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A method for obtaining the asymptotic expansion in powers of %2 of the partition function
corresponding to a rigid top of arbitrary symmetry is presented. Explicit expressions for the first three
terms of this expansion are obtained. When two moments of inertia are equal the results reduce to

the known formulas for the symmetric top.

In nonempirical calculations of thermodynamic func-
tions of substances at the present time, one starts, in
the majority of cases, from the classical integral for
the partition function. Only in those rare situations in
which explicit expressions for the energy levels are
known is it possible to perform an exact summation
over the states. However, e.g., for the case of a rigid
asymmetric top, when there is no analytic dependence
of the levels on an index, the difference between the
exact rotational partition function and the classical
partition function can approach 10% for light molecules.
In this paper, quantum corrections to the classical parti-
tion function of a rigid top are calculated without ex-
plicit summation over the energy levels.

The Hamiltonian operator corresponding to free ro-
tation of a solid about its center of inertia is

po=’/1(alxz+bzzz+czsz) ) ( 1)

where I:i are the angular-momentum components
along the internal coordinate axes, and a>b>c are
the inverse moments of inertia. Introducing the ellip-
tical coordinates p; and p, on a unit sphere:

t= (a~p) (a—p») 1 (b—p.) (b—p1) = (c—pi) (c—p2) .
@b " (b-a)(o—0) ' (c=a) (c—b)
we can write the operator H, in the form"!
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Here P(p)=(p—2a)(p—b)(p—c).

With the condition that the square of the total angular
momentum has the value I(I+1), the equation for the
eigenfunctions of the operator (2) admits a solution in
the form of a product of two functions, of the variables
p1 and p, respectively, each of which is an eigenfunction
of the operator

N Y —
H-=?{—-4VP(p)Tp-VP(p)K-l-l(H'i)p}. (3)

Introducing the new variable z by the formula dz
=dp/2VP, we can write (3) in the following form:

A= [P HAH)p(a)];  p=—idloz. (4

The equation for the eigenfunctions of the operator (4)
is the Lamé equation in the Weierstrass form, and the
function p(z) coincides, to within a constant term, with
the Weierstrass elliptic function. The half-periods of
p(z) are equal to
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The real axis in the p plane corresponds, in the z
plane, to the boundary of a rectangle with vertices 0,
w, w+w', W (see the figure), with p(w)=a, p(w+w")
=b and p(w’)=c.

For the partition function Q corresponding to the
operator (1), we can write the following expression:

= % g (21+1) (? exp ( —i 2mkz ) exp (—pfl) exp(i Z’Z)kz ) &z, (5)
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where = l/kT, H is taken from (4), the factor 2I+1 in
the sum is a consequence of the degeneracy of the en-
ergy with respect to the value of the angular-momentum
component along an external axis, and the integration
contour C is the boundary of the rectangle with vertices
w,w+w',~w+w’, —w’. Since the equality

) - 22 ()

@
is valid, the expression (5) for Q can be transformed as
follows:

0=2 3 @) fexp {-e [(ﬁ-—%).+l(l+1)p]}dz, (6)

where €= 352/2. To perform the summation over k, we
can make use of a method analogous to that applied in
the papers'®**. The basic idea of this method is as
follows.

p*exp (

It is well known that if two operators A and B do
not commute, then

Sp [exp (A+B)]Sp [exp (4) -exp B)1.
However, artificially introducing a dependence on a
parameter, A= A(t,) and B=B(t,), we can write
1 1
9XP(£+§)= exp (jﬁ(!.)dt.) exp (I B(t.)dtz) ,

with the condition that

AB for t<t

j(t|)§(t3)= é,i for >t (7)

The expression (6) can now be written as follows:

Q=%§ (21+1)?exp{ —e”i'dt.— (Iidt').

4n?

+_m_z(k—-%jidt,)’+l(l+i)jpdt,]} dz. (8)

It should be noted that
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Since, for small q, the expansion
@ (. 4n?
x=7;5pdt, q=—_ml—8.
is valid (cf., e.g., [4]), in the following we can use the
expression Vn/q=w/liv2rB8 for the sum over k in (9).
0u(a2)= |/ - explaa) (10 (),
The partition function takes the following form:
ﬁYz @dzexp{—z[jp dt, — ( pdt.) ]}
X 2(2l+1)exp[——el(l+1) jpdz,] (10) .
t
or
Q= ﬁ}’2 (j)dzexp{ e[jp’dt.— (jpdt‘) ]} I(BI pdt,)
where
1(s)= ¥ @i+1)expl-s(t+1)].
In the neighborhood of s=0, the expansion
1 2 1

is valid for I(s)'®°, It is clear that only the first term

in (11) will give a non-zero contribution to the partition
function. The subsequent terms vanish after the integra-
tion, since they have only one singular point—a pole at
z=0—inside the contour C.

Expanding the first exponential in the integrand in
(10) in a series, we obtain an asymptotic expansion of Q
in powers of hi. The first term of this expansion will be

2 dz
B ﬁVZn_BCg) eplz) |
Two simple zeros of the function p are positioned on
the imaginary axis, symmetrically about the point z=w’.
One of these is positioned inside the integration contour.
Therefore,

(12)

2 2ni 7
0= T —_ = N = h’/ZI(.
@ RhY2np ie-2Vabe V b (13)
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This result coincides with the expression obtained from
classical mechanics for the partition function of an
asymmetric top.

The next term in the expansion (10) will be

T Ty “[‘05”7"”“(jﬁ"’*)z]}’(ejpdt*)- (14)

We transform the first integral in the square brackets
in accordance with the rule (7):

i 1
jﬁ’dt‘l(ejp-dtz) Z(zzﬂ)_[ g prgmrali=ie gy

la=0
e d% dI(sp)
=g 3 (L) e —Ze-riro—
Z( e ZEe 6 92 0(ep)

Analogously, for the second integral in (14) we can ob-

tain
i 2 1 2
“ e 0% 9I(ep)
( det.) I (eajp dtz) _Tz'_azz 7(ep)
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Taking into account that
1 8P dp —3 op

022 YD dp 0z Tp-7

and using (11), for Q: we can write
e 1 % 1
12 p*e* 4zt 3FHTnb g

6P1
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give a contri-
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Only terms proportional to p~
bution to the integral:

-1

and p~?

? [ 2(a+b+c) ab+actbe ]
3nv2np p*
After simple tra.nsformatwns, the first quantum correc-

tion to the classical expression (13) for the partition
function acquires the form

o= (m) [Fororo-(S+ 23] as)
The next term in the expansion of (10) will be
o= g o Jran ([ia) Pl fow). a0

Here, in the same way as before, by performing trans-
formations in accordance with the rule (7) we can bring
the expression (16) to the following form:

Q.= 2881/2“4) [14( )z_—ﬁ'p'i

pa 8zt Pz ¢
The function under the integral sign, as already noted
earlier, has a singularity at the point corresponding to
p=0. Performing calculations analogous to those given
above, we can bring (17) to the form

_Aq/a (RS 4 6 ., 18
=gl d{FT-55-58-ww}

(17

(18)

where
N=t.11., R =Z u S= —2 wt (i, k=a,b,c).

inkk
Thus, the first three terms in the expansion of the
partition function in powers of i will be

R (L R LI

4 N N 5 5 40 N2
(19)
The terms enclosed in the first round brackets are pro-
portional to hZ, those in the second to #*, and so on.
For a=b=c, formula (19) becomes

Q=V1Tn[”%(‘”° T’)+48L0(:321(,—24—+7_)+ ]

(20)

which coincides with the results obtained in'® for the
symmetric top.
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