1, and x, and,
moreover,
I(ev m I)EI(En n, I) |l—(cos 0)~ts

The idea of the solution of the system (24) and (25) con-
sists in the use of the large parameter A, which is equal
to the logarithm of the ratio of the energy density of

the oscillations excited by the beam to the thermal-
noise energy density (see'® "'). As can be seen from
Eq. (25),

(26)

Q- 100
I=lresp( -~ g 0?59—“”) '
where I is the spectral energy density of the thermal
noise. Since the integral occurring in the exponent is
very large (x<A), the quantity I as a function of n has a
sharp peak at the point 7 = correspondmg to the
maximum of the function Q-/(2 + n®). Thus, we can set
with sufficient accuracy

1(8, n, z) =%(8, )8 (n—nn(0)). (27)
For 6 <« 1 the quantity 7, is easily found analytically:
(28)

Substituting the formulas (27) and (28) into Eqs. (24) and
(25), we obtain

=410,

] 1 9 7
90 L0 gy 00

—3/y 'h,
oz AT (29)
W _ 1 a0
FPER T (30)

The system (29) and (30) possesses an integral that

allows us to find the spectrum of the oscillations from

the known distribution function & (6, x):
1 9

— @4 — = g-"up=0, 31
O—0ut4" ——- 8- p=0 (31)
Hence
[]
p=47"0" [ (@,— )0 do. (32)
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In order to find the function @ (8, x), we note that the Eqs.!
(29) and (30) are similar in structure to the system of
equations considered by Ivanov and Rudakov'’’. Using
this similarity, we can assert that for those values of
6 at which the quantity ¥ substantially exceeds the
thermal level, the derivative /80 will inevitably be
small (88/30 °A™), Let us denote the limits of that
region where the noise level is high by #- and 6.. Then
for 8.(x) < 6 < 0.(x) the function & has the form of a
plateau. For all other values of 0, it is, as is evident
from the formula (31), equal to ®,. Denoting the height
of the plateau by P(x), we obtain

®,(8), 8<6_(z)
©(0,2)=1P(z), 0-(z)<0<0, (). (33)
®,(6), 0>6,(z)

The height of the plateau is determined from the condi-
tion of particle-number conservation:

2

p(z)=e—j ©.6d6. (34)

+2__9_‘2
With allowance for the formulas (33) and (34), the ex* .es-
sion (32) for the spectral function ¥ assumes the f n
2 g2 0
g6 kX de).

[

=4V ( j@oe de— (35)

The equations for 6- and 6. are obtained by integrat-
ing the relation (30) over the intervals 6.~ 0 < 6 < 6_ +
0 and 6.-0< § < 6, + 0, Taking into account the fact
that the logarithm of the ratio of the energy density of
the oscillations excited by the beam to the thermal-
noise energy density is, to a good degree of accuracy,
equal to A, we obtain

[-1Y
%:;_Ae_ [(ﬁ?j ©,0 do—D,(0.) ] (36)
‘29; :Tiz\e+ [ﬁime de—mq(m)] . (37

The boundary conditions for 6- and 6. have the form
6_(0)=6.(0)=6,,

where 8, is the point at which the function 6 8®,/80 has its
minimum.

Analysis of Eqs. (36) and (37) shows that in the course
of the relaxation the function 6.(x) decreases, while 0 (x)
increases. A qualitative picture of the relaxation is
shown in the figure. At the initial stage, the behavior of
the quantites 6_ and 0, strongly depends on the details
of the function ®,(6), and cannot be found analytically.
However, the asymptotic behavior of the relaxation
turns out to be quite simple:
z \'h
()

Here 0* is a constant depending on the specific form
of ®,(0). The solution (38) is applicable when x > AA63,
i.e., when 6. << Af, and 6. > A8,. In the asymptotic
regime, instead of the formula (35), we can use a simpler
expression for the spectral function

0_=0"exp (— 0[:/50)

:c) 0, = (38)

1-6%/0,, 0<6<0,

0, 08>0, (39)

(0, 2) =40 {

Hence we obtain the following formula for the oscilla-
tion-energy flux S in dimensional variables:
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9-4%
S=—_/"
201 a, (40)
In conclusion, let us note that the obtained solution
to the quasi-linear problem completely agrees with the
qualitative estimates made in Sec. 2.

/ Oy "
. /
nymctv,0,

4. DISCUSSION OF THE RESULTS

Let us enumerate the conditions which should be ful-
filled before the beam-relaxation mechanism considered
in Sec. 2 and 3 could be realized.

We solved the problem, neglecting helicon attenua-
tion by the plasma electrons and ions. The attenuation
by the ions is exponentially weak for waves whose phase
velocity is higher than the thermal velocity of the ions:

(0]

ox ke T\%
oo ()

Substituting into this expression the value k, ~ 2p/c,
we obtain the following limitation on the magnitude of
the magnetic field:

033

Eb A T L

W) (W) ) (41)
Notice that helicons can be excited by the beam even in
the case when the inverse inequality obtains. In this
case, though, there should be a buildup of oscillations
with large k,, which are responsible for the high-order
resonances (k,c = nf, n > 1), The problem of beam
relaxation in such a situation is solvable in exactly the
same fashion as was done in Sec. 2 and 3.

[ofedn s (

The logarithmic decrement of the attenuation by the
electrons for helicons interacting with the beam is
given by the following formula:

_{n ook, kg T
= (z) e ()
Comparing ¥, with the increment (5) of the beam insta-
bility, we obtain the condition allowing us to neglect

. the damping by the electrons during the entire relaxa-

tion process:
1, @g\*rme\iy T \'&
—_— > _ R
n, ( (o,,) ( E, ) ( mc’)
(we have used the explicit expression for the wave vec-
tor of the most unstable oscillations).

(42)

Under the conditions being considered the beam, to-
gether with the helicons, of course excites in the plasma
Langmuir oscillations as well. Let us discuss the ques-
tion as to when we can neglect the influence of the Lang-
muir waves on the variation of the angular spread of the
beam and on the spectrum of the helicons excitable by
the beam. For this influence to be negligible, it is natur-
ally necessary that the relaxation length I (see (7))
be less than the quantity I (see (2)):

1 mme*\*; E, \*
<5 w7 ()
Besides the condition (43), there is still a limitation on

the initial angular spread of the beam:
AO> (/1) "%,

[0F:4

(43)

Op

Let us explain the meaning of the last limitation. In the
“‘Langmuir’’ mechanism of relaxation the angular spread
of the beam varies according to the following law™:

AB~ (2/1)>, (44)
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On the other hand, in relaxation on the helicons we have
A6 ~(z/I5)"* (see (6)). It can be seen from the relations
(6) and (44) that the relaxation of a beam with a small
angular spread (A6, < (I;,/1)"°) takes place in two stages.
In the first phase (right up to A6 ~ (I,/1)*’®) the angular
spread increases because of the interaction of the elec-
trons with the Langmuir oscillations; in the second phase
because of the interaction with the helicons. If, on the
other hand, A > (I,/1)""°, then the first phase of the
relaxation is unimportant.

It should be noted that even in the case when the angu-
lar spread of the beam is due to the excitation of helicons
the relaxation with respect to energy can take place
owing to the Langmuir oscillations. The correspond-
ing estimate for the energy losses of the beam is of
the form

(/1™
(/1) /A8,

ABe< (ln/) "

AE {
AO> (L/D)™ "

= (45)
This result is easily obtainable from the relation con-
necting the energy loss due to the excitation of Lang-
muir oscillations with the magnitude of the angular
spread of the beam'?’:

d AE_ 11

dz E, | A%
(The cause of the difference between this formula and
the result obtained in'®’ is indicated in the footnote to
the formula (44).)

Let us now show that under the conditions of inter-
est to us we can neglect the nonlinear interaction be-
tween the helicons and the Langmuir oscillations. We
have in mind the decay process [ — [ + h, where the
symbols [ and h stand for Langmuir waves and helicons,
respectively. The calculation of the probability of this
process yields the following estimate for the increment
of the decay instability:

knc |2
o)

Using this estimate and the expression for the energy
density of the Langmuir oscillations excitable by the
beam (see'??),

(46)

U,
Yist4n™~ Wp
nomc?

U T zﬁ mc® 1
i neme ( mcz) m -E"A_OZ

we can easily verify that the relation ¥; _, j 4 < p is
automatically fulfilled.

Let us make another remark about the interaction of
the beam with the low-frequency oscillations in which
the motion of the ions is important. As can be seen from
the condition (3) for resonance, the z component of the
wave vector of the wave interacting with the beam is
bounded from below by the quantity Qp/c. Therefore,
when

T m [ E,\*
7> 31 ()
me* M

mc?

the inequality

k. (T/M)">0um/M, (47)

which allows us to regard the motion of the ions in the
oscillations as unmagnetized, is fulfilled. Furthermore,
it is not difficult to show that for g > 1 the inequality
(47) allows us to generally neglect the contribution of
the ions to the dispersion relation® . This means that
under the indicated conditions, the low-frequency (ion)
oscillations do not influence the relaxation of the beam.
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In the present paper we have restricted ourselves
to the investigation of the relaxation of a beam in the
case when the magnetic field in the system is relatively
weak (B < 1). It should, however, be noted that we used
this limitation only where we discussed the possibility
of neglecting the interaction of the beam with all the
oscillations except the helicons. By itself, however, the
helicon mechanism of beam relaxation may also prove
to be important when 8< 1, since all the limitations for-
mulated by us are of the nature of sufficient conditions.

In conclusion, let us recall that all the results were
obtained for the case of a beam that is unbounded in the
transverse direction, i.e., it is implied that the inequal-
ity R > I}, where R is the beam radius, is fulfilled. In
the opposite case (R < [l), the waves propagating in the
radial direction leave the region of interaction with the
beam before they have time to intensify. However, the
limitation R > [j can turn out to be unimportant if,
because of the radial inhomogeneity in the plasma con-
centration and in the magnetic field, the plasma column
is a wave guide. For helicons, such a situation is easily
realizable, the qualitative picture of the relaxation re-
maining the same as in the case of the unbounded
beam.

The authors express their profound gratitude to D. D.
Ryutov for useful discussions of the paper.

DThe problem of dense-plasma confinement by walls has been con-
sidered by Chebotaev et al. [!]

DTo avoid any misunderstanding, let us note that we are dealing here
with an isothermal plasma, in which the buildup of ion sound is
impossible

INotice that the formula (6) makes sense only when Af > Af,, where
A, is the angular spread of the beam at the entrance to the plasma.

Y“From the formula (21) and the expression (16) for A (n) jt follows,
in particular, that an electron beam with a monotonically decreasing
distribution function ® does not excite oscillations that propagate
strictly along the magnetic field. The situation changes if, instead of
an electron beam, we take an ion beam. The quasi-linear relaxation of
an ion beam has been investigated by Rowlands et al.[*] under the
assumption that the oscillation spectrum is one-dimensional (k; = 0).

S)The difference between this formula and the result of[2] (A8 ~
(z/)*) is due to the fact that in[?] the spectrum of the Langmuir
oscillations in the region k 2 wp/c is practically assumed to be iso-
tropic. A more accurate investigation performed in[®] has shown that
in fact the oscillations are concentrated in a relatively narrow region
of k space. The estimate presented here has been written with allow-
ance for this fact.

6)Let us recall that we are dealing with an isothermal plasma, in which
ion-sound vibrations are impossible.
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