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Problems associated with the phenomenon of self-focusing in nonlinear media are considered. 
Invariants of the nonlinear oscillation equation are determined. The sufficient conditions for 
self-focusing to occur are elucidated on their basis, and the possibility of estimating the parameters of 
the beam thus formed on the basis of known boundary conditions is studied. 

In the present work, we consider the problem of es
tablishing oscillations in a semi-infinite medium des
cribed by the equation 

&'E 
t.E - Jit(eo+cIl (lEI'» =0, 

where the positive function <1>( ~) = O( ~) as ~ - O. As is 
well known, the propagation of waves in such a medium 
is accompanied by the phenomenon of self-
focusing ([ 1, 2J). If harmonic oscillations are excited on 
the boundary of the medium at z = 0, then E is repre
sentable in the form E = ei((;t - kz)A, where k2 = W 2 EQ, 

and the function A satisfies the equation 

2ikoA/oz=!';A+F( IAI')A, (1) 

in which F( 0 = w2 <1>( ~). In the present paper, we study 
several problems on the behavior of the solution of Eq. 
(1) at infinity. 

Frequently, in the study of the phenomenon of self
focusing, in place of Eq. (1), the studies are limited to 
the consideration of the so-called parabolic approxima
tion, i.e., the approximation in which k is assumed to be 
large and the quantity a2A/az2 is neglected in compar
ison with kaA/az. Then, in place of (1), we have 

2ikiJA/iJz=t.J.A+F ( IA I')A, (2 ) 

where ~ 1 is an operator in the coordinates of the plane 
S orthogonal to the z axis. The behavior of the solution 
of Eq. (2) at large z was considered in [3J . In that work, 
it was established that Eq. (2) has two invariants relative 
to z, i.e., the quantities II and 12 such that aIjaz = ak/az 
= O. Furthermore, using these invariants, the sufficient 
conditions are established under which the phenomenon 
of self-focusing will be observed for the solution of Eq. 
(2) and some other problems. 

However, it remains unclear at the present time in 
what measure the parabolic approximation is applicable 
to the solution of the entire equation (1) at large values 
of z. Therefore, it is of interest to obtain the invariants 
of the entire equation and analyze the solution on their 
basis. In Sec. 1 of the present work, the invariants of 
Eq. (1) are indicated and the sufficient conditions estab
lished under which the phenomenon of self-focusing at 
large z will be observed. In Sec. 2, the possibility is 
studied of estimating the parameters of the formed self
focused beam from the given boundary conditionso 

1. We establish the fact that Eq. (1) has four invar
iants relative to z. To be precise, we represent A in the 
form 

3 

.A = L Il"Ur.t e"'I"" 

where uQl and TJ QI are real functions, and nQl are unit 
orthogonal vectors. Then, after cancelling the factor 
exp (i TJ QI) and equating the real and imaginary parts in 
Eq. (1), we obtain 
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or 

Thence 

Consequently, the quantities 

P;"=2k J u,' (k- ~~) dcr (3) 
s 

do not depend on the coordinate z. 

Furthermore, we consider the expression 
IAI2 3 8A ~ 

1',= J[JF(;)d£+&(zl ,h"l" -IVA,I')]dcr. (4) 

Designating by A* the vector that is the complex conju
gate of A, we get from (1) 

iJA' 
-2ik--a;:= L\A·+F(IAI')A·. 

Taking this into account, we obtain 

OP [( OA OA') , ( OA iJ'A' -. '=J -A·+-. A F(IAI')+~ 2-'-' 
';Z ,)z dz L... Dz Oz' 

,s '..(=1 

= J r DA (-2ik~) + ~ 2ik 8A 1 dcr=O. 
... f):' r)::, tJ~ (j::, _ 

Then, in the case in which E and A are vectors, the in
variants (relative to z) for the solution of Eqo (1) are the 
quantities p(QI) (a = 1, 2, 3) and P2. If E and A are 

1 
scalars, then Eq. (1) has two invariants, PI and P 2. 

We note the following circumstance. The invariants 
of the parabolic approximation (see [3J ) differ from the 
invariants PI and P2 of the total equation by the fact that 
they do not contain the terms af]/az and laA/azI2. The 
contribution of these terms to the values of the invar
iants P cannot be assumed to be small. Actually, in 
addition to the self-focused wave, which propagates in 
the z direction, the boundary oscillations and the oscilla
tions in the process of beam formation produce waves 
that diverge in the radial direction. Inasmuch as aTJ/az 
~ k and laA/azl 2 ~ 1'17 lAI2 in the latter, and the quantity 
Ju 2da can also not be small in comparison with the 
corresponding quantity in the self-focused beam, we can 
assume in the general case that 

IS u' ~~ dcrl «k S u'dcr, S I ~)~ I' dcr«S IVJ.AI'dcr. 
s s 
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We now consider the solution of Eq. (1) with boundary 
conditions (at z = 0) that differ from zero in a certain 
limited region G. We introduce a spherical system of 
coordinates {R, 8, cp} such that its center lies in G and 
the angle 8 is the angle between the direction to the point 
and the z axis. Then the following statement is valid: if 
the boundary conditions are such that P2 > 0, then 
max IAI 2:: q > 0 as R - "", and this means that a self
focused beam is formed. Actually, let us assume the 
opposite. Then, as R - "", the amplitude of the oscilla
tions IAI tends to zero and the waves are propagated as 
if the medium were linear. In this case, the following 
asymptotic relations hold: 

u,= Y,(e,q» +0(_1_) 
R R" 

~=k(1- cose)+o(~), (5) 
az R' 

where Y(}'(8, cp) are certain functions determined by the 
boundary conditions: 

The expression (4) for the invariant P2 can be trans
formed [by using Eq. (1)] to a different form that is 
useful for what follows: 

IAI' 

P,= J [J F(;)d;-F(IAI')IAI' 
s ,. 

E' ( (aTJ,), (au,)' a'Ua DTJa )] + 2U0'.2 - + - - U,-? - '2k-~-Ua2 do. 
iJz Dz uz- (jZ 

(6) 

::x. = I 

As R - 00, taking the asymptotic form (5) into account, 
we have 

IAI! 3 a 2 82 

IS [ J F(;)d~-F( IAI') IAI'+ E (( aU;) - u, u::)] do 

« J 2 .t Ua' aD:' (k -'- ~~,) do. 

Then, keeping the principal terms of the asymptotic ex
pression, we get, as z - 00: 

S a=1 

2n n/2 3 

=-2k' J dq> J E Y'(e,q» (I-cos 8) sin 8 de <0, 
o 0 a=1 

which contradicts the assumption that P2 > O. Thus the 
condition P2 > 0 is the sufficient condition that max IAI2 
2:: q > 0 will be accomplished as R - 00. The quantity 
laA/azl2 enters into the expression for the invariant P2• 
If not the normal derivative of the function A but only the 
function itself is known on the boundary, then the condi
tion P2 > 0 can be replaced by the equation 

IAII ! 

1 = J[ J F(~)d~ - L Iv .L.4o"l dO>lJ, 
s 0 0'.=1 

since P2 > I always. (We note that the condition I > 0 is 
also a sufficient condition for self-focusing of the solu
tion of Eq. (2), see PJ .) 

2. As is well known ([2 ,4J ), Eq. (1), unlike the corre
sponding equation for a linear medium, admits of a solu
tion in the form of a wave of finite energy, which has 
constant shape and amplitude relative to the coordinate 
z. Such a wave has a plane wave front. For simplicity, 
we consider the scalar case, when A = uei1). Then the 
functions u and TJ in the plane wave mentioned above 
satisfy the relations 
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"'.LU tF (u') u=k' (C'+2C) u=Bu, 

aTJIDz=-kC 

(7a) 

(7b) 

and the condition for (7a) at infinity: u - 0, p - 00. 

Inasmuch as F(u2 )u « Bu as p - 00, we have 
u = O(exp(-B I/2p)/pll2) for large p. We also note that 
Eq. (7a) admits of solutions of different types, i.e., solu
tions which have different numbers of maxima (see [5J ). 

Let oscillations be excited on the boundary, at z = 0, 
in a certain restricted region, such that P2 > O. Here, 
as was established in Sec. 1, a self-focusing beam is 
formed. (For Simplicity, we shall assume that both the 
boundary conditions and the beam are axially symme
triC.) If V 11) f. 0, a change takes place in the shape of 
the beam, which is generally accompanied by radiation 
of radial waves. Inasmuch as the quantity max u does 
not tend toward zero as z - 00, it is natural to assume 
that V 1 TJ - 0 as z - 00 and the phase front of the self
focused heam becomes plane. 

Taking into account the leading considerations set 
forth above, \\'e consider the case in which a self
focused plane wave of any type satisfying Eq. (7a), and 
certain waves diverging in the radial direction, are 
formed in the medium under the action of boundary os
cillations. In this case, let us assess the possibility de
termining the parameters of the self-focused wave as 
z - 00 from the boundary conditions with the help of the 
invariants. 

In accord with the assumption, the phase front tends 
as R - 00 to the shown "limiting" form, where the angle 
80 is determined from the condition of the identity of the 
phases of the plane and diverging waves at the junction 
point (see Fig. 1). At large z, the plane wave 1 moves 
with the velocity w/k(1 + C) in the z direction, and the 
diverging wave 2 has a small amplitude as R - 00 and 
consequently its phase front is propagated in the radial 
direction-just as if the medium were linear-with the 
velocity w/k. Thence, at the junction point, as R - 00, 

the ratio z/R tends toward the value 1/(1 + C). There
fore, in the "limit" we have 

1 
!Io=·arc cos 1 +C . 

Further, in the plane wave, in accord with (7), as 
R-oo 

( )=o(exP(-B"'Rsine»). 
u R, fJ (R sin 0)''' 

Consequently, u(R, ( 0) = O(I/R2). Therefore, matching 
(as R - 00) the asymptotic form of the function u in the 
plane and the diverging waves on the ray 80 , we have in 
the diverging wave, as R - 00, 

Y(e) ( 1 ) u(R e)=--+o -, R R 2 ' 

~= k(l- cos e)+o (_1_), 
az R' 

where Y(8) is some function determined by the initial 
conditions and by the processes which take place upon 
formation of the wave, while Y(8 0) = Y(1T/2) = O. 

We represent PI as the sum PI = pf + ~PI' where 
pf is the integral (3) over the part of S corresponding 
to the self-focused wave, i.e., in that part of S which is 
seen from the point 0 at the angle 8 os; 80 , and ~PI is the 
integral (3) over the part of S corresponding to the di
verging waves and seen from the origin at the angle 
8 2:: 8 0 • Similarly, we represent P 2 in the form P 2 = P~ 
+ ~P2. 
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As z - 00, keeping the principal terms of the asymp
totic expression, we have 

og fJ nt.2 

!'J.P,=2k S u2 ( k- ~:) pdp~2k'S yZ(8) sin8dO. (8) 
z tg 80 eo 

Similarly, we get from (6) as z - 00, 

~ u' ()' a .. 
!'J.P, = S [S F(s)ds-F(u')u+2u' C~ r + (a: r 

1. tg 8 0 0 

a'u all,] 'S~ all (all )' -U--. -2k--u pdp~2 -- ---k u-pdp 
uz' az iJz (}z 

(9) 
t tg 80 

." 
~-2k' S Y'(O) sin O(l-COS O)dO. 

00 

Then 
_ _ _ _ 1 

!'J.P,;;;'-!'J.p,;;;.tJ..P,(1-COS8o)=!'J.P, 1+C ' 

!'J.P,.,= lim !'J.P,.,. 
(10) i 

We now ascertain how the quantities ~ and p! are 
connected as z - 00. As mentioned above, we consider 
the case in which the function u - u in the plane wave as 
z - 00, where ii is the solution of Eq. (7a). From (7a), 
we have the relation 

00 Ul 00 

S p dp SF (s)d6=B S u'p dp. 
o 0 0 

Taki~g it into account, we have from (3), (4), and (7), as 
u-u: 

P,f ::P,f=2k'(HC) S u'p dp, 
o 

p/ ;::p/= j[ fF(s)dS-F(U')U'+2k'C(HC)U'] pdp 
o 0 
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~ <I> (u') 
=k'S [C(4+3C)--eo-] u'pdp, (11) 

o • 

where, according to the notation introduced above, <I> ( ~) 
= w-2 F(O = Eok-2F(O. 

The function uc(p), which depends on C as a param
eter, can be determined from Eq. (7a) for various values 
of C if the type of plane wave is known. Substituting 
uc(p) in (11), we find the dependence of ~ and PI on C, 
and by the same token, the parametric connection of 
pi and~. For example, let the relation between ~ and 

pf have the form of curve 1 of Fig. 2. The point (PIO , 0) 
corresponds to C equal to zero. (If F"( ~) < 0, then the 
function P[ (~) has the presented form in some range of 
variation of C.) 

Let PI and P2 have certain values ~ > Plo and P~ 
> 0 on the boundary. Then the values ~ and ~ in the 
plane wave, corresponding to the data of these boundary 
conditions should on the onrehand lie on the curve 1 in 
Fig. 2, and on the other the quantities p? - PI = t:.PI and 
P~ = t:.P2 are conne~ed by.lhe relation (10). Conse
quently, the values ~ and ~, which correspond to the 
boundary data p? and P~, will lie on the arc (N, M) of 
curve 1 in Fig. 2, where the position of points Nand M 
is determined in the following way: tan (3 = 1 and tan 0' 

= e/(l + e), where e is the value of the parameter C at 
the point N. 

Thus, knowing the boundary conditions, the function 
F( ~), and the type of plane wave being formed, we can 
determine a certain section in which the values of Care 
located (from ~ to the value of C corresponding to the 
point M)o From this section we can calculate, starting 
with Eq. (7a), the corresponding section of the values of 
the amplitude and other parameterso 

The exact values of ~ and P~ and the parameter C 
corresponding to them depend on the relative angular 
distribution of the amplitude of the scattered wave y(e). 
If this angular distribution can be measured with accur
acy up to a_ multipl~ative factor, then the linear relation 
between t:.P I and t:.P2 can be found from (8) and (9). Let 
y = arctan It:.P2 /t:.P I I. Then the intersection point Q of 
curve 1 in Fig. 2 with the straight line passing through 
~he Eoint (P?, P~) at the angle y gives the values of 
pi)) ~ and C in the formed plane wave, and from them 
the values of the other parameters of the plane wave. 
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